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PREFACE

The Second Latin American School in Mathematics was
held during the month of July at the Centro de Investigacidn
del IPN, in Mexico City and was dedicated to the memory of
Heinz Hopf. The School was held under the auspices of the
Centro de Investigacidén del IPN, Organization of American
States, The National Science Foundation and the Consejo
Nacional de Ciencia y Tecnologia.

These notes contain three of the seven series of
lectures given at the School. We hope that the others will
appear at some future date. We thank the participants and
the lecturers for having made the School a most stimulating

mathematical event.

Mexico, D.F., April 14, 1972.

Samuel Gitler
Editor
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LECTURES ON CHARACTERISTIC CLASSES AND FOLIATIONS

by Raoul Bott

{Notes by Lawrence Conlon)

1. Some basic notions. In this section we presume some familiarity

with vector bundles and differential forms. Brief discussions of these two

notions will be found in §2 and §3 respectively. We also presume (both

here and throughout the notes) some familiarity with differentiable manifolds.
Let M and N be smooth manifolds of respective dimensions m and n.

Let £:M—> N be a smooth map. For each x € M one has the linear map

dfx : Tx{!{} - Tf(x) 13 TN

(1.1) Definition. £ as above is called an irmersion if dfx is
injective, Vx €M ., f 1is called a submersion if dfx is surjective,

VxEM,
Of these two notions we are here primarily interested in submersions.

By the implicit function theorem, dfx surjective implies that f-l(f(x))

is a smooth submanifold of M of dimension m -n . Thus, a submersion
f:M—> N decomposes M into (m - n)-dimensional "fibers” f-l(y), y €N .
This 1is an example of the sort of structure we will call a foliation. The
crucial property of this example is the fact that locally one can choose

coordinates on M and N such that f becomes the canonical projection

R" x R®" — g* .

We further notice that the vector spaces Ker(dfx) unite to form a smooth

subbundle Ker(df) < T(M) (equivalently, a smooth (m- n)-dimensional

distribution on M 1in the sense of [1, p. 10]).



(1.2) Definition. A smooth subbundle EC T(M) 1is called integrable
iff locally E is the kernel of the differential of a submersion. An
integrable subbundle of T(M) 1is also called a foliation of M.

Notice that a foliation of M gives rise to an open cover {UQ} and

submersions {£, : U —> R%  such that

xer(dfa)}ua Ny, = xer(dfs)lua nug

for all o,8. PFurthermore, if x € Ua n UB it can be shown that there is an

-1 -1
< =
open neighborhood Wc U N UE of x such that f (fa(x)) nw fB (fﬁ(x)) nw.

Conversely, such a structure clearly determines a unique foliation of M .

We show by an example that not every subbundle E C T(M) is integrable.
let M= R3 - {0} and consider the l-form @ = x-dy + y-dz + z.dx . ¢ is
nowhere zero on M, hence E = Ker(9) 1is a two dimensional smooth subbundle
of T(M). If E were integrable we could find {Ua,fa : Ua —_> Rl}
as above such that

Rer(df ) = Ker(cp)lua, Vo .
= h.df where h :Ua >R ig € and nowhere zero.
[0

Thus <@, Ua

On Ua this gives

- dh A
d(pndh/\dfa h/\hdfa-'f\ 9

where 7 is a l-form. Thus, on each Ua
pAdp=ATAe=0

hence @A dp = 0 identically on M. But direct computation shows
oA dp = (x+y+z)dx A dy A dz

contradicting the above. E, therefore, cannot be integrable.



(1.3) Theorem. (Deahna, Clebsch, Frobenius). Let EC T(M) be a
smooth subbundle described locally as the simultaneous kernel of everywhere

linearly independent 1-forms 61,...,9 (i.e., for x in the domain of the
q
' = : ae e -
ei s, Ex {ve Tx(M). el(v) - = eq(v) 0}) . Then E is integrable
iff each dBi belongs to the ideal generated by 91,...,8q .
An equivalent formulation of this theorem is the following.

(1.3)" Theorem. A smooth subbundle EC T(M) is integrable iff for
any two smooth sections X and Y of E, the vector field [X,Y] 1is also
& section of E,

Remark that a simple corollary of either formulation, which also follows
immediately from the standard existence and uniqueness theorem for ordinary
differential equations, is that any smooth 1-dimensional subbundle
EC T(M) 1is integrable.

Theorems (1.3) and (1.3)', usually referred to jointly as the
"Frobenius Theorem", give a complete and satisfying answer to the (essentially
local) question of integrability of a subbundle EC T(M) . We next modify
the integrability question to obtain an essentially global problem to which

no complete answer has been given.

(1.4) 1f EC T(M) is a subbundle, does there exist an integrable

subbundle E’ © T(M such that E' and E are isomorphic as vector bundles?

One of the main aims of these lectures will be to give topological

obstructions to the existence of E' in terms of the characteristic classes

of E.
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2. Vector bundles and Pontryagin classes

While a certain basic knowledge of vector bundles might well be
presumed in these notes, we wish here to review the concept from a point

of view particularly suited to our purposes,

(2.1) Definition. An n-dimensional (real) vector bundle over a
space X 1is a continuous map = : E —> X such that

1) T open cover {qa} of X and homeomorphisms

a€A

n -1
Py U, x RO—> n (qa)’ Vo €A .

2) The diagram (where p 1is the standard projection)

W

P
n o -1
UaxR —_— g <Ua)
P
Ua

is commutative, VY o €A .

3) For any a, B € A with qa n Uﬁ % ¢ the map

-1 . n n
Gb 9yt (qa n UB) x R -%b(Ua n Uﬁ) x R

is of the form

¢é1 * Py (x,v) = (xygn, () ¢ V)

B

course, GL(n,k) denotes the group of n x n nonsingular matrices.

vhere gBa : qa nuy, —> GLn = GL {(n,R) is continuous, Here, of

By a certain abuse, we often call E itself the vector bundle over X .
More properly E 1is called the total space of the bundle.

Note that each fiber n-l(x), x € X, has canonically the structure of
an n-dimensional vector space over R, although x-l(x) does not usually
have a canonical coordinatization as R". As a general principle, operations

on vector spaces extend to vector bundles. Thus we may form the direct



sum E@E  of bundles over X, the quotient E/E’ of a bundle by a
subbundle, etc., obtaining new bundles over X.

Remark that the maps satisfy the following "cocycle condition" .

8o

(g . F
(2.2) On UarTUﬁ Uv,goﬁ Boy ™ By -

Conversely, suppose an open cover {Uo}a €A of X 1is given together
with continuous maps

:UaﬁUB—)GLn

Eop
defined for all a, B € A such that Ua n U6 ¢ ¢ and, further, satisfying

(2.2) . On the disjoint union Ua X Rn make the identifications

a€a

(x,v) ~ (x, gﬁa(x)V)

Vx¢€ Ua n UB fo , Vve€ R" . The resulting quotient space F and the
natural map ¢ : F —> X define a vector bundle over X.

(2.3) Definition. If x:E—>X and p : F —=> X are vector

bundles, a continuous map £ : E—> F 1is said to be linear if

1) E—F commutes

2) f 1is linear on each fiber.

Purthermore, we will say that E and F are isomorphic (and write E~ F)
iff there are linear maps f : E—> F and g : F —>E such that both

fog and gof are identity maps.

(2.4) Exercise. let % : E—> X be an n-dimensional vector bundle

over X. Using the definition (2.1) take an associated cocycle {goﬁ}

and construct a new bundle p : F —> X as above and show that E~ F.



Let 2 be a separable real Hilbert space. Define BGLn to be the
set of n-dimensional subspaces of A and topologize this set in some

"reasonable" way (e.g., define a metric on BGLn by taking the distance

between two n-dimensional subspaces of % to be the angle between these

subspaces).

Let Vectn(x) denote the set of isomorphism classes of n-dimensional
vector bundles over X. Also, for any two spaces X,Y let [X,Y] denote

the set of homotopy classes of maps X —> Y .

(2.5) Theorem. If X 1is a paracompact space, there is a natural

one-one correspondence Vectn(x) R d [x,Ban] .

We indicate briefly the way in which this correspondence is

defined. Given = : E —> X of dimension n, the paracompactness

of X makes it possible to find a countable open cover {Ui}:_l
of X and a subordinate partition of unity lki}:_l and a continuous

Pyt EIUi — R" mapping each fiber isomorphically onto R" . Express

;#~ as a countable orthogonal direct sum of copies of R" and let

¥, : R* = 7 be the inclusion of the 1" summand. Then $: E—=> A

i
defined by

@le) = ) A (x(e)) + ¥, * ()
i=]1

is continuous and sends each fiber ﬁ-l(x) linearly and one-one onto an
n-dimensional subspace of A~, Thus g (x) = w(n“l(xb) defines a
continuous map 8g * X'—>'BGLn . This construction is then shown to

set up the desired correspondence. For a careful treatment of (2.5),

cf. [2, Chapter III}.



As an example, let M be an n~dimensional manifold and choose

a smooth imbedding MC R¥, Then, for each x € M, T () identifies

canonically with an n-dimensional subspace of ch A,  This

enables us to construct @ : T —> 2~

as desired. The corresponding map

gT(M) : M —-> BGLn

is called the “Gauss map". The reader who needs to increase his comfort with
these ideas is invited to prove that the above construction really does well

define gT(M) up to homotopy.

(2.6) Theorem. Modulo torsion, the cohomology ring H*(BGLn) is
i hic t 1 ial ri z( ] wher € HAi(BGL )
somorphic to a polynomial ring Pys++sP(n/2] e Py o

is canonically defined, Thus, as algebras over R,

% ~
H (BGLn; K) = R[pl,...,p[nlzl}
For a proof, cf. [1,p.375]

(2.7) Definition. If s : E~> X 1{is an n-dimensional vector bundle
over paracompact X, let 8g ° X —> BGLn be the map, unique up to
homotopy, given by (2.5). Then the ith(real) Pontryagin class of E is

defined to be
p,® = gip) € HIXR),
i=1,...,[In/2). PFurthermore, the graded subring
Pont*(8) = gp(H (BGL ;R)) € H*(X;R)

is called the (real) Pontryagin ring of E.



We are now in a position to state the theorem whose proof is our first

main aim,

(*) Theorem. If EC T(M) 1is integrable and if the quotient

bundle Q = T(M)}/E has fiber dimension q, then Pontk(Q) = 0 for k >2q .

This is really a global integrability condition. Indeed, for =« : E ~> X

any n-dimensional bundle, set

P(E) =1+ pl(E) F s + p[nlzl(E) .

Because of the leading term 1 this is an invertible element of the ring

i
H**(X;R) of formal infinite series a +a +oeecta +oee,a € H (X;R).

1

If E' CE is a subbundle, the basic "duality" formula [3)
i1
P(E/E’) = p(E") "p(B)

holds and shows that the Pontryagin classes of E/E' depend only on the
isomorphism classes of E and E  and not on the imbedding E’ C E.

Thus we can reformulate (*) as follows.

(*)’ Theorem. If EC T(M) 1is a subbundle which is isomorphic to

an integrable subbundle E' C T(M), and if Q = T(M)/E, q = dim(Q), then

Pontk(Q) =0 for k>2q.

Thus we have a topological obstruction to solving the global integrability
problem (1.4). For some time this was the only known topological obstruction
to global integrability. However, Shulman has observed (cf. §6) that the
method of proof of (*) also shows that the Massey products of elements
of Pont*(Q) must vanish in suitably high dimensions under the hypothesis of
integrability. Examples exist in which these new obstructions do not all

vanish although Pont*(Q) does vanish in dimensions > 2q .
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3. De Rham cohomology. In order to prove (*) we will use an alternative

definition of the Pontryagin classes in terms of differential forms. In order

to formulate this definition we need a cohomology theory based on differential

*
forms, the de Rham cohomology (M), The present section is devoted to the
» R P

definition of this theory and a sketch of its basic properties.

*
Let An be the associative algebra over R generated by elements

1,dx1,...,dxn subject to the relations

1) 1 is a multiplicative identity

2) dx,. dx, = - dx, -dx

{ 3 g isvi:j'

Remark that a consequence of 2) is the relation

axi=0, V1,

Thus any monomial dx, .s. dx
11 i

=0 4f r >n.

natural grading by the degree of a monomial:

This algebra has a
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vhere, of course, A: =R.1 =R, Each Ai is a finite dimensional

vector space over R .

(3.1) Definition. Let UC R" be an open subset., Let
k k * ook
A = f{w:u—> Al w smooth}] . Then A (V) = @ A (U) with its
k=0
natural graded associative algebra structure is called the algebra of

differential forms on U, Each w € Ak(U) is called a k-formon U .

Notice that each f € AO(U) is simply a smooth real valued function

on U, In general, w € Ak(U) can be written uniquely as

(L] S fi ...ikdxi ...dxik

1 1
1<4,<-e<1 <n

Where each £i ik is a smooth real valued function on U.
1°*

0
(3.2) Definition. The exterior differential d : A (U) —>Al(W)

n
is given by the formula df = }, -g—-f‘ dxj . Generally, the exterior
3
j=1

k+1

differential d : Ak(U) —=>A (U) is given by

d( E fil...ikd"il"'d"tk)

11<- . -<i.k

- a(f Jax, c-edx .
2 11...1k i i'k

1
11< < ik

Remark that 1if X ¢ U-=> R 18 the ith coordinate function,

then d(xi) =dx, .

(3.3) Exercises. 1) Prove that d° = 0. Indeed, show that this



1

is simply a fancy way of saying that, for smooth real valued functions

2% 2%
f on U, the mixed partials satisfy 5% 5n. " 3% ox. * v 4,5 .
1773 31

2) 1f w€aAP, n €a%(U), prove that d(N) = a@N + (-1)Pwaqm).

(3.4) Definition. If UC R® and VC R™ are open sets,

F:U~> V a smooth map, then define
*
o lwm = L

*
by F (f) = £oF, Define

* *
P (dx,) = d(F (x;))
and extend this to a unique homomorphism of graded algebras
* %* %
F :A (V) —> A (V).
* *
Remark that F od = d-F",

We would like to extend all of the above notions to any n-dimensional
manifold M. Using local coordinate charts on M, one can define a smooth

k~form on a coordinate neighborhood UaC M. w_ is said to agree with ®

o B
if the smooth change of coordinates on Ua n UB transforns w, into WB .
If all of the k-forms W agree, they are said to define a (smooth)

keform w € Ak(M). By the above it is clear that

d:aken = Al

ig still well-defined and that dz = 0,

(3.5) Definition. Let Z5 () = {w € A(D : dw = 0} and

BlI;R(“) = {w € A%00 1w = , some T € Ak'l(u)) . The de Rham
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cohomology of M 1is defined to be

n
* k
Hpp @0 = g Hpg (0

where X
z .M
k DR
Hyp @) = —-—-—Bk " .
DR

* * %*
Notice that a smoothmap F : M—> N induces F : A (N) —> A (M)

* *
with F od=deF , hence induces
* * *
P i () —> 0.

Clearly, (id)* = 14 and (PG)* = ¥+ P*, so de Rham cohomology defines

a contravariant functor from the category of smooth manifolds and smooth

maps to the category of graded R-algebras and graded K-algebra homomorphisms.
A basic property of de Rham cohomology is its homotopy invariance. This

will be a consequence of the following lemma.

(3.6) Lemma. Let 5 : Mx R ~»M be the standard projection. Then

o n;R(m — H;R(M x R) is bijective.

Proof. Let LO : M=>M x R be defined by 10(x) = (x,0). Then
o * * We h to show that
nedy = id, so igen = 1id: HDR(M) -3 HDR(M). e have

1(*° 13 is also an identity map.

Every ® € Ak(M x R) is a linear combination of k-forms of the

following two types:

a) n*(cp) - f(x,t)dt , ¢ € Ak'l(M)

b) "'*(CP) - £(x,t), ¢ € Ak(M) .

Define S : Ak(M x R) —» Ak-l(M x R) by
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S(x (@) + £(x,£)) = 0
S( (@ - £(x,£)dt) = 1 @) * 8
where

ot
g(x,t) = JO £(x,u)du .

This 18 clearly well defined and a straightforward computation gives

D¥l@es - sed) =1d -x"e g

* &
on Ak(H xR)., Thus 1d - x = io maps Ker(d) into Im(d), hence

induces the zero homomorphism in cohomology. This proves the assertion.

q.e.d.

An obvious induction proves the following important corollary.

(3.7) Corollary. (Poincaré Lemma).

R, k=0
Hpp &) = Hyp potat) { 0, k>0

»

This corollary is usually formulated differently. Indeed, consider

the sequence

0= R-i> A0@Y S5 Alh > ..-ds 2I6YH) — 0.
Here, if a € R then 1(a) is the constant function a on rY.

Evidently

Im(1) = Ker{d:a?RY — aAl®RYy .

Then, (3.7) is entirely equivalent to the assertion that this sequence

is exact.

(3.8) Corollary. If f fl : M=> N are smooth and are smoothly

o’

* ok _* *
homotopic, then £ = £, : Hyp () —> Ho 0.
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Proof., let i, i, : M—> M 2z R be defined by

o’ 1

1500 = (x,0)

1,6 = (x,1).

If F : Mx1I-—> N is the smooth homotopy between fo and f1 it can
be smoothly extended to F : Mx R —» N and

f = Feli

0 0

f, mFe{

1 1 °
Thus

f*li 'A'° *
o= ip°F

£ = 1o F"

* *
and it will be enough to show 10 = 11 in cohomology. Consulting the

* * -
proof of (3.6) we see that io = (x) 1 and that the same argument shows

&Sl m * ok
1 () ~. us 10 i . q.e.d,

Closely related to the above discussion is an important operation in
de Rham cohomology called "integration along the fiber", We describe it
briefly.

If M is oriented and n-dimensional, and if AS(M) denotes the space

of n-forms with compact support, then each w € Ag(M) has a well defined
integral I w €R (c£.[3,p,118)). 1If the orientation of M isg reversed,
M

this integral receives the opposite sign., If M has boundary M ¥ ¢, all

of our definitions make sense and one has the following basic theorem,

(3.9) Theorem. (Stokes) Let 1 :3M —> M be the inclusion. Then

_fMaw - faui*w , Yoeallog .
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Let nx : E—> M be a smooth fiber bundle with fiber a compact manifold

F. We assume that 3M # ¢ and note that, if J3F # ¢, then B3E # ¢ and =«

3

restricts to a smooth fiber bundle x : 3E —> M with fiber 3F, Let

e = dim(E), £ = dim(F).

(3.10) Theorem, For = : E —»M as above, there is a canonical

homomorphism

n, : ATGE) —> A" fap, r>o0,

which is zero for r < f and satisfies

teod+ (D ae g -l e q*

for r > f. Here, if 3E = 9, the right hand side is Iinterpreted as O,
Indeed, one can show the existence of a unique x, satisfying the

equation

‘I‘a' . n*(cp) = IMK*(O) .

for all ¢ € AT(E), » € AST(W). Then, for w € AT(E), o € A>T L0,

we have J‘ (n dn + (-1) fﬂdn*w)oq; -I n,(d9) » @
M M
+ (D [ {ar,@-9) - (D™ x @ - a)
¥

= ‘[M x () o + (-1)F jnn*(w) « do

=] @@+ et [
E E

=] dwdten =] fw. Mo
E 3E

-I nii*(w) *® . This proves the desired identity,
M

If JE =9, (3.10 says that =, either commutes or anticommutes with d,

hence, that it induces a homomorphism

x, + BB —> wE-fao .
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This homomorphism can also be produced in the standard cohomology of fiber

bundles by a spectral sequence technique (cf., [1, §31).

Returning to the study of the de Rham cohomology functor, we remark first

*
that HDR(M) has the structure of a graded algebra over R. Indeed, the

relation

dw.M) =d@)- 1+ (-1)%8@y . ay |
*
assigned in (3.3) as an exercise, implies that ZDR(M) is a subring of

d * * d
A (M) and that BDR(M) is an ideal in ZDR(M). Thus HDR(MD has a

graded algebra structure inherited from that of A*(PD.

Let ﬁ*(M;R) denote the standard Eech cohomology of M with coefficients
R. This is a graded algebra under the cup product. The following theorem is
of fundamental importance for relating topological invariants of manifolds to

theilr differential geometric properties.

(3.11) Theorem (de Rham) There is a canonical isomorphism of graded

algebras

8, H;R(M) —> W iR).

Furthermore, if f : M—> N 4isg smooth, then the diagram

L
Hop 00— &R
~ ~
' £* £
B

W0 = ¥R

is coomutative.

We sketch a proof of (3.11) due to André Weil {4]. Let U be an open

cover of M and for each pair (p,q) of nonnegative integers, set

~
kP29w) = cP(u;aY) ,
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~
the pth Cech cochain module with values in the q-forms. Precisely,

each c € KP»9(U) 1is a function which to each ordered (p+ 1)-tuple

(4

~ ,...,qa ) of elements of U assigns a g-form
0

P

q
€A (qz n...n qa )

c
aoal .o .ap 0 P

v
(interpreted as 0 if qz n...nN qa = ¢). The Cech coboundary
0
P

8 : P2 — Py

is given by the formula

ptl
8} =Y (D ., 4 )
ao...apﬂ 120 ai ao...ai...awl
where

. 29 u > AP
PA%U N L YN LNy, ) > AP NN, )

f‘pa
i 0 i P+l 0 p+l

is the restrictiou map. As usual, 62 = 0 . The de Rham coboundary

a: @ > Pl
is given by

e d(ca ee ol ) -
P 0

a(a)}
(ol p

ke
Clearly d8 =84 on K (U). Set

D' = 3§
p'‘= (-1)Pd  (on KP*Y(U))
D =D’ +D’’

and remark that D2 = 0, Set

o= @ ¥w
p+qen
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and remark that
p: K°() = .

One can also define a multiplication

P29y x K5(U) —> kPP (y)
by

-1y ar
=DV oy .

@y, ., 2 2 2 .

0 ..am
on their common domain, This also defines a multiplication
LW x @) = &)

Note that if w € KP?% | M € K*?° , then
D @) = 8((-1"%w. M)
where -+ indicates exterior multiplication of forms, hence
D) = (DT (@) N + (-DPw. M}
= (DD @1 + DPFIED T p @)
= '@ + (1P %D’ M) .
Likewise,

' @M = -DPTAD % .M

DY) 0 + (1) %-an}

- (_l)ﬁtﬂqw(qﬂ)rnu(wm + (_1)p+q+r+rq+r+rqw D' )
=p '@ + (DD M .

* *
Thus D : K (U) —= K () 1is an antiderivation.

Note that the kermel of

o’ : k9w - W
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is exactly A% and that the kernel of
N A O A )

is eactly EP(U;R). We define the homomorphisms
a: a0 > KW

B : C(LR) = K'(U)

to be the inclusion maps. These are homomorphisms of cochain complexes and

homomorphisms of graded algebras,

(3.12) Definition. U 1is called a simple covering if every finite

nonempty intersection of elements of U is a contractible set.

(3.13) Lemma. Every open cover of M admits a refinement which is a
simple covering.

Proof. Put a Riemannian metric on M and choose the refinement such
that each element is a geodesically convex set (cf. [2,p.39]). Any finite
nonempty intersection is then again geodesically convex, hence contractible.

q.e.d.

Since we are going to pass to the limit over open coverings, (3.13) allows

us to assume that U is a simple covering.
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Consider the first quadrant array

. . .

- .

i‘d Tn" . Tn“

& . 4
Adan 2 My 2 . ... 2o @i B Ll

Td Tn" . Tn“

» - »

. - -

Alon &> % 25 .
Td TD” TD" TD”

! ! ! !
AOp L5 g0y D5 g104y Dy «o By (PO D'y ..

To Te Te

~0 %1 b4 4
€ "(U;R) -—6-—9 C (U;R) —5—3* T—> c (U;R)-—é—->

(3.14) Lemma. In the above diagram, the rows are exact, If U 1is a

simple covering the columns are also exact.

Proof, let A = {la} be a smooth partition of unity subordinate to
P euaald -1 5.29
the open cover U= {Ua} . If ¢ €CP(U;AY) , define L(c) € C° "(U;A)
by
{L(c)! = Zl . c
Qg e . a " aage..0, g
where each A+ ¢
o Caog ...a

element of AU N...NU, ). If D'(c) =0, then a straightforvard
0 p-1

is interpreted in the obvious way as an

computation gives ¢ = D'L(c), which proves exactness of the rows. If U

is simple, then the columns are exact by (3.7). q.e.d.

Assume in all that follows that U is simple.

* * * %
(3.15) Llemma. In cohomology, «a : Hpp (M —> H (K,D) and
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* * * K
B :H (U;R) > H (K ,D) are one-one.

The proof of this is a trivial exercise,
% %*
(3.16) Lemma, In cohomology; « and B are onto.

Proof. let 2z € Kr(U) such that D(z) = 0, Write

- p,n-p
z Zzp, szK’ w .
p=0

Since D(z) = 0, we have in particular that D"(zo) = 0. By exactness of

0,n-1

columns there is u € K such that D’/ (u) = z Then 2z - D(u) has

0’
component zero in Ko’n(U). Repeating this process we finally produce a
D-cocycle w lying in Kn’o(U) cohomologous to z. But D(w) = 0 implies

that
D’(W) =0 and D'’/ (w) =0 ,

~ *

hence w = g(v) where v € Cn(U;R) is a &-cocycle. This shows B onto,
*

An entirely parallel argument using exactness of the rows proves « onto,

q.e.d.

(3.11) follows easily. Indeed

% % LI
@ H ) —> H (K (0),D)

is an isomorphism for every simple covering U, hence the right hand side

has already attained its limit value. Since

8" : W (U;R) —=> 1 (K" (U),D)

is also an isomorphism, the left hand side of this relation has likewise

v * -1 *
reached its limit value H (M;R). Thus, set Oy = B) oa , the

desired isomorphism of graded algebras. We leave it to the reader to check

the naturality of QH relative to smooth maps.
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4, Connections on vector bundles, Let x : E—> M be a smooth

vector bundle and let T (E) denote the set of smooth cross sections. That

is, the elements s €T (E) are smooth functions

such that = ° s = id. Clearly ['(E) is a vector space over K and a
module over the algebra F of all smooth real valued functions on M. Let

¥  denote T(T().

(4.1) Definition. A comnection on E 1is an R-bilinear map

v: XxT(E ~> I'E)
written V{X,s) = Vx(s), such that
1) Vx(fs) = X(f)s + £ Vx(a)

2) Vey(s) = £ 9y(s)
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for all X€ X%, s €T(E), £€F .
While the motivation of this definition may not at first be evident, a

little reflection shows that Vx is a kind of directional derivative which

differentiates smooth sections of E in X-directions. Indeed, property 2)

in the definition shows that at any point of M, vx(s) depends (for fixed s)
only on the value of X at that point. Thus if X, € Txo(M), on is a
well defined operator transforming smooth sections of E defined near X,
into vectors in the fiber n-l(xo). Property 1) says that this is a first
order differential operator.

(4.2) Lemma. There exists a connection V on E,

Proof. Let {qz} be an open cover of M such that for each O there
is a smooth frame 8, = (sé,...,sg) defined on U, . Then each s; € I'(E|Ua)
and for each x € qz’ {g;(x),...,sg(x)} is a basis for x'l(xb. Let
‘NJ! be a smooth partition of unity subordinate to this cover.

Over qz define a connection ¥ on Elqz by

Vi(saj‘)'-o, Vi VX,

which extends to arbitrary sections s by the property 1) in (4.1).

V= Ejka ¢®  then makes sense and satisfies (4.1). q.e.d.
a

We may consider V as an J-linear map
vk = Hom O™ (E),T' (8)) .
Both of these JF-modules are also Lie algebras over R, Generally, v 1is

not & homomorphism of Lie algebras and the measure of its failure to be

such is an important geometric quantity.
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(4.3) Definition. The curvature k of the connection ¥ 1is the
function

k: XxX — HomR(T(E),I"(E))
given by

k(X,Y) = [vx,vY] - V[x,Y]

= Uy = Uy - v[x,v}'

Remark that k(X,Y) = - k(Y,X).

(4.4) Llemma. If f£,g,h €3F, X,Y € ¥, and s €T (E), then
k(£X,gY) (hs) = fgh + k(X,Y)(s).

The proof is a direct verification which we leave to the reader. As a

consequence, consider a smooth frame (sclx,...,sg) for E| Ua and note that

there is a q x q matrix K& of 2-forms, K= (k?j) such that

1
KD () = ) k‘;i(x,y)sé .

i=1

Here, of course, we use the identification of Aq(){) with the set of
alternating JF-multilinear q-forms on * which is standard in differential

geometry. The fact that kc;i(x,‘!) = -kc;i(Y,X) together with GF-bilinearity

then identifies k?i as an element of AZ(UQ).

Referring to the definition (2.1) of vector bundles, we note that, on

Ua n UB’ & and i® are related by

a B -1

ki = %Bk gaa .

The proof of this crucial formula is an elementary exercise using (4.4).
We also note that on Ua there {s & q x q matrix & of l-forms,

%= (Gc:j), such that

9
i \ i
Vlsy) = ) 80y -
3=
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The following basic structural equation will be found proven in various

books on differential geometry (e.g., cf,[1, p.118]),

(4.5) Lemma. a8% - 6% . @ =i ® .,

Here, of course, the matrix product 6%. 6% involves the usual
multiplication of 1-forms in the entries.

As a final remark about connections, we define the notion of parallel
translation. If o : {0,1] > M is a smooth curve, one defines the notion

of a 'section of E along ¢" as follows.

(4.6) Definition. A section of E along O 1is a smooth curve
8 : [0,11 —>E such that nes =qg ,
If s is a section of E along o, the connection ¥ defines the

"covariant derivative of s along 0", a new section % of E along 0.

If ¢ 1is regular (hence locally one-one) it is an easy exercise to extend 2

locally to a section of E and show that V.( )(s) does not depend on this
ag(t

extension, hence defines %% . To handle general o, proceed as in {2, §8] .

(4.7) Definition, A section s of E along 0 is parallel

Ds .

iff ac

0.
Given o € TO'(O) (M), the parallel translate of € along o will be

the unique section e of E along 0 satisfying

1) e(0) = e

2) e is parallel.

The existence and uniqueness of e is an elementary consequence of the theory

of ordinary differential equations.



References

1. S. Kobayashi and K. Nomizy, Foundations of Differential Geometry, Vol. I,

Interscience Publishers, New York. N, Y., 1963.
2. J. Milnor, Morse Theory, Princeton University Press, Princeton, N. J.,

1963.

5. The Pontryagin classes. We suppose given a smooth vector bundle

x:t E—>MNM
and a connection V on E. Let k be the curvature of V. Let g&q
denote the Lie algebra of GLq = GL(q,R). Thus glq is the set of all
q x q real matrices, while GLq is the set of nonsingular q x q real

matrices.

{5.1) Definition. A polynomial function

: gt > R
P 3 8y

is called invariant if

o) = plgmg™d,V g € GL, Vm€gl .

Since sums and products of invariant polynomials are invariant, these
polynomisls form an algebra over R.

There are certain basic invariant polynomials 2:0;:1’{2"" vhich are
defined as follows.
Zp(m) = trace (m°).

The following purely algebraic theorem will be of use.

o

(5.2) Theorem. The algebra of inv riant polynomials has %Ziiiso

as a set of generators.

For a proof of (5.2), cf. the Appendix.
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Now recall the curvature matrices ka of 2-forms defined on qa. If
¢ 18 an invariant polynomial of degree r, then w(ﬂm) € Azr(qa). Furthermore,

on qz 0 UB s
o o 1y .8
S = o(gdfer0) = 90E).

Thus these 2r-forms fit together to give a well defined element
plk) € Azr(M). Note that this form depends only on the curvature k,

not on choices of local trivializations of E,

(5.3) Lemma. d(gp(k)) =0 .

Proof. Let X € M be any point, qﬁ an open neighborhood of X

vhich trivializes E and on which there is a smooth spherical coordinate

system centered at Xge Let 8o be any frame for n-l(xo) and spread this out
to a smooth frame s, over Ua by parallel translations along the radial curves of
the spherical coordinate system. Then, for all X € Tx wm, da(x) =0,

0
(i,e., every d:j is a 1-form which vanishes at x,). On Uy

d(p) = dpDH) = di@e® - ¢ « &%) .

But w(déx -~ 8 s a sum of monomials of forms in which either two

of the forms vanish at Xy or all of the forms are ddzj's. Thus

{d@an}, =o.
0

But x. was an arbitrary point of M, hence d{(p(k)) = 0. q.e.d.

0

(5.4) Proposition. [gp(k)] € H%E(MD is independent of the choice of

connection.

0 1
Proof. Let Vo and V1 be two connections on E, Let k and k

be the corresponding curvatures, In a natural way,
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nxid : ExR—» MxR

defines a smooth vector bundle over M x R with the same fiber dimension
as E, Define a connection g'on this bundle as follows. On sections s

which are constant in R - directions, let gsfac(s) =0, If

X€ET )(H x {t}), define

(x,t

?X(s) = (l-t)V?((s) +t V}l((s) .

Every section is a function-linear combination of sections constant in

R-directions, hence ¥V extends to all sections by use of property 1) in
~

(4.1). It is easy to check that V 4is a connection. Let Kk be its

curvature and consider [@(E)] € Hg;(ﬂ x R), let io and il : M—> Mx PR

*
be as usual. Then i; =i, in cohomology by the proof of (3.6), and
s ~,
15lo@ 1 = 1p(%))

11le@® 1 = lokH1 .
q.e.d.

(5.5) Definition. If © 4is an invariant polynomial of degree r,

@(E) = [g(k)] € H;;(PD is called the Pontryagin class corresponding to
®. The set of all such Pontryagin classes is the graded subalgebra
* ke
Pont (E) < HDR(M)

called the Pontryagin algebra of E.

{(5.6) Proposition, Pontj(E) =0 1if § 1is not divisible by 4.

Proof. From the definition it is clear that this is 0 if j 1is not
divisible by 2. To obtain the finer result, we put a smoothly varying
positive definite inner product <, > on the fibers of E. This is easily
done locally and then pieced together with a smooth partition of unity.

Next we want a connection ¥V on E such that
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v, < s

x < 5108

2 >= <?x 8158, >+ < 81598, >,

VvXe *', v 81> 8 €T (E). Omn Ua choose a smooth orthonormal frame 8y ¢
This is easy to do by applying Gram-Schmidt orthonormalization to any smooth

frame. Then define V% on Ua by requiring

a, i
Vels) =0, 1=1,...,q.

It is easy to check that va has the required property, Piece these local

connections together by a smooth partition of unity and obtain V as desired.

The curvature k of this connection has the important property

< k(X,Y)sl,s S= < 31,-k(X,Y)32 >,

2

The proof of this is left as an elementary exercise. One immediate

consequence is that, if on Ua we choose sy to be a smooth orthonormal

frame, then the matrix & s antisymmetric. Thus also, if r > 0 is

odd, then T s antisymmetric, hence
2% = trace (N =0,

Thus ):r(k) =0 , But by (5.2) every invariant ¢ of odd degree is a

linear combination of polynomials of the form X, I, <. zi in which some
1 72 m

of the indices :I.J are odd. Thus, deg(y) odd implies (k) =0 . q.e.d.

This proposition enables us to define the total Pontryagin class of E

to be

= [det(I +% k)1

where each Pj (E) € "g{(M'). No imaginary components arise because of (5.6).

These classes 1, pl(E)""’P[qIZI (E) actually generate the whole algebra
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*
Pont (E) .
Note that this definition gives an easy proof of the formula

p(EDE’) = p(E) - pE') .

For the case of complex vector bundles, Chern classes can be defined

*
in complex de Rham cohomology HDR(M;C) by exactly the same techniques
(using complex smooth p-forms AE(M)). If E has complex dimension n,
21
one obtains c(E) 1+ cl(E) 4 cee cn(E), ci(E) € HDR(M,C), and again

c(EDE’) = c(E)+ c ().

FPor complex analytic bundles on a complex analytic manifold, holomorphic
connections do not generally exist, although they can be defined locally. As
a consequence, if one insists on using these local holomorphic connections
there is generally no way of producing forms in the de Rham complex
representing Chern classes, but it is possible to define in this way

¥ %* *
representative cocycles in the double complex ¢ (u; AC(M)) = K (U)., We
sketch this construction.

Let U= {Ua§ be a simple covering of M such that each U, 1sa

trivializing neighborhood for the complex analytic vector bundle E., One
defines a holomorphic connection Va on EIUa by defining it as trivial

on a holomorphic frame field. One then obtains a curvature form k.a on Ua

and, if @ 1is an invariant polynomial of degree r on gli(q,C),

cp(ka) € Aér(Ua). Thus we define cpo € EO(U;Agr) by
0
Gy ™ W&

On Ua n UB vwe have the two connections va and V/8 . Thus on

B

(ch n Uﬂ) x C put the connection (l-z)Va + zV"~ defined analogously to

L
the V in the proof of (5.4). Let kaa be the corresponding curvature

form, &Py ¢ Azr((Ua n Ug) x€). Let AP denote the standard p-simplex.
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Then

1
(UaﬂUB)xA C(UaﬂUB)xRC(UaﬂUB)xC

and the projection

al 1
n :(UanUB)xA —->UanUB

defines (via integration along the fiber)

1
1!2 : EI(U;A‘Z:I-) -— EI(U;Aér-l).
Define o' € EwaZ™ ) by
1 Al s
g™ " @),
On Ua N UB n UY we work with three connections and the convex
combination of these over (Ua N UB N UY) x Cz and we use
A (U.NU NU) xA2—>U_ NU, NU
" Va B Y o B Y
to define cpz € ‘C/Z(U;Agr-z) by
2 - A agy
Gpy = T @& ) .

Continuing in this way, we produce
- 2
= (eocpo,clcpl,...,encp“) € KT ().,

)[ (1+1)/2)

Here each € = (-1 This makes ;: a cocycle because of

the relation (3.10)

P
4 P P p-1
edas (DPae o a0 * 2T el O

§=0

where Ap-l(j) is the jth face of AP . The last equality is by the
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combinatorial version of Stoke's Theorem [1, p. 109). Since

o eell
dok 0 p) = (0 , the above relation guarantees that

(o)) =0
ae?) = D" Py, p>0 .

Thus 5 is a cocycle and we obtain the Chern class

- 2r , k 2r
9 (E) = [p) € H (K (V) = Hp(MC).
We might further note that, by the definition of integration along

the fiber, the cochains :pp will be 0 for p>r (i.e., below the

Sk
diagonal in K (U)).
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6. Characteristic classes and integrability

We here suppose that E is an integrable subbundle of T(M). Let Q = T(M)/E
with fiber dimension ¢q. Thus we assume the hypotheses of (*) in $ 2 and
must prove

Pont¥(Q) = 0, k >2q .

Since E 1is integrable, (1.3)’ implies that all X,Y € T(E) must have
[X,Y] €T(E). If Z €T(Q), then Z = n(Z), some Z € ¥ , where
7 : T(M) —> Q 1is the canonical projection. 7 1is well defined modulo

elements of T(E). Thus for X €T(E) and Z €T(Q),

V(@) = x,2)
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is well defined. This is clearly R-bilinear as a map

vV iTE xT@Q —>T@Q

and satisfies

1) Vx(fZ) = X(f)Z + fvx(z),

2) fo(z) m f VX(Z)’
as is easily verified. This satisfies the definition of a connection on Q
except that the variable X 1is restricted to range over T (E) C ¥ . In
order to complete V to a connection, we use a Riemannian metric on T(¥)
to split this bundle into the direct sum of E and the orthogonal complement

bundle to E in T(M). This complement is isomorphic to Q, so by the choice

of Riemannian metric we have obtained an isomorphism
TM =EDQ .

Let V be any connection on Q. For X € ¥ =TE) HT@Q), write

X = XE + XQ . Then define

@) = Ty @+ @,

¥2ZET@). Thus if X ET(E) C X, X.Q =0 and we obtain the previous
formula for VX(Z). It is trivial to check that this defines a connection

on Q.

(6.1) Definition. A basic connection V on Q is one such that
v @ = %71,
VX €ET(E), where Z € ¥ is such that x(Z) = z.
We have proven

(6.2) Lemma. Under the assumption that E 1is integrable, there

exists a basic connection on Q .
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(6.3) Lemma. Let V be a basic connection on Q, k the curvature

of V. Then k{(XX') =0, V X,X' €T(B).

Proof. Let Z €T(Q) and Z € ¥ with z(® =2 . Then

k(X,X')(@) = Yy ) - V94 @) - V[x,x‘](z)
= vy (X’ ,‘i‘])-—vx, (nlx,Z1) - o1x,x'1,21 .

But we can choose
o
2 X,Z) = [X,Z)
— ~
%' ,2)=[x',21
so

K(X,X') (2) = «lX,[x', 211 - «iX’,[%,2)) - «l[X,X'1,Z] = x(0) = O

by the Jacobi identity. q.e.d.

(6.4) Lemma. Let UaC M be a simultaneously trivializing neighborhood
for Q and E, 5, a smooth frame for Q over Ua' Let Ia(E) be the ideal

*
in A (Ua) generated by those 1-forms which vanish on I‘(El Ua)' Let K&

be the curvature matrix associated to the frame 8y by a basic connection.

a
Then each kij

€ Ia(E)’

Proof. Over Ua’ E can be described as the set of tangent vectors on
which certain 1 forms 61,...,Bq vanish, these l-forms being linearly
independent at each point of Ua. In particular, Ia(E) is generated by

8,5.4¢,8_ . Complete these to a basis of 1-forms by 6 These
1 q

STRRPYL I

L
last restrict to a basis of Ep , Vp € Ua' Consider a nontrivial form

w - 2 3ij91°ej .
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Clearly there are x,x’ € F(EIUa) such that
w(X,x) £ o.

By (6.3) it follows that each k? € 1,(8). q.e.d.

3

We now prove Theorem (*) of §2. Elements of Ia(E) are typically

of the form

q
q .
m-Zwi-Bi, w, €AW .

Thus Ia(!i)q“"1 =0, If ¢ 1is an invariant polynomial of degree > q, then

(6.4) and this remark imply

cp(ka) =0,

Thus (k) = 0 for deg(y) > q and (*¥) follows immediately by our

definition of the Pontryagin algebra.

As remarked in §2, this gives the global integrability theorem *'.
By exactly parallel reasoning one also obtains the following global holomorphic

analogue,

(*)'' Theorem. 1f M 1is a complex analytic manifold, T(M)
the holomorphic tangent bundle, EC T(M) a complex subbundle which is
isomorphic to a holomorphic integrable subbundle E' ¢ TM, Q= T(M) /E, and

q= di.mc(Q), then Chernk(Q) =0 for k>2q .

Using this theorem, we exhibit the first known counterexample to global
integrability. Let CP" denote the complex n-dimensional projective space,

T = T(CP") 1its holomorphic tangent bundle.

(6.5) Theorem. If n is odd, then T contains a holomorphic
subbundle of complex codimension one. If, furthermore, n > 1, no holomorphic

subbundle of T with codimension one is integrable.
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n+l

Proof. Let [n+l} denote the trivial bundle e x ¢ over CP",

Each x € CP" is a one dimensional subspace of CMI, hence one can define

5= {(x,v) € [n+l]: v € x}

Q= {(x,v) € {ntl): v o x|,

holomorphic bundles of respective complex dimensions 1 and n, [n+l] = S Q.

It is rather well known that there is a canonical isomorphism

T'= Hom(S,Q)

of holomorphic bundles. Indeed, given ¢ € Hom(Sx,Qx), x € CPn, choose any

nonzero {x,v) € Sx, and define

g :uU—> Ccp"

on U={z€C : lz’ <1}, by letting 0(z) be the one dimensional
subspace of Cn+1 containing (l-z)v + z¢p(v). Then o is a holomorphic
curve with o(0) = x, The holomorphic tangent vector to cP" at x
determined by this curve will be labeled Vv(y). In this way one obtains
the desired isomorphism

v : Hom(S,Q) —> T(CP").

Let n be odd, choose a basis of (CM']')*, and form

VisteesVog

the nondegenerate antisymmetric bilinear form

Wwem v Ay +vVv AV +---+vn/\vn

1 2 3 4 +1 "

*
Let H denote the dual bundle S and let H2 be the symmetric square of
H, Thus each 7 € Hi is simply a homogeneous function of degree 2 from
5, —> C. HZ is a line bundle, Define

. 2
w, : Hm(S_, Q) —> H_

by

0 @D =wlv,ev), VveE S,
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Since w 1is nondegenerate and ®(v) ranges over the orthogonal complement

of v¥ 0, o is a surjection, V x € CP", hence gefines a holomorphic

bundle surjection

w, : T = Hom(S,Q) —> H% .

Ker(w,) 1is a holomorphic subbundle of T of complex codimension one.

Finally, suppose that n >1 and let EC T be holomorphic of codimension

one. If E is integrable,

{cl(T/E)}z € Cherna(T/E) =0
*
by (*’’. Since H (CP";C) 1is well known to be generated by 1 and by
E 2 n n
T cl(S ) € H"(CP;C) with the single relation u = 0 , the above
together with n > 1 implies that cl(T/E) = 0, But
c(T) = ¢(E) » ¢(T/E)

then implies cn(T) = 0, On the other hand

T@ (1] = Hom(5,0@ S) = Hom(S,[n+1]) = S" @ --- @S  (n+l times),

80

e = c@®ND = esH™ = 1 + ™!

shows that cn(T) ¥ 0. This contradiction proves that E cannot be

integrable. gq.e.d.

As remarked in § 2, the proof of (*) has really proved something much
stronger. We indicate an idea, due to Shulman, which exploits this stronger
result.

Consider cohomology classes [a], [B], [v] (in any suitable cochomology

theory) such that
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{al«[B) = 0
Bl-(vl1= o .
Then, at the cocycle level,

a«p = 8(x)

d
Bey = (-1)¥8@sy
so that B+ ¥y is cohomologous to O 1in two different ways:

oePBey= &(x.v)

a.Bey= S(@-y) .

Thus x.v -Qe.y is a cocycle and we set

<{a], {B}, {Y}> 'IX-'Y'C!-YIEB* .

This is not well defined independently of the various choices, but it is
easy to check that the indeterminacy is the ideal I*([a],h']) in n

generated by f[a] and [v]. Thus < [a),{Bl,Iy] > 1is well defined as
an element of H*/I*([a],lyl). This is called the Massey triple product

of [al,[Bl,ly]l . Higher order Massey products can also be defined [1].
The following is immedfate from our definitions.
(6.6) Lemma. If lale (B] = 0 =» [B]. {Y] and if the representative

cocycles can so be chosen that @+ f = 0 = B+ ¥ , then < [a],[B),[y] >= 0.

*
(6.7) Theorem. (Shulman) If E 1is integrable and a,b,c € Pont (Q)
are such that deg(a) + deg(b) > 2q and deg(b) + deg(c) > 2q, then

< a,b,c > 1is defined and = 0 ,

Proof. Let k be the curvature of a basic connection and let

@),%,,%; be invariant polynomials such that & = [ (K)]1, b= [0, )],

c = ‘cpa(k)l. Then a-.b = [(tplcoz)(k)] =0 and bec = [(wzwa)(k)] =0,
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so < a,b,c > is defined. But actually,
¥y (k) « oy (k) = 0

9, (1)« @y(k) = 0,

so by (6.6), < a,b,c >= 0, gq.e.d,

For maximum usefulness of (6.7), it should be noted that the isomorphism
v
between de Rham cohomology and Cech cohomology preserves Massey products.
This follows directly from the fact that

a: At = KW

wie *
g : C (;R) =K ()
are ring homomorphisms.

We note also that simfilar treatwments are possible for higher order
Massey products, Using (6.7), Shulman has exhibited bundles which satisfy

(*) but are not integrable.
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7. Haefliger structures and the functor I . We assume here

some acquaintance with the basic concepts of sheaves (cf, [11, [2]).

over R construct the sheaf &£ of germs of local diffeomorphisms

of K¥ —> RY. That is, if x € RY, the stalk Sx is the set of germs
at x of diffeomorphisms of open neighborhoods of x onto open sets of
Ry, 1f x,y € R? we adopt the notation S(x ) for the set

14

iy € Sx Y (x) = y} .
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(7.1) Definition. A Haefliger cocycle on a topological space X (also
called a Fq-cocycle on X) consists of the following data:

1) An open cover {Ua}a ex °f X

2) For each a € A, a continuous map fa : Ua -—-> RY (the germ of which
at x €U, will be denoted £ ).

x
3) For each x € Ua n IJB a germ YGB € a(fﬂ(x)’fa(x)) such that

a) The assignment x —> Y: defines a continuous map

=}

UaﬂU -2 8

B
X X o X
b) fa Yozﬁ fB
X X X
c) Yap® Va5 = Vo5 *

.2 . - = x
(7.2) Definition I"q cocycles ¢ an,fa,Y aB}a,BEA and

¢! = {Uk’fk’y;fu‘k,uEB are called equivalent if ¥ cocycle corresponding

to the covering {UC}C €c » C = disjoint union of A and B, vwhich restricts

(in the obvious sense) to ¢ on iua*aEA and to ¢’ on {u)\ikén .

(7.3) Exercise. Show that the gbove relation of equivalence is an
x
equivalence relation, {Hint. If iua’fa’vabia,bEAUB and

x

ws’fs’ystts,tﬁBUC restrict to the same I"q-cocycle on iuk’kEB s

then for a€A, sEC,xGUaﬂUs, find X\ € B with xGUk and try

to define Y:a - Y:k ° Y;; » Show this independent of 1\].

(7.4) Definition, A Haefliger structure (or I‘q-—structure) on X

is an equivalence class of Haefliger cocycles on X. The set of all such

structures on X is denoted Hl(x;I"q).
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Of course, the principal example of a Haefliger structure which we
have in mind is a foliation. Indeed, an integrable subbundle EC (M of

codimension q allows us to cover M with coordinate patches ch and to

find submersions

. q
fa.Ua'—>R

such that Elua = Ker(dfa). The fact that the maps £ are submersions

together with the fact that Ker(dfa) and Ker(dfe) agree on ch n Uﬁ

x
implies that for each x € Ua N UB there is a unique Yop € s(fg(x)’fa(x))

such that Y;B ° f; = f; . This uniqueness makes it easy to verify the

various properties of a Haefliger cocycle. Finally, two cocycles obtained
from the same foliation are clearly equivalent, hence the foliation defines

a unique element of nt (M;l‘q).

One defines the normal bundle Q of a Haefliger structure by the

GLq-cocycle gaB(x) = d(Y;B). Equivalent T‘q-cocycles give equivalent

GLq-cocycles, hence the normal bundle of a l'q structure is uniquely determined

up to isomorphism. For the case of a follation E, Q is just T(M/E,
Remark that a continuous map g : Y —>X can be used to pull back a

T -cocycle on X to one on Y, Indeed, {u ,f

x
o a’chB a,B €A pulls back to

-]

- = -y
uv.,f ,Y where
{Uys Eys aB}a,BéA €

o -1
T m )

Ea. fa’ g

Y o8
Yag " Yap  °

This pull-back by g respects equivalence, hence defines

* 1 1
t H(GT ) = H (YT ).
8 (X; q) ( q)
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This makes Hl( ;T'q) into a contravariant functor from the category of

topological spaces to the category of sets.
It is an unpleasant fact of life that this functor iz not homotopy

invariant. As an example, consider the maps

g : K1 = R, g () =0, v x €RrY
gI:Rq—> R?, gl(x)-x, v x€RY,

These maps are homotopic., On the image space RY consider the I‘q-cocycle

¢ with just one element U, - kY in the open cover, just one f1 =1id: U, —>Rq,
and every Yfl = germ of the fdentity diffeomorphism. We claim that g;(c) is
not equivalent to g:(c). To see this clearly we introduce a definition and a

lemma,

(7.5) Definition. If ¢ = | is a I'q-cocycle on X,

x
Ua’fa’YaB!a,ﬂ €A
x 3
the level set of c through x € U, is defined to be X {yéUa.fa(y) ‘fa(x)}.
x x
(7.6) Lemma. If {Ua,fa, aS’C:,BEA and ‘UX’fl.’Y)\u}k,uGBm equivalent

I‘q-—cocyles on X, then for any x € vy nu o €A, A\ € B, there is an

)\ ’

open neighborhood W of x such that X; NWs= X’{ v,

The proof of (7.6) is an elementary application of definitions.

* *
Returning to our example, go(c) and gl(c) cannot be equivalent since the

%
only level set for go(c) 1e RY while the level sets for g:(c) are

the single points of RY,

In order to obtain a homotopy invarisnt functor, we impose a further

equivalence relation on HI(X;Fq).

(7.7) Definition. 1f a,o’ EHI(X;I'q) we say that a and o' are
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homotoplc and write a-~a’' 1f and only ¢ I ) € HI(X x I; fq) such that
* x
o= 1,00, a' = L.
Here, of course, 10,11 : X=» X x 1 are the usual face maps.
(7.8) Exercises. 1) Prove that homotopy is an equivalence relation on
1
H (X;Fq).
* 1 1
2) 1f £f:X—> Y is continuous, prove that £ : H (Y;Tq)“B'H (X;Fq)
preserves the relation of homotopy.
3) 1If £, g : X~>Y are homotopic maps, o € HI(Y;Tq), then

f*(a) ~ g*(a) .

(7.9) Definition. rq(x) = gset of homotopy classes in Hl(x;Fq).

By 2) and 3) of (7.8) we see that Tq( ) 1is a homotopy invariant
contravariant functor.
Haefliger {4], [5] has shown that the functor Fq is representable.

That is, one can construct a space Bra such that, for "reasonable" spaces X,

there is a canonical one-one correspondence between the set Tq(X) and
the set of homotopy classes of maps [x,BI;]. Furthermore, this
correspondence is natural with respect to the set maps induced by continuous

maps, so we have an equivalence of functors

T‘q( PECH ,Bf‘q]

on a reasonable category of spaces, There are three ways of showing this.
1) Tq is shown to be representable by checking the axioms of Brown {2}
for representable functors., This works for CW-complexes X.

2) One can mimic Milnor's construction of the classifying space of a

topological group [6]. This works for all paracompact spaces X.
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3) One can mimic the "abstract nonsense' approach to classifying spaces

due to Graeme Segal [7].

The first approach is written up in [5] and the second in [4]. We

will take a look at the third approach in the next section.

If M 1is a smooth manifold, a smooth Fq-cocycle is defined in the
obvious way, and an element of HI(M;Tq) is said to be a smooth Haefliger
structure if it is represented by a smooth Tq-cocycle. One has generalizations
of the theorems of § 6 to these smooth structures.

(7.10) Theorem, If Q 1is the normal bundle to a smooth Fq-structure

*
Y on M, then Pontk(Q) =0 for k >2q. If a, b, c € Pont (Q) with

deg(a) + deg(b) > 2q, deg(b) + deg(c) > 2q, then < a,b,c >=10 .

The proof proceeds by analogy with the proofs in § 6. Over

q:<: M let Va be the connection obtained by pulling back the standard
connection on RY by ﬁz . Patch these together with a partition of unity
and prove that the curvature matrices ﬁ: for the resulting ¥ have

*
ﬁzj € Ia(Y), the ideal in A (qz) generated by those l-forms which locally

are pull-backs via ﬁ: of 1l-forms on R, Clearly E1(Y)q+1 =0, 8o
(k) = 0 for any invariant ¢ with deg(y) > q .

In §10, we generalize Pontk(Q) =0 , k > 2q, to the normal bundle

of any Fq-structure on any reasonable space X .
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8. Topological categories and classifying spaces. The basic

reference for this section is {1].
Recall the notion of a category C. We write C = & UM wvhere 6 is
the class of objects of C and W 1is the class of morphisms of C described

as follows. For each pair X,Y € 6, Hom (X,Y) is a set and

mow= J Hom(X,Y),
(X,)E6 x 6

a disjoint union. The basic axioms are:
1) If X,Y,Z2 € 6, there is a map (called composition)

Hom(Y,Z) x Hom(X,Y) —> Hom(X,2)
(written (f,g) —> feog).

2) Composition is associative.

3) For each X €6, & 1, € Hom(X,X) such that feo 1, =f and lyeg =8

whenever these compositions are defined,



46

Typical examples are the category of sets and set mappings, the category
of topological spaces and continuous mappings, the category of groups and
homomorphisms, etc. Not all categories, however, need be so enormous.
Indeed, in order to avoid logical difficulties in what follows, we consider
only 'small” categories (ones in which 6 and I are sets).

As an example of a small category, let G be a group and define the
category whose only object is G with Hom(G,G) = G, and define composition
to be the group operation.

As another example, let X be a topological space, {Ua} an open

aca
cover of X. Define a category whose objects are the finite subsets
Z<C A such that

=N _ U #9

and let

inclusion map UE% ILL: if defined
Hom(E,Z') =
® otherwise .

Composition is composition in the usual sense,

(8.1) Definition, A topological category C =6 UM is a small
category such that 6 and M are topological spaces and the following maps
are continuous,

1) M —> 6 x06 defined by £+> (X,Y), Y f € Hom(X,Y).

2) Composition M *M-> M, where M*h = {(f,g) ehxh: fog is
defined}.

3) 6 —> M defined by X*—)lx .

Remark that any small category can be regarded as a topological
category with the discrete topology on & and M.

As a first example, let G be a topological group and again form the

category with one object G and Hom(G,G) = G. This clearly satisfies (8.1).

As a slightly less trivial example, let X be a topological space,
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Us {Ua}a€A an open cover of X, and form the topological category X,
whose objects are the pairs (L,x) where L C A 1is as in our earlier

example and x € Ug . Hom((Z,x),(Z’, x')) 1is empty if either x ¥ x’',
or Uz¢ UZ' . Otherwise it consists of the single inclusion (U}:,x) - (Uzp,x).
Topologize © by taking as basic neighborhoods sets of the form

{C,x) : T fixed, x €WC Uz , Wopen in UE}' Similarly, topologize M
by basic neighborhoods of the form { (Ux,x) <> (Ups %) : Y and L' fixed,

xEWC UE’ W open in UZ]'

Ls a third example, we construct the topological category l"q which

is pertinent to the study of Haefliger structures, Let & = R? with the

usual topology. Given x, y € RrY , let Hom(x,y) = S( as in § 7.

x,¥)
Thus M = 8 with the sheaf topology. It is easy to check that composition

H*H > B is continuous. The map x ~> 1 (the germ at x of the

identity diffeomorphism) defines a natural continuous section RRT—= s .

Finally, let

1t :8—> 9
be the homeomorphism which to each germ Yy of a local diffeomorphism g
assigns the germ y'l of g-l . If

n: 8> rd

is the sheaf projection, then the map M ~> & x 6 in (8.1) becomes
8 —=> K xR

y —> (xfy), n°tly)) |,

hence is continuous.
We next take up the construction of the classifying space of a
topological category C =6 UM . Let A= ® and, if n >0 1is an

integer, let AnC denote the set of all finite sequences



where xi €06 and fi € Hom(xi_l,xi) . AOC has the topology of ® and

Anc is topologized as a subset of M xM x ¢«+oe xT . Define functions

3, tAC->A C, 0<i<n
n n=- -

i 1 -
si:Anc-éAm_lC, 0<i<n
by
ao(xo-? Xl-f-> so ?xn) - x]_ -f-)e-. .? xn
1 2 n 2 n
K X ) e X
1 2 n 1 n-1
ai(xof—> 'E'> x“) = xo?"’"""}'xi-l?i—"«?) x1+1_>"' -f-> X
1 n 1 +1 "1 n
8, (X = 200 2> X) @ X =D esePX ~>XK > e 7> X .
1"051 S e T S ¢ uxi 1T, £ %

Let An denote the standard n-simplex with its usual topology,
Eo,...,En the vertices, and define functions

€, A

1 > 8,, 0<i<n

n-1

Pysb > 48,, 0<ign

by the linear extensions of

B, ,0<5)<1
ei(Ej)‘-{
Egypr 1S3 Smel
» 0y <1

E
Py(E) = {EJ

g LH1ISISoL .

Then on the disjoint union of the topological spaces Anc x An ; 0<n<=,
make the identifications
(3, €,(8)) ~ (3, (a),t)

(s;(a),t) ~ (a, py(F)).
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The resulting quotient space is designated by BC and is called the

classifying space of C.

(8.2) Definition. Let C=6UM and C' =6 UM’ be categories,
A function F : C —> €' 4s called a (covariant) functor if

(1) F@® 6, FMcn’

(2) 9 € Hom(X,Y) = F@) € Hom(F(X),F(Y)).

(3) F@ °V) = F(p) » F(¥) whenever the compositions are defined.

#) Fly =lp , YXEG.

If C and C' are topological categories, a continuous functor
F:C—>C' is a functor such that F : 6 —>6' and F : i —> '
are both continuous.

Clearly a continuous functor F : ¢ —> C’ induces a continuous map

BF : BC —> BC'

and
B(F+G) = BFe BG

B(lc) - IBC

where lc : C—> C 1is the identity functor. B 1is a functor from the

category of topological categories and continuous functors to the category

of topological spaces and contiruous maps.

We consider two important examples. Let X be a space, U= {Ucz}czéA
an open cover of X, and form the topological category XU defined above.
The topological group GLq = GL(q,R) also defines a topological category

as described earlier, and we consider a continuous functor

F:xuech.

For o, B €A, x € Ua n UB » there are unique morphisms



/(Ua’x)

i (x)

@ 0 Ug,x}\<
tp 09 2

g
in Xu « Define

: -
Bp Uy MU oL,

B
by
8.3 g, ) = F(i,() * FULGN

By the continuity of F, ga‘a is continuous.

(8.4) Lemma, satisfies the cocycle condition (2.2).

Proof. If uanuﬂnuyqu s then for any xGUaﬂUBnUY

we have the commutative diagram

ja(x)
(U_ MU ,n) ——————3> (U_,x)
o 3 a
Jn(x)

X

Sy MY ,x > (U, %)
W No, Ny 0= \
s 4 2 Y 3 h (%)
\->(u nu ,x) = = (

ct v wi:)
x)

(
(¥, 0 Uy, —j“-—---—> u

a’

UY »X)

x)

Bap (0 = FULG) * BN = F(UL00) « F(1,(0) - B(4, 6D L0 PG 7

= P, *1,(0) - F(y () * 1N . stmilarly,

y L4 .1 -~ L] . o -1
By (0 = Pl () +1,00)* Fl () o 1,607 = P () * 1, () Pl ()« 1,607
Thus By () = FUG00 o 1,G0) + Fll (0 4,607
- I’(*}:‘(x) ° 13(x)) . l'(hy(x) ° 13(x))-1 - F.(ha(x)) . F(hy(x)‘l - gay(x). q.e.d.

Conversely, let a GLq—cocycle {%B}a,ﬁe A be given, Extend this to a
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cocycle {gm/; over QUE}. This can be done, e.g., by linearly ordering A

and defining Ess’ (x) = 8oy’ (x) where ¢ €T and ¢'€ ¥’ are the maximal

elements. Then define

L cx.q
by

P((Uz,x) -d (Uzl,x)) - gz’z(")'
This is continuous and

"(l(uz,x)) - 1ch

F(l (Uz' »X) —> (Uzu,x)] °[(U2,x) -2 (Uzl(x))])
- F((U.E,x) - (UEI, 2X)) = sE,lE(x)

= gy (x)gzlz(x) - P((Uzl X)) —> (UE” ,x))F((Uz,x) - (uz’ £9) I

Thus F 1is a continuous functor. Indeed, F defined in this way is a
functor if and only if !gaﬂ | satisfies the cocycle condition (2.2).
Furthermore, it is trivial to see that the cocycle constructed from F by
(8.3) is the original cocycle {gaa}. To complete the picture, we need

appropriate notions of equivalence.

It is well known (and an easy exercise to prove) that two cocycles

’
{SGB} and {gaa} defined on the same open cover {Ua}a €y come from

isomorphic vector bundles if and only if there is a collection
{aa : U, > G"q}aea
of continuous functions such that
I -1
8aB(-x) - Ga(x)sas(x) BB(") ,
Vx¢€ Ua NU, Ya, € A . We call such cocycles equivalent (or cohomologous)

and denote the set of equivalence classes by Hl (U;GLq).

(8.5) Definition. If F, H: C ~3> ¢’ are continuous functors, a
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natural transformation 6 : F—> H 1is a continuous map

0:6—>NMm
{(where & denotes the set of objects tn C and M the set of morphisms
in C’) such that

8(L) € Hom(F(L),H(L)), VLEOG ,

and for any o € Hom(L,L’}, the diagram

ryy 19 5 gy

le(n) le(n’ )

nw 2@ 5y

is commutative, V L,L' €6, F and H are said to be isomoxphic

(written F - H) 1if there are natural transformations

8:P—>H

¢ tH—> F

such that 68(L) (L) = 1 and P(L)« 8(L) = IF(L)’ YLEG, The

B(L)
set of isomorphism classes of continuous functors € —> ¢’ will be

denoted alC,C’],

(8.6) Theorem, The construction (8.3) sets up a one-one correspondence
1
between H (U;GLq) and :t[xU,GLq].
Proof. Given Fl, F2 : xu - GLq , Suppose 4§ : Fz bl Fl is
an isomorphism. Let {gés} and {gés} be t.e cocycles defined via
(8.3) by Fl and F, respectively. Write ea(x) = O(Ua,x) « Then, for
x € Ua N Uﬂ A
1 -1
SGB(X) Fl(ia(x))Fl(iB(x))

-1 -1 -1
- ea(x)l-‘z(ia(x))e(ua n Bg,x) G(Ua n UB’X)FZUB(X)) SB(x)

2 -1
= 808,087 .
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1
Thus KIXU,GLqT is mapped in a well defined way into H (U;CLq).

1

1 _gg% 0
1£ pl and Fz give rise to equivalent cocycles SGB a8a55 ’

then, as in the remarks following the proof of (8.4),

extend them to cocycles {gézo} and {gézl} over the cover

{t&ﬁi}finite<: A and note that these cocycles are still equivalent,

hence obtain g;:'E/ - 8282232' 6;; . Define
e(Uz,x) : FZ(US,x) ’éFl(UE,x)
by
G(Uz,x) = Bz(x) .

This is readily seen to be an isomorphism of continuous functors, so

x{Xu,GLq] —_ HI(U;GLq) is one-one. It is onto by the remarks following

the proof of (8.4). q.e.d.

Thus, u{XU,GLq} is in natural one~one correspondence with the set of

isomorphism classes of gq-dimensional vector bundles over X for which

each Uy € U 1is a trivializing neighborhood. Thus, if each Uy is
contractible then ﬁ{XU,GLq] is identified with the set of isomorphism
classes of q-dimensional vector bundles over X.

For numerable coverings U (i.e., open coverings which admit a
subordinate partition of unity) the space BXU has canonically the

homotopy type of X [1, Prop. (4.1)]. Any continuous functor F : XU -€>GLq

defines a continuous map BF : BXU-—> BGLq, hence defines a unique homotopy
class

Pated
BF € [X,B0L ] .

~y ot o~
By [1, Prop. (2.1)), F, = F, implies BF = BF, . Thus BGLq appears

to be a good candidate up to homotopy for the classifying space for vector
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bundles described in a quite different way in §2. [1,p.107] sketches the
relation between this construction and the Milnor comstruction.

With the above discussion as motivation, consider the topological category

Fq and form the space BFq. Mimicry of the above discussion with suitable

adjustments shows that giving a Haefliger cocycle amounts to giving a
continuous functor

Pix; > T,

hence (again assuming U numerable) the Haefliger cocycle will determine

an element
~
BF € [X,BT ].
q
Thus BFq is an excellent candidate for the Tq-clansifying space discussed
in § 7. We will not attempt a more detailed treatment here.
Remark. There is a continuous functor
v : T —> GL
q q

defined by

\’(Yx) - dYx »
the Jacobian at x of any local diffeomorphism whose germ is
Yx € Hom(x,y). This gives rise to a very important continuous map

Bv : Bl —> BGL_ .
q q

Indeed, in any homotopy commutative triangle

BT
q
g l By
s
X - 8L,

g 1is the classifying map of an element of Fq(x) wvhose normal bundle is

classified by f,
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9. Inteprable homotopy and Pulqggl. For M a manifold, we define

an equivalence relation called "integrable homotopy" between codimension

q foliations of M and so obtain the set Folq(M) of integrable homotopy

classes. If M 1is an open manifold, an application due to Haefliger [1]
of the Phillips-Gromov theorem will show how to describe Folq(PD by

means of the space BFq .

(9.1) Definition. Let E, and E, be foliations of codimension q

0 1

on M (i.e., E, and E, are integrable subbundles of T(M) of

0 1
codimension q). An integrable homotopy between these foliations is a

subbundle EC T(M x ) of codimension q such that

1
2)

is integrable.

el ok

o0t 'r(x’t)(u x{th = T(x,t)(M x R)

(i.e., E 1is transversal to each slice M x {th.

3) n T (,0) o x {0}) =E;, and i(x,n“ T(x,l)(M x1) =E .

Ex,0

By standard techniques this is shown to be an equivalence relation,

so we obtain the set Folq(PD as desired.
If M is n-dimensional, the classifying map

8y * M —> BGLu

for the tangent bundle is called the Gauss map. If M has a codimension



56

q foliation E, the tangent bundle splits
T(M) = QBE

and so there is a homotopy 1ift of the Gauss map

d BGLn .

Since Q 4is the normal bundle of a foliation, EM admits a homotopy lift

7 Bq % BOL,
Y
Bu x id
By Y
M 3 BGL  x l’.'-GL‘,‘-q .
Set p = p o (Bv x id).
(9.2) Theorem. (Phillips, Gromov, Haefliger). If M is an

open manifold (i.e., 3M =¢ and M has no compact component) the above
construction sets up a one-one correspondence between Fol (M) and the

set of homotopy classes of homotopy lifts 'EM of By *

B x BGLn_q
n

—~

By

q
M > BGL
By

The proof of this theorem is quite difficult. It depends on the
Phillips-Gromov theorem, of which an account by Poenaru will be found

in [2). The theorem in the form given here is then establighed by

Haefliger in [1].
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10. The topology of BFq . In this section we sketch in fair
detail some results on the algebraic topological invariants of qu. The

most novel of these results will be the construction of certain "exotic"

*
characteristic classes in H (BFq;C), but first we discuss some facts
about the map Bv which by now are standard in the theory of Tq-structutes.
The first of these is an elementary consequence of (¥).
* k k
(10.1) Theorem. Bv : H (BGLq;R) -> H (BTq;R) is zero if k > 2q.
Proof. We use singular cohomology. If the assertion is false, choose
*

vy € Hk(BGLq;R), k > 2q, such that ¢ = Bv (y) ¥ 0. Then there is a homology
class c € Hk(BGLq;R) such that 9() # 0 . By the definition of

singular homology, there is a finite polyhedron P, a homology class

’

¢’ € Hk(P;R), and a continuous map
s : P—>» Bl
q
(the "geometric realization" of o ) such that 8,(C Y= a .

8 determines a homotopy class of Tq—structures on P and by [1, p.188)
we can thicken P to an open manifold M having the same homotopy type
as P such that

s : M=-> BT
q

corresponds to a foliation of M, Furthermore, by construction
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s*@) $0 in Hk(M;)\‘). Let

f=Bv s : M—> BGLq »

Q the corresponding bundle on M. Q 4is the normal bundle to our

foliation of M, hence Pontk(Q) = 0. But

08 s @) = s BV (1) = £ () € Pont“(@) ,

a contradiction. q.e.d,

(10.2) Corollary. Let y € l'q(x), Q the normal bundle of vy .
Then Pontk(Q) =0, k>2q.

This {s the gemeralization of (*) promised at the end of $7. It is
an immediate corollary of (10.1).
As i3 well known, from the point of view of homotopy theory, every

continuous map is a fibration. Thus let li'I"q denote the homotopy theoretic

fiber of

Bv : BI' —> BGL .
q q

We sketch the proof of the following theorem from [1].

(10.3) Theorem. = (FT )= 0, 0 <1 <q. Consequently, Bv*:ni(qu)-—> , (BGL )
is an isomorphism, 0 < { < q, and a surjection for i = q + 1.

If 1<4q (10.3) is deduced from (9.2) as follows. - x RI™!
is parallelizable, hence for the Gauss map

g : Si x Rq'l ->BGLq

we may take a constant map. Then by (9.2) the homotopy classes of lifts

T :stxrti B,

correspond one-one to Folq(si x Rq'i) and furthermore, g being constant,
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E factors through FFq‘: BFq as do all covering homotopies. This says

that
i =i
ni(FFq) - Folq(S x R4 ),

0 <1i<gq. But for any q-dimensional manifold M, it is clear that

Folq(PD has only one element, so ni(FFq) =0, 0<i<gq.

For the case 1 = q, the proof proceeds differently. One must

consider any continuous map £ : s1 -e»rrq and the element y € Tq(Sq)

corresponding to

s1 -£5 Fr S

Since Bve° f 1is constant, Y has trivial normal bundle, Y can be
represented by a foliation on a suitable open neighborhood of s% in Rq+1 .
The submersion theorem [3] of Phillips then allows (cf. [1, p.192]) Y to
be extended to a Tq-structute on DYl That is, one finds w € Pq(Dq+1)
such that

v = 1*@)

where
i : s1—pT*

is the inclusion. ®w has trivial normal bundle since every vector bundle

over a contractible space is trivial. Thus f : sd -e»yrq extends to a

map T Dq+1 —>H‘q s which proves nq(P‘I‘q) =0,

Next we take up the exotic or "secondary” characteristic classes of
foliations, the existence of which will be seen to be another consequence
of the proof of (*). [Redactor's note. At the time these lectures were
given the theory of these characteristic classes had not come into proper
focus. Indeed, only the class w(E) (c£f.(10.7)) was discussed in the lectures
and the existence of a foliation E with w(E) ¥ 0 was left as an open question.
Later in the summer a Comptes Rendus note by Godbillon-Vey appeared and furnished

an example (due to Roussarie «- cf, (10.8)) of such sz E, Much of what follows
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was developed in a seminar conducted by Milnor and Bott in the late summer of
1971 at La Jolla and later, during the fall of 1971, at the Institute for
Advanced Study in Princeton.]

We begin with an example. Let EC T(M) be a foliation of codimension
one. Assume that the normal bundle Q is trivial. Then we can write E = Ker(0)
vhere 8 € Al(M) is nowhere zero, Furthermore, by (1.3) we can write

de = 8.1

for suitable 1 € Alqw .

*
The form 6 1is a trivialization of Q , hence under a choice of

decomposition
X =TE €I'Q
there is a unique Z € I'(Q) such that
6(z) = 1.

Relative to this global section of Q any connection V on Q has a

corresponding connection form ¢ such that
v (@) =ez, VX €X.
{(10.4) Lemma. T € AI(M) satisfies d6 = § -0 iff T 1is the
connection form relative to Z of a basic connection on Q.

Proof., Let @ be the connection form relative to Z of a basic
connection, Then ¢’ € AI(M) is another such iff ¢|T(E) BQ'IF(E).

Let X € T(E). Then, if d = 0.1,

1
N

T(X) = (8« M(X,2) = d46(X,Z)

[]
'
N [

8(Ix,21) + 1 x(62)) - 32N

[]
]
N

BUXZ) = - 5 06 (D) = - 7o,
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where we have used the standard formula [2,p.36] for the exterior
derivative of a l-form. Thus TM|I(E) =¢;I'(E), so T 1is the form

relative to Z of a basic connection,

For the converse, we have by the above that

B(X,2) = - 39 = (6-9) (X,2)

whenever X € T(E). If X, Y € I'(E), then [X,Y] € I'(E), so the formula

for d6 shows d6(X,Y) = 0., Finally, d6(Z,Z2) =0, so

do = 8. ¢.

q.eQdO

(10.5) Lemma. Let T be as in (10.4), Thean T -+dN is a closed

form. Furthermore, [T -dT] € HSR(M) is independent of the choice of .

Proof. dll = k , the curvature form of a basic connection, by the

structure equation (4.5). Thus
2
d(N -dTM) = dN - d7 = k™ .,
By the proof of (¥}, k2 -0 ,

If dow BT =087 s then W =T + £6 for a suitable smooth function

£, Thus
N e dl = TNedl+T+d(£68) + £0 «dT) + £8. d(£6).
But
£0 -d(£8) = £0+ df« B + £20. dO
-£20.d0 = £20.8.7 = 0
and
2 2
B-d=8.-4dN ~+N*“ = d(-8.T) = -d“(8) =0 ,
80,

M.d) =TN.dN+N.d(£6) - 28 .dN = T .dn - 4(N - £0) .

q.e.d,
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(10.6) Exercise, Show that [T :dl]] 1is also independent of the

%
choice of trivialization 8 of Q.

(10.7) Definition. If EC T(M) 1is a foliation of codimension one

having trivial normal bundle, then w(E) = [T -dT] € HgR(M)-

Remark that the exotic characteristic class w(E) 1is defined
because of the vanishing of kz. By the above, it depends only on the
foliation E (indeed, by standard homotopy arguments, only on the class

of E in Foll(M)). The fact that it need not always be zero is
established by an example due to Roussarie which we now describe.

Let SL(2,R) denote the subgroup of GL2 congisting of the elements
of determinant 1. 1t is well known that this group admits discrete
subgroups G such that the right coset space

M = G\SL(2,R)
is a compact manifold, Since SL(2,R) has dimension three, so does M.

(10.8) Theorem., (Roussarie) M as above admits a codimension one

foliation E < T(M) such that w(E) # 0 .

Proof. Let K& SL(2,R) be the two dimensional subgroup of matrices

i c), ac =1 ,

Thus SL(2,R) 1is foliated by the left cosets of K, a foliation invariant
under the action of G from the left with trivial normal bundle salso
invariant under G. The Lie algebra of left invariant vector fields on
SL(2,R) identifies naturally with the Lie algebra of real matrices

L 4
( > y X+w=mD
z W

The Lie algebra of left invariant vector fields tangent to the above

foliation corresponds to the subalgebra of the above set of matrices in
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which y = 0 . Thus T(E) is spanned by two left invariant vector fields

X and Y corresponding to matrices as follows

0o o
0 -1>’ Y<—~>(1 o>

1 0
x<s>(

while there is a trivializing section Z € I'(Q) such that

The brackets of these fields are found by taking the commutators of the

corresponding matrices. Thus

[X,Y] = - 2Y
[X,2) = 2z

{Y,2] = - X .

*  d _* *
Let X,Y , 2 be the dual basis of l-forms, Then Z is the 6
of our previous discussion and, by the formula for d6,

1

do(x,v) = - 2 2°(x,YD) =0

aB(x,2) = - 2 2°(1x,2]) = -1

1

a0(v,2) = - 7 2°(1,2) =0

since the terms %X(Z*(Y)), -;-Y(Z*(x)), etc., all vanish, Thus
* _* *
d0 = - X +Z w9, X ,

so the T of (10.4) 1is x* . Computations exactly like the above show
*
dT[ i '% Y » Z*
and so

* * *
n.dn-%x.y.z .

This is a volume element (i.e., a nowhere zero 3-form) on SL(2,R)

* *
since X, Y*, Z  are everywhere linearly independent. All of these



64

constructions and definitions are invariant under the left action of G,
hence carry over te M. On M the T.dT corresponding to the
foliation is also a volume element, Since M 1is compact, it is a well

knowvm fact that [Tj. dN}] € HgR(M) is nonzero. gq.e.d.

As a first step toward generalizing the class w(E), we show how
it can be obtained by comparing two connections on Q. Indeed, quite
generally let Q be any smooth q-dimensional vector bundle over an

0

m-dimensional manifold M and let V ,vl,...,v“ be connections on Q.

0,1,000yn

Let ¥ be the connection on the bundle

QxR"—> Mx K"
obtained by affine combinations
(1] 1 n
(1-a1- ree = an) v o+ ay Vo+ oo + anV

as in § 5. Let I(gﬂq) denote the ring of invariant polynomials on

ch (cf. (5.1)) and define

R N e

ag follows. For the case n = 0, let

—  deg(p)
V@ = (G ead

for each © € I(gtq), where ko is the curvature of VO. For the

general case, set

A2, ) = (-2 x*(h(v°"“’“)@)ln x 8™

where
% n %
T, A MxA)—> AWM

is integration along the fiber (cf, (3.10)).
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Note that for n =0 this i8 a ring homomorphism. Also note that

A (Vo,...,Vn)@) is real for deg{p) even and pure imaginary for deg(p) odd.

Finally, remark that X(VO,...,Vn) is antisymmetric in the =n + 1 entries.
As in § S5, we use the combinatorial version of Stoke's Theorem and
the relation (3.10) together with the fact that X(Vo""’n) () is a

closed form (cf. (5.3)) to verify the formula

n
o a0, W @) = ) (DA LT
im0

Indeed, the affine combination of the connections Vi was so set up that

~

i

n
BAGE N @) nxaah = Y (DA e by xa™h

i=0

hence the formula(3.10)

(o d+ D™ den) 0@ N @) M x 6™ = RAED N (@)1 M x 287

gives
a0 %00, 9 @) = DI a6 N @M x Y}
= (DY B G0 (g M x 287
n
= (MM ED2) N 0, e
1=0
But

n+ 1+ [(n/2] + [(n-1)/2] = 2n
so we obtain (#),

Returning ro w(E), let EC T(M) be a foliation of codimension one
with trivial normal burdle Q. Let Z € I'(Q) ¥ be a trivializing
1
section, @ the corresponding 1-form, df = 8 -7, and let V¥ be the

basic connection on Q for which
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1
v, @ =z, Yxe ¥ .
Let Vo be the connection on Q for which
W@y=0, vxe %
x€ 4 .

Finally, note that I(gtl) = R{x}.

(10.9) Lemma. The following three formulas hold.

D Aehw = (Ga
2 2 o®he = (EEm

H A%Th oD = (=FHmean .
4n

Proof. Since d7] 1is the curvature of Vl 5 the first formula is

immediate. If x : Mx R—> M is the standard projection, then a

0,1

trivial computation shows that the comnection form of V is

v=t x*(Tl) .

Thus the curvature form is

197! m gy = de. AT + €@

The square of this 2-form is
* *
2ede.n(Medp) +t2 0 (@2 .
Plugging these into our formula gives 2) and 3). q.e.d.
(10.10) Corollary. The class w(E) 1is -4u2 times the cohomology
class of the closed 3-form

A&, vh A =A@ rwh e .
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Noting that Vo is a Riemannian connection {it preserves the metric
in which ||zl] = 1) we use (10.10) to motivate a general definition of
secondary characteristic classes for foliations. These will all be obtained
by comparing a Riemannian connection and a basic connection on the normal

bundle Q and will be independent of the choices of connections.

(10.11) Theorem. I(gbq) - R[cl,cz,...,cq] where the invariant

polynomials c, are defined by

q
det(I+ tA) = 1 + z ti °1(A) .
jm]

For a proof, cf. the appendix.

If EC T(M) 1is a codimension q foliation, Q = T(M)/E, and if

V1 is a basic connection on Q, then by (¥*)

*

Aveh - Rle),eeesc ] —> ACGD
annihilates all elements of degree > q .
Thus, if

Rylepsesesegl = Ricy,uueye /(0 @ degp) > q}
it follows that k(vl) defines
r@h : R Ic c 1 —> ALQD
t Rilepseesey Ac .

On the other hand, if Vo is a Riemannian connection on Q, then the

argument for (5.6) shows that

X(vo) : R[cl,...,cq] - AE(M)

annihilates elements of odd degree. In particular,

0
A (e, ) =0, 1<2i-1<q .



(33

Thus, application of (#) shows

(10.12) ar 0,9 e -2 @H (e

211} 21-1°

These relations enable us to build a cochain complex qu and a

homomorphism of cochain complexes

*
AE H WOq—) AC(M) .

As a graded algebra,

qu - Rq[cl,...,cq} @E(hl,h:’,...,h&)

where 4 is the largest odd integer <q , each ¢ is assigned degree

i

21 , and each h, 1is assigned degree 2i-l. Here, of course, E(hl""’hb)

i

designates the exterior algebra over R generated by the elements h A

i‘

unique antiderivation of degree 1
d: qu-av WOq
is defined by requiring
d(ci) =0, 1<i<gq

dh) =c, L=1,3,..4 .

i’

Clearly d2 = 0 , The unique homomorphism of graded R-algebras

*
)‘E : WOq —3> AC(H)

is defined by requiring

1

)sE(ci) =\ (v )(ci), l1<i<g,

Ao =A@, E), 1=1,3,...4
B i ] i’ 3oy ry hd

By (10.12) and the fact that A(VI)(ci) is a closed form,
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AE°d-d°XE .

Thus, in cohomology A E induces a homomorphism of graded R-algebras

* * *
)‘E ¢ H (qu) -> HDR(M;C).

*
}'E depends, of course, on the choices of Vo and Vl, but ).E

does not.

*
(10.13) Proposition. AE depends only on the foliation E, not

on the choices of Riemannian connection VO and basic connection V1 .

Proof. 1If V1 and Vl are basic connections, then (I-t:)v]'-i»t-v’1

is also a basic connection, 0 <t <1, Similarly the set of Riemannian
metrics on Q 1is a convex set, so any two Riemannian connections are
readily seen to be homotopic through Riemannian connections. Thus, as
in the proof of (5.4), the assertion follows by the homotopy invariance

of H;R(M;C). q.e.d.

A notion of homotopy between codimension ¢ foliations E and E'
on M which is weaker than (9.1) is obtained simply by requiring a
codimension q foliation F on M x R such that M x {0} and M x {1}

* *
are transverse to F and 10(17) = E, 11(17) =g, Then, for purely
homotopy theoretic reasons, we obtain

*
(10.14) Proposition. hg depends only on the homotopy class of E.

* * *
The homomorphism AE : H (woq) - HDR(M;C) has a certain naturality

property. Indeed, if N‘—T) M is a submanifold transversal to the leaves
*
of the foliation E, there is induced a codimension q foliation E =1 (E)
*
on N, The normal bundle of E’ s just QN = 1 (Q) and both Riemannian

and basic connections on Q restrict to Riemannian and basic connections

respectively on i*(Q) .
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(10.15) Proposition. Under the above hypotheses, the diagram

L
)" *

H*(wo —E ‘“m(” )

ﬂmw ©

is commutative.

As a consequence of this naturality we can define a canonical

homomorphism

¥ ﬂ*(woq) - a*(nrq;C)

where we use singular cohomology on BPq. Indeed, if a € Hr(WOq) , we

can determine

* T .
A (@) € H(E 5€) = Homg (H_ (BT ;0),0)

by showing how to evaluate it on homology classes (o] € Hr(BFq;C). As in

the proof of (10.1), there is an open manifold M and a codimension gq

foliation E of M, the classifying map of which

st M—> qu

satisfies

[o] = 8,l0"]

for suitable [c'] € Hr(H;C). Indeed, M 1is a neighborhood of a polyhedron

P in g suitable Euclidean space such that P 1is a deformation retract of M and

s : P~> Bl
q
is the geometric realization of the cycle ¢ , Then define

Aol =Ap@Ie’) .

Here, of course, we assume the de Rham theorem for singular cohomology [4].
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*
In order to see that A (a)[o]) 1is well defined, let R be another
polyhedron with map

u: R~—> Bl
q

which {5 the geometric realization of a cycle O = u#(c”) homologous
to 6, Let RC N be a deformation retract, N an open manifold with
codimension ¢ foliation F classified by the extension of u to N,

One then builds a polyhedron K and a map

v ¢+ K-> B
q

such that P and R are subpolyhedra and s = vip s U= vik , and such
that the cycles o' and o'’ are homologous in K., Let K< W as usual,
W an open manifold with codimension q foliation G classified by wv.
Without loss of generality, we suppose M and N open submanifolds of W,
the foliations E and F respective restrictions of G, the maps s and
u respective restrictions of v. Thus the naturality (10.15) gives a

commutative diagram

T
R HDR(M;W
hE *
A )
T G v
H (qu) ‘—‘"—*—’f Hnﬂ('-f;c)
A
*
L 3
r 4
Hpg (80

where i and j are the inclusions. Since i.fc’] = §,lo"'1 in H (W;0),
ve have
Ap@10’) = £AZ 10"
=Ag@{1,00" 1} =Ag@{ 100" 1}

= @i’ =Ap@Ie’ ) .
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(10.16) Theorem. There is a canonical homomorphism

* L3
AT o) —> n*(arq;c)

with the property that, for any foliation E < T(M) with classifying map

g M—> qu, the diagram

*
H*(Hoq) Ao syt o

is commutative.

*
Im(A ) is, then, the desired set of universal exotic characteristic

classes for foliations (actually, for Fq-structures).

*
The extent to which A # 0 is of fundamental interest, and for this

Roussarie's example plays a decisive role. In wol, the elements 1, s hl’

and clh1 are an R-linear basis, and the only cycles are the linear

combinations of 1, s and clh .

1 ¢, " d(hl)’ hence

R, r=0,3
r
H (wol) - {

0 , otherwise

and the generator in 33(wol) ts feyh] . By (10.9), if ECTQD is

a codimension one foliation with trivial Q; then
2. %
W(E) = (-4n" M leh,] .
By (10.8) we obtain

(10.17) Theorem. (Roussarie) A'[e;h] #0 in (B 50) .

*
Remark that, in defining A [clhll we used not only the codimension
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one hypothesis, but restricted ourselves to foliations with trivial normal

bundle, The classifying map
g : M—> BPI

for such a foliation factors through Ffl, hence the alove technique

provides a nontrivial element in H3(FF1;C). With this clue we can
*

modify the definition of A to obtain a canonical homomorphism

* * *
L —> H (FT _;C
H(Wq) ( q )

for a suitable cochain complex Wq. Indeed, considering only codimension

q foliations E < T(M) with trivial normal bundle, we replace the
general Riemannian connection VO in the above construction with a flat
connection VO (i.e., one for which Q admits independent global

0 0
sections STALLILA with VX(si) =0, VXE ¥ .Then A (Vv )(ci) =0

for all 1 , so we define

Wq - Rq[cl,...,cq]QpE(hl,hz,...,hq)

with deg(ci) = 21, deg(hi) = 2i-1, and d(ci) =0, d(hi) =cy. The
homomorphism
*
XE : Wq - At(bD

is defined by
Agle) =A@H (e
0.1
Ag(h) = A (7,9 ()

for Vo a flat connection, V1 a basic connection. One obtains the

* &
desired homomorphism of H (Wq) into H (FYq;C) by mimicry of the previous

techniques,
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In conclusion, we mention an application of the analogue of w(E)

in the theory of holomorphic foliations. Here we study a fibration
Bv
FI C —> Bl C ——>» BGL C
q q q

vhere I’qC 1s the topological category with €9 as the space of objects
and with morphisms the sheaf of germs of local holomorphic diffeomorphisms

of ¢4 . The holomorphic analogue of W(E) gives a universal class

w € H3(i-‘r1c;C) .

Let M= Cz - [0}, an open complex analytic manifold having the
homotopy type of 83. Then the set of homotopy classes of maps

{M,FFIC] canonically identifies with 1(3(FI’1C). Let o € H3(M;C) be the

homology class represented by the unit sphere S3C M . The class w then

defines a map

w, 1:3(5‘1"1(:) -—>

by

0, (£) = (£* W} @

for each [f] € [M,PI"IC] v

On M consider the nowhere zero holomorphic 1-form

eaB '-azzdzl +Bz1<iz2

wvhere 0 and B are nonzero complex constants, Ker(eaa) is a one

dimensional holomorphic subbundle of the holomorphic tangent bundle T(M),
hence is integrable, and the foliation has complex codimension oné with

trivial complex normal bundle. From the identity
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aeaa = (B~ a)d zZ;. dz2

g . {(—E2 % ——)@z,dz, - Bz dz)}
aB laz212+lazl‘2 29% 395
- gaB. 'ﬂas

we obtain the connection form naB for a suitable complex ¢” basic

connection, Since 'ﬂasis of the form f¢ where

f= S - el . S
2 2
Imz! +lﬁzll

= (1z2dz2 - ﬂzldz1 .

we opbtain

2 — 2
m 'dﬂ.asﬂ f#-d*-aﬁfcp'dzl-dzz

ap
where
o = 7,d7, - Z,d7,
the change of variables
o= Qaz,
v = le
we obtain
. P - N« SR | (v du - 5 dv)-dvedu
.naB ‘maﬁ (a+8 2)L 2 f *

2 i 12
(o © + (91D
The unit sphere relative to the (u,v)-coordinates is homotopic to the unit
sphere relative to the (z1 ,zz) -coordinates, hence evaluation of {'ﬂaB' Jﬂaﬁ}
on the corresponding hemology class becomes

. w(BaQ.y " - T dV).dve
Isnaa tmaB (a-‘l'-ﬁ 2)“33 (V du - u dv)«dv.du

Letting

u=x1+1x2

v=x3+ix4
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one shows that on 33 the integrand on the right is a real nowhere zero

3-form, hence

[ T g = (B 48 - 2>

where c¢ 18 a nonzero real constant independent of a and pB. By
suitable choices of o and B this expression can be made to assume any

complex value Y, Indeed, set @ * 1 and solve the resulting equation

ch

Y+ 2)B+c =0
for nonzero B. If
ﬁzB t M —-> FTIC

corresponds to the foliation in question, then w*(lﬁzsl) assumes

any complex value Y by suitable choices of ¢ and B.

(10.18) Theorem. w, ¢ na(FFIC) ~> € 1is a surjection,
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Appendix 2. We discuss the algebra of invariant polynomials. Denote

by F the field R or € and by Iq(F) the algebra of polynomials on

gl (q,F) invariant under conjugation by GL(q,F). Let Sq(F) denote the

algebra of symmetric polynomials in q wvariables over F, and let

o, € Sq(?) be the ith elementary symmetric function. It is well known

that

sq(l?) - Ftol,oz,...,ch] 5

a polynomial algebra (cf. [2,p. 177]).
Given 9 € Iq(F), the restriction of ¢ to the set of diagonal matrices

produces a symmetric polynomial in the diagonal entries, Indeed, any
permutation of these diagonal entries can be produced via conjugation by

suitable elements of GL(n,F), This defines a canonical homomorphism of

algebras

P Iq(F) - Sq(F) .

Lemma A. p is surjective,

Proof. Recall the elements o € Iq(F) defined by the formula

< i
det = ;
T+th) =14+ Ltci(A) .
i=]

The restriction of c; to the set of diagonal matrices is simply the ith

elementary symmetric function. That is, p(ci) =g 1<i<q, 8 p

i,
is surjective, q.e.d.

Lemma 3B. ] Iq(C) — Sq(C) is injective.

Proof. Let Aq(C) denote the vector space of upper triangular

q x q matrices over (., Since a matrix is diagonalizable iff its minimal

polynomial is a product of distinct linear factors {1,p. 1751 it follows
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*
that the subset Aq(C) CiAq(C) consisting of those matrices whose diagonal

entries are pairwise distinct is a set of diagonalizable matrices. Clearly

A:(C) is dense in Aq(C), hence the subset of all diagonalizable matrices in

4 (€) is dense.
It is an elementary fact that every matrix in gl(q,C) is conjugate

under GL(q,C) to an upper triangular matrix. Indeed, if A 1is a linear
transformation of Cq, the algebraic closure of C guarantees the
existence of a nonzero eigenvector vy €c? for A. A defines a linear
transformation of V1 = Cq/span(vl), hence has a nonzero eigenvector

;2 € V1 . This gives vy € c1 linearly independent’of vi such that
A(vz) € span(vl,vz). Proceeding inductively, produce a basis vl,vz,...,vq

of €9 such that A(vi) € span(vl,...,vi), 1<i<gq. Relative to this

basis A is represented by an upper triangular matrix.
By these remarks, the set of all q x q diagonalizable matrices is

dense in gl(q,C). If ¢ € Iq(C) and p) = 0, it follows that ¢

vanishes on every dlagonalizable matrix. By continuity and denseness,

e =0. q.e.d.

Lenma C. p : Iq(R) —> Sq(R) is injective.

Proof. For purely formal reasons, every ¢ € Iq(R) is also invariant

when interpreted as a polynomial on gl (q,C). This gives an inclusien of

Iq(R) as a real subalgebra of Iq(C). Likewise, Sq(R) is a real

subalgebra of Sq(C). The diagram

Iq(k) - Iq(C)

’ pl
v

Sq(ﬂ) < Sq(C)

is commutative, so Lemma B gives the assertion. q.e.d.
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These lemmas establish (10.11).
Finally, recall the elements Ei € Iq(F) defined by
i
xi(A) = trace{A”) .
Then
i i i
D(Zi)(xl,...,xq) =x1+x2+--~+xq .
Lemma D. The elements {21,22,...,2r,...} generate Iq(F) .
Proof. Since p 1is an isomorphism, it is enough to prove that the
symmetric polynomials {p(El),p(22),...,9(Er),...} generate Sq(F). This
will follow by induction on k from the classical formula (in which we use

the convention o, = 1)

0o k

i
0o=ko + ) (Do, pE), 1<k<a.
1=1

In order to prove this formula, first define

f=1+0

q
pt+ e+ el €s @

That is,

£f=(1+ xlt)(l + xzt)n-(l + xqt).

Then, for purely formal reasons,
af d
- t( g )/ E = -t gp( log £(2))
- - 40 o + t
= txll(l + xlt) txq/(l xq )

- Yok s axbent= Y enteampet
1>1 1>1

Multiplying both sides by f gives

( Yo,ehe L entogpeh = -6 P re

320 i>1 k20
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and so
< < 1 o 1ok o
LULC 4 Do e @) +kgles =0
k>1 i+j=k

Here, of course, we also use the conventfon ¢, =0 if § >q . q.e.d.

3
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Appendix B ~ Construction of BC

by J. Stasheff

The history of classifying spaces for groups is extensive [9].
Here we will study several important examples and compare alternative
forms of the construction.

If G is a topological group, we can form the associated
category 9 with one object * and Mor(®,%) = G, composition
being given by gog' = g'g, to conform with established usage.

Segal's BY is then exactly BG as defined by Milgram [5] or,

in an obscure exposition, by Stasheff [10, p. 283]. If G = s0 s

1 3

S° or S° with the usual multiplication then BG is homeomorphic

(respectively) to RP” , CP” or WP . If SO, Sl or 83 is given

the minimal cell structure, the induced cell structure on the
projective space is the standard one. The identifications
corresponding to the degeneracies S; serve to achieve this
minimality of the cell decomposition, but for our purposes they get
in the way. The construction can be reworked as follows:

Recall that AC = ObC and AC&Mor Cx ... xMor C is the

0

subset consisting of n-tuples (fl,...,fn) such that fi+1°fi is

defined. Let o = ¢ denote an (n+l)-tuple of integers

0 ij<dij < «.o =i, and A, the simplex with vertices in o.

0 1

Define

GC 3_1_{_ éG XAn/~
n

n,o

where the equivalence relation ~~ is defined by the face relations:

Fal
(tio,...,tin, l,...,fn),..,(tin,...,tl.k,...,fk+l o fy seeel)e
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This B is, like Segal's B , a functor from topological categories
to topological spaces.

There is a map @ C + BC (as defined by Segal or on p. 61) which
collapses the degenerate simplices, where any AL C coordinate is the
identity. This is the standard reduction of a simplicial object to the
normalized form, as it appears in singular theory or the Eilenberg-
Zilber theorem [3, p. 236]. Just as there, it is a homotopy equivalence
in this case [10, p. 2891]. .

If G is a topological group and 9 is the associated category,
we have An‘:J = G". The space B & is identical with "BG" as
defined by Dold and Lashof [2]. The point of their construction
was that it did not use the inverses in G and so went through for
a topological monoid (=associative H-space). TFor example, if £9):4
is the (Moore) space of loops on a connected CW-complex X, then
@A aX has the homotopy type of X. Closer to our interest, if H(F)
is the monoid of auto-homotopy - equivalences of T to itself, @ H(F)
classifies Hurewicz fibrations with fibre F over C(W-base spaces
[1,73.

For a group G, we also have Milnor's construction [6] which
we will denote B G. For comparison with 8% , we note that BG
can be defined by first taking

EG = j_x|; 8, xGx @Y=

298]

vhere the equivalence relation is: if t; = 0,

x
(t t, 808 g )=l £ Tseed)
x genegls o 9 3esey P Y s peeegBy ssen .
i, :|.n 62°1 lk i

Then define B G as the quotient by the action g{ggys+..>8,) =
(ggo,. .o ,ggn). (One can profitably think of homogeneous coordinates

in projective geametry.).
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The comparison between % and BG can be made quite explicit in
terms of the iscmorphism $:6" > @1 given by

(81s€2,---,gn) +> (gl,glg2,...,g1...gn) .

We then map BY —[BC by

(tio,. . ’tin’gl" . ,gn)H (tio, . ,tin,e,q)(gl, . ,gn) .

The map respects the identifications as we indicate on a2xe?:

gng e’gl e’gng
£1189 2,87 &glgz

g, 81581877 €58,

This isomorphism is the one which relates the standard inhomogeneous
and homogeneous resolutions of a {abstract) group. The inverse to
¢ depends on the existence of inverses in G.

The variety of constructions available can be summarized as follows:

homogeneous Irhomogensous
normalized unpublished Milgram
Stasheff
Segal
unnormalized Milnor Dold-lashof

There are also a variety of topologies, but these agree up to
homotopy [81].
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For a discrete group G, these various constructions are
realizations of the various standard complexes for computing Hg(G).
Indeed B® (or 89 or MG) is a K(G,1). For any topological group
G, the construction 8% is a realization of the bar construction B in
homological algebra [3] in the sense that if G is a CW-complex with
cellular multiplication (e.g. 9iscrete) then, using cellular chains
{5, 91,

C, 8% = BC,G .

Maclane has shown in general that B can be regarded as the tensor
product of two functors [4].

In the case of G=GLq(ﬂ:), A= R C or H to
recognize BGLq (FF) as the usual Grassmanian up to homotopy, it is
perhaps easiest to use a homotopy characterization in terms of a
universal bundle [6] or in terms of classification of G-structures

as we do in Appendix C.
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Appendix C - Classification via @ r‘q

by J. Stasheff

The approach to classification in § 8 uses the classifying
space BX, associated to an open cover U = {Uy} . We can
construct a space @ U without passing through a category as
follows: Order the index set A and let ¢ now denote a subset

{ij<i) <...<i}, Define BU as the quotient of LLa, xu,

n
by the equivalence relation: if tik =0,

. ~ , s R ~
(tio,---,tin,XE u, ) (..,tik,...,ero,) wiere o' = (igyeeeripseedd.

There is an obvious map r: @U + X induced by by x U > U . If U

has a subordinate locally finite partition of unity {Au}, we can

construct A : X »@®U by choosing for each x, o(x) ={a|A (x) # 0}

and then defining A(x) = (Aao(x),...,xan(x), X e Uo(x) }. Clearly

rA =1 and it is easy to construct a linear hamotopy: Ar = 1.

The construction and A lock as follows:

L=

By comtrast, Segal avoids choosing an ordering essentially by
considering the first barycentric subdivision (which has a canonical
local ordering). In the second case above this looks like:
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As mentioned in §8, a cocycle { Usv, ’YQB} induces BX; > BT q

The same holds for BU if the covering is indexed by the non-negative
integers. This is the case for any numerable cover, i.e. one with a
subordinate locally finite partition of unity. The definition is

even simpler:

:30 x U'G -+ AG X Anl‘q

is induced by

Xl (v, 2 (X)geuusy v: 2 ().

110 lpln-l
(For n = 0, we use Yi:Ui > R%.) The cocycle conditions a) and b)
are exactly the conditions needed to respect the identifiecations.

Let us use B U to prove the classification theorem.
Theorem D. There is a natural 1-1'correspondence between
r (X) and ar 1,
q( ) [x, q

We will prove this in such a way that the proof carries over,
verbatim, to any topological category C and naturally so with respect
to functors “F;: C -+ ct. In particular, the classification will be
campatible with the differential d: rq - GLq .

We have already seen how & cocycle on a numerable cover {U;}

induces BU +@8 Tq If two cocycles {U, v;,Y ij} and

{v ’Vk’vkz} are equivalent, order the indices of ULV by decreeing
those of U to be less than those of V. If the partition of unity

for U gives 3:X+BU and for V we have ;:X+ @BV, use

t A+ (l~tdy to obtain X x I + @B (UV) which restriats to A at
one end and u at the other. The total cocycle assumed on U V

induces B(UWV) - B }‘q and shows we have a well defined map:

lp:Hl(X;Fq) + [x,@rq].
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The relation of honotopy on cocycles induces a homotopy between

corresponding classifying maps so , ¢ factors:
I N 0:¢ X, &1 1.
P q( ) - [ ’ q]

We will prove ¢ is a bijection by congtructing‘a universal

cocycle on B I'q . We specify the covering in terms of the functions
tisa, > I if i€ o, extended tobe 0 on A  if ig o. Notice
these induce well-defined continuous maps ti:BI'q - I.

We set U; = t;l(o,ll. Trivially the t; are a partition of unity,
but only point finite in general, not locally finite. Following
[2 or 3] we shrink gradually to obtain a locally finite partition of
unity subordinate to& { U; } =U.
For  x T, let W;(s,%) = max(0,t,(x) - 8 2 t3(x))
q i i <1 3
and let vi(S,X) = Wi(S,X)/ L Wj {s,x). Note the divisiopn is in fact
0

by a finite sum of non-zero terms, henca v,:I x 8 Pq + I is

continuous. For s = 0, we have vi(o, ) = ty while at s =1 we

n
have a locally finite partition of unity since, if I tj (X) = 1, then
0

n
there exists a neighborhood N of =x such that I tj(y) > 1/2 for
0

y € N and hence vi(i,y) < max (0,a) where a <0 for i>n.

Now we are ready to construct our universal example vy € Hl(ﬁrq;rq).

Define v;iU; > R 9 by

L

Yi(tio,...,ti ,fl,...,fn) source fi+l for i<n

n

target fi for i> 0

except that for n= 0 let Yo(l,iﬂ =xeR%.

Similarly define, for i > j ,
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Ys

lj(ti ,...,ti s 1,...,fn) = fi o ... of.

0 po 3+

The condition -

is immediate if we define vy.. = v..~ for

Yi3¥3k T Yix ij 31

i <j and Yii to be the appropriate identity. Let y denote the

class of { U Y5 Vg } in Hl( fqu;rq) cr in the set of structures

J

T T _J.

q(cB q) )
Given f: X ->(BI‘q, we have f (y) inT q(X) and can apply

the natural transformation ¢ . To see that w(fﬁy) = [f], we look

directly at the definition, The class f*(y) is represented on the
. -1 et q 1 -1

covering (f “(U;)} by A\ of:f T(U;+ R* and Yijc’f.f (Ui)nf (Uj) Ty

As a partition of unity for {f”lcuin = U, ve choose u, () = v, (1,£(x))

e

We have, for x EUO'(X) » that f(x) can be represented as

(ti f(x),...,fl(x),...,fn(x)), 0 we have x— (U, {X),...,X) =
0 0

(ui (X)yenny i3 fx),...) where vy, . f(x) =f. ., (x). The
0 10

lj +11j i+l
homotopies vi(S,f(x)) thus define a homotopy from £ to @f#(Y) ou.
This shows w:Hl(x;rq) + [X, Gl‘q] is onto.
On the other hand, let v = {V, vy ’Vij} be a cocycle representative
of HJ'(X; I‘q). if )‘i:vi + I is a subordinate locally finite partition

of unity, we have ((Bv)o A)_l(Ui) = {x[x;(x) # 0} , which is a

subset of Vi. On that subset, the pull back of the universal A
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Hl(X;C) or C(X) signifies unless only invertible morphisms in C

are used. However ouwr universal structure involved Yij only for

i > j, so our proof does go through in this generality.

Theorem E. Let C be a topological category and X a paracampact
space. There is a 1-1 correspondence between o(X) and [X,®8CI].

Indeed, Milnor has pointed ocut that B C can be described as
"the space of cocycles with values in C." That is, let 3 C as a set
consist of pairs (.1?, {fij}) where T = (to,... ,ti,...) is a sequence of
numbers t; 2 0, almost all 0 such that It; = 1 while fij e Mor C
(0bC 4if i = j) runs over all pairs i > j such that ti#O, tj#O satisfying

£;;) and f.. ijszj_k for i> 3> k.

the relations fij € Mor(fjj, i 3

To topologize (B C so as to be hameomorphic to @ C as previously
defined, use the direct limit of the quotient topologies of the maps

A, X AC > B C by (tio,..., 1reeesfy) > (t, {fij}) where t is

zero except for ti ang f. . = f"o"‘Ofk+1'

j e

Notice the proof is functorial in C, i.e. if °F: C -+ D is a
continuous functor between topological categories, it induces
B C+BD and we have a cammutative diagram C(X) <> [X, 83 C]

D(J;() <« [X, & Dl
In particular this holds for the differential d: I‘q > GLq which
is a homomorphism (= functor).

If we specialize to a group, we can say more.

Theorem F. Let G be a topological group. For paracompact X,
there are natural 1-1 correspondences between the set of equivalence
classes of G-bundles over X and Hl(X;G) and [X, 8%1.

The first correspondence is well-known: a bundle can be defined

over X from the disjoint union Ua ¥ 6 by identification over
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is given as follows: Ai(x) appears as same barycentric coordinate of

B vor(x) and Vi3 (x) for some j appears as the corresponding I'q—

coordinate so we have

Yi

x> (..., Ai(x),...,vij(x),...)i———atar'get vij = vi(x)

and similarly the pull back of the universal Yij
where Ai(x) # Oﬁkj(x}. Thus if h: XxI~> & I‘q is a

agrees with vij

*
homotopy from f0 to f), then h (y) restricts as desired to
% %
fc"(y) ad f; (v), showing ¢ : I‘q(X) > [X,8r q] is one-to-one.

Ow proofs works in much greater generality. The discussion of
I,~structures or a footnote in Segal [4] indicates how to define

Hl(X;C) for any topological c:ategory C. In terms of an open covering

U= {U“},over an ordered index set, a cocycle consists of

continuous maps

y :+ U -+ ObC
UanUB > Mor C for a > B

such that a) Tap x) e Hom(ye(x), ' (x) ) and D) Yop¥gs = Yas
on UanUBnUG for o > B > 6§, Two such cocycles

{Uy, A\ Yae} and { ¥, Vg vae} are cohomologous if they are

restrictions of a cocycle on UV with either the indices of U

preceding those of V or vice versa. The equivalence classes form

HJ‘(X;C). The set C(X) of C-structures on X is the quotient of
Hl(X;C) by the homotopy relation as above. Since our definition depends

on the ordering of the covering, it is far from clear what
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Ua N UB via Yog The second correspondence implies one between

Hl(X;G) and G(X). That is Hl(X-,G) already satisfies the hamotopy
axiom in this case. This in turn follows from the basic fact of

bundle theory: A bundle p: E-+ X x I is equivalent to

Pp*1: E.xI>XxI where p, = p|p X x t). The example of §7

shows this breaks down for I‘q—stxuctures even if X is an interval.

It is the comparison of ‘the Y, -part of the cocycle that fails here but
not for groups where there is only one object and the Y, are unique,

The strong result in terms of bundles suggests one further

extension of this type of classification, namely to fibrations in the
sense of the covering homotopy property rather than local triviality.
Here the homotopy is built in, but we lack strict inverses since the
appropriate notion of equivalence is fibre homotopy equivalence. Indeed,
Dold shows local triviality is often present up to homotopy.

Theorem [2]. let X be paracampact, weakly locally contractible.
Thernt p:E + X has the WCHP if and only if the map p is locally fibre
hamotopy trivial, i.e. for some covering {U a} , there exist mutually
inverse fibre hamotopy equivalences

h

-1 o

p U} ——>3> U xF
%3 . [v4
\k/

[+3
I

a

If we attempt to define a cocyzle as before with H(F) =

{homotopy equivalence T —T} taking the role of G, we would obtain

(x, YGB(X)y) = hkg(x,y) for x e UnU,, but the cocycle condition

g

breaks down for we have hathBké =h ks. It twns out that a specific
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homotopy YaBS:I X Uaﬂ UB/\ Ug > H(F) is relevant to classifying

the fibration. Wirth [7] has carried out a full program along these
Iines and finds higher homotopies 1 U, - H(F) are also important.
One way of summarizing his result is the following: We have seen that
the cocylce condition corresponds to an associated map being a functor
or, in pseudogroup terminology , a hamomorphism. With topological
categories or topological pseul*logmups, it makes sense to talk of
functors "up to strong homotopy" or s(trongly) h(omotopy) m(ultiplicative)
maps [6]. Associated to these conditions, we can define a "cocycle up

to strong hamotopy." Similarly the equivalence or cobounding relation

can with effort be generalized up to hamotopy so as to define
Hl“(X,C) as a limit ovep all covers of X,

Theorem G. [Wirth y] There is a 1-1 correspondence between fibre
homotopy equivalence classes of fibrationps (with the WCHP) over
paracompact , weakly locally contractible X with fibres of the

homotopy type of F and the set Hlﬂ(X; HE) D).

Since shm maps induce maps of classifying spaces, so do functors
up to strong homotopy. Thus either of the above sets is in 1-1
correspondence with [X, @ H(F)], as was known for the first

mentioned set [1, 5].

References

1. A. Dold, Halbexakte Homotopiefunktorem, Lecture Notes in Math, No.

12, Springer-Verlag, Berlin and New York, 1966.

2. , Partitions of unity in_the theory of fibrations, Ann. of

Math. (2) 78 (1863), 223-228.

3. D. Husemoller, Fibre Bundles, McGraw-Hill, New York, 1966.



6.

94

G. Segal, Classifyir_xg spaces and spectral sequences, Inst. Hautes

ftudes Sci. Publ. Math., No. 34 (1968), 105-112.

J.D. Stasheff, A classification theorem for fibre spaces, Topology

2 (1963), 239-2u6.

» B-spaces from a homotopy point of view, Lecture Notes
in Math, 161, Springer-Verlag, Berlin and New York, 1970.
J. Wirth, Fibre spaces and the higher homotopy cocycle relations,

Thesis, Notre Dame, Ind., 196u4.



OPERACIONES COHOMOLOGICAS DE ORDEN SUPERIOR

por Samuel Gitler

con la colaboracidn de Carlos Ruiz

0. Introduccidn

Sea ¢ un grupo abeliano, denotamos por K(q,n) a cualquier

espacio del tipo de homotopia de un CW tal que

7, d = n
ﬂn(K(ﬂ:n)) =
0, g # n.

Entonces por el teorema de Hurewicz,

0, i<n;

Hi(K(fr,n) 1Z)

Hn(K(ﬂ.n)7Z)

ﬂn(K(ﬂ,n)) =1,

y tenemos

~

" (K(r.n) ;7) = Hom(H_(K(r,n);2) 1) = Hom(m,m);

el primer isomorfismo por la férmula de coeficientes universales.
Luego al isomorfismo identidad de g corresponde una clase

ynGEHn(K(ﬂ,n);") llamada la clase fundamental de K(g,n).

n
pada f:X - K(m,n), le corresponde una clase f*y ¢H (X,m) . que
depende sblo de la clase de homotopia de f£.
Designemos por [£] a la clase de homotopia de aplicaciones X —Y,

se tiene el siguiente teorema:

Teorema O0.1. Sea X un complejo CW, la correspondencia due

asocia a [£f]1¢€[X.K(q,n)]

I

clase f*yn, es una correspondencia

biyectiva.
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Si x = f*yn decimos que f “clasifica" a x.

El teorema 0.1l es consecuencia de la teoria de obstrucciones, una
demostracién puede verse en [10, pp. 6-10] o bien en [14, th. 8.187.

Si X es un espacio con un punto base, que indicamos con *,
dentamos con #X al espacio de caminos, es decir, el conjunto de todas
las aplicaciones g:[0,1] —> X tales que ¢(O) = %, con la topologia
compacto-abierta.

Sea p:®PX-—>X 1la aplicacidn pl(a) = «(l), entonces p-l(*) =X

es el espacio de lazos de X.

X es un espacio contrictil y
X — Px s x

es una fibracidén [14, 2.8.8], llamada la fibracidén de caminos de X.
En particular, si X = K{(f,n), de la sucesidn exacta de homotopia
se deduce que QOK(m,n) = K{g,n-1).

Una fibracién principal es una fibracidén
P

i
F—>» E~-~——> B

con una accién u:F xE—>E, fibra a fibra, que convierte a F en un

H espacio y con una aplicacién
V:E —> F,
donde

E={(x,v) €cExE/p(x) = p(v)}

E
1111
E

T
2 E

P

—————
_._.—p.....%B,
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tal que
po (v Xﬂl) ~T, {127,

ver [12].
La fibracibn de caminos es una fibracidn principal y toda fibracién

inducida de una fibracidén principal es también una fibracidn principal.

Proposicién 0.2. Sea F — E £5B una fibracién principal y
©:X —>EB.
Si g Y $ son dos levantamientos de ¢ a E, existe g:X— F
tal que
x-Ls xxx-222 pyp-HoE

es homotépica a 5 ([12],[137.
Dada una fibracidn

f —jh€>E —£1ﬁ>B

tenemos el siguiente diagrama

L o L
i (E) ™) L™ e L ew™ (B —
*
PI p
1
e =" (8)

donde la fila superior es la sucesidn exacta del par (E,F).

Sea T = G-l(Im pi) y sea

1
T:T —_—g (B) /k* (ker pi) .

T= k*p;‘lé.

1 se llama la trasgresidén de la fibracibén y T el subgrupo de
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los elementos trasgresivos.

Es fdcil verificar lo siguiente:

ker v = Im i* = ker §
Im v = ker p*/k*(ker pi).

La relacidn inversa

g¥* = 6_1pik-1:ker p*-—>Hn(F)/Im i*

se llama la suspensidn.

Entonces T y o* inducen isomorfismos inversos
T/ Im i*<sker p*/k*(ker pi).

La trasgresidén tiene una definicién en términos de la sucesidn
espectral de la fibracién, para esta nocién referimos a [7][14] . Por

este camino se demuestra el siguiente teorema debido a Serre [11].

Teorema O.3. Si B es p-conexo y F es g-conexo, entonces
n

para ngp+g+l, T = H (F); ker pi = O y la siquiente sucesifén es

exacta

n-1 i* -1 * i* n(F

-1 lE e e v ) Barte) Hant P
Si X, Y son espacios con un punto base (gue denotamos siempre

*)

, definimos

1) la suma reducida

xwt = {0} v {*.n} € xxv,

2) el producto reducido

XAY = X xY/XwvY,
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en particular,

2 a) la suspensidén de X es
1
IX = XAS =XxI/~

donde ~ es la relacidn que identifica entre si a todos los puntos de

la forma

(*,t),(x,0),{x,1).

Notar que Smo\ Sn = Sm+n.

3) La junta (join)
X&Y = XX x I X Y4Y/~

donde ~ es la relacidn que identifica x = (x,0,y) para todo y<¢X.

Proposicién 0.4. Z(XaAX) ~X*X.

Si G es un H-espacio asociativo, existe un espacio
clasificante BG con la propiedad de que (X,BG] estd en correspon-
dencia biunivoca con las clases de isomorfismo de fibraciones
principales sobre X, [9],

Sea  la multiplicacién de G. Entonces por la proposicién
(0.3) 1la restriccién de 3y es equivalente, salvo homotopias con la
aplicacién §:G*G —>TG, que se obtiene de la construccién de Hopf.

Se ve que  es una G-fibracidn principal, sea g:3G —>BG su

aplicacidn clasificante. Entonces tenemos una fibracién

6%G 45 —Lsng,

se ve en [2] que g es adjunta de idG en la correspondencia
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[6.6] = [G,0BG] «——> [3TG,BG] (ver [14])
En particular para G = K(gz,n), tenemos

(0.5) K(Z,n)%K(Z,,n) —E—>5K(z,,n) —-9—>K(§2.n+l)

l. Operaciones cohomoldgicas primarias y el dlgebra de Steenrod

médulo 2
Una operacidén cohomoldgica de tipo (#.,n,G,q) es una transforma-

cién natural de functores

6 :H"( m)ﬁ»Hq( 1G) ;

es decir que consiste de un homomorfismo

ex:Hn(X:ﬂ) —_ Hq(X:G)

para cada espacio X, de manera que para cada £f:Y¥ ->X continua el

siguiente diagrama sea conmutativo:

8
1 (X, ) ——a—> H3(X,G)

i f*

6
1 (v, 5} ~——s 1%(Y.G)

Al conjunto de todas las operaciones cohomoldgicas de tipo

{.,n,G,q) 1lo designamos O{(#,n,G,q).

Teorema 1.1. La aplicacidén gque le asocia a cada operaciédn

cohomolégica 6 ¢ O(nm,n,G,q), la clase de cohomologia

G-yn € Hq(K(n,n) :G), es biyectiva.

Demostracién. Construiremos la aplicacidn inversa:
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dado uEHq(K(n,n) :G) le asociamos una operacién cohomoldgica eu
como sigue. Si ern(X,n), segin (Teorema 0.1) x y u estén
representadas por aplicaciones o, Y o, respectivamente.

©

% Py
X —— K{ft ,n) ——> K{G,q)

-

entonces definimos Su(x) como la clase de cohomologla (perteneciente
a Hq(X,G)) clasificada por 0,° Py - O
o s q . J+n PR .
Definimos: S~ = lim proynH (K(mw,n);G), el limite inverso,

tomado segin las suspensiones en las fibraciones de lazos de K(r,n):

c* 5T (R (0t 1) 56) — BY P (K(r,n) 16) .

que seglin (0.3) son isomorfismos para d<2n, S* = {Sq} .

Entonces, Sq(n,G) es un grupo y sus elementos son las operacio-
nes estables de tipo (#,G,q): es decir que para @ estme) v
x € H (X:n) tenemos @x€H 1(X;G).

En particular, si g = G = 32,

o S*(_Z_2,§2) es un dlgebra bajo la

composicién, llamada el dlgebra de Steenrod médulo 2 y denotada G(2)

o simplemente (.
Ahora describiremos un sistema de generadores de G.
Pongamos K = K(gz,n); 7, € H*(Kn:_z_z) genera un algebra de

w
polinomios ya que si x¢€ Hl(RPw ) es el generador de H*(RP ,_Z_2) =

¥4
=2

o s e n . n
gz[x] y £:RP ——»Kn clasifica a x , es decir, f*yn =X,

t
entonces f*(yn) = x" # O.

Consideremos la fibracién (0.5)

K *K —L->ZK —g—->K '
n n n nt+l

2 R - 2 A
como y =~ es primitivo p,*z*-yn = 0; luego, en la sucesidn exacta de
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2 . ;
*
Serre, I Y, Proviene de Kn+l' digamos
2
* = *
Eyn gaml'
con ¢ en H2 l(K ) f{nico.,

n+1l n+ 1

Ahora bien, que g sea adjunta de la identidad significa que el
siguiente diagrama, donde og* es la suspensidén de la fibracidn de

lazos de Kn+l Yy £* corresponde a la suspensidn geométrica, es

conmutativo
H* (LK &———'-—H*(? 1}
*
H (Kn)
entonces * .
OT%hel T "t
Supongamos tener elementos
i+n : .
@; €H (Ki,§2). nH+l<ic<)
tales que
* =
97%541 o
en la fibracibén de lazos de K, .; como K, es j-conexo, usando la
i+l j+1

sucesibén exacta de Serre se deduce que existe un dnico elemento

j+n+ 1
elemento ¢ efﬂ+ + (K. .ZQ) tal que o*y = ..

n
<)L 1 od ue denotamos S
Entonces (al)lzj: es un element e Gn que de g ¥

llamamos el n-simo cuadrado de Steenrod.

Teorema 1.2. Los cuadrados de Steenrod verifican las siguientes

propiedades:

1. sq":H (X) — H " (X)
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2. 8i xeHMX), sq™x = x°
3.8i x€H(X), i<n, s¢"x = 0

4. 5q° = 1:H (X) — H (X)

Hl(x)~—> Hl+l(x) coincide con el homomoxrfismo de

1
5. 8g

fl

Bockstein asociado a la sucesibn

O---->§_2 —b§4 —»@2-—>0

6. Formula de Cartan:

n n i n-1i
sa”(xy) = 5_ ST xsq” 'y

7. Relaciocnes de Adem: Si a <2b

(a/2] b-i-1, _ a+b-i_ i

a_ b
Sq 8q =zx5;_ ", 5554 Sq

m -~ ] ] P
) representa al nimero combinatorio, tomando mbduloc 2 y

donde (k

fn] indica parte entera.

Para esto y lo que sigue ver referencias {107 y [157.

Teorema 1.3. El dlgebra de Steenrod A es el dlgebra generada

por los cuadrados Sql sujetos a las relaciones de Adem.

Digamos que una sucesidén de nUmeros enteros I =(il""'i2) es
admisible si i, >21i .
3T d+1
I i i
Pongamos Sq = Sqll...Sq x.

Teorema l.4. Los SqI, I admisible son una gQ-base de a.

2. Operaciones secundarias

Sea E::—l.dkﬁk = 0 una relacidén homogénea de grado n+l en (.

Para simplificar la notacibn escribiremos o = (all...,am),
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B = (ﬁl,...,ﬁm); entonces la relacibén se escribe of = O.
Ponemos dim Bk =t

Definimos:

vig.x ={xen’x g (x) =0, k= 1,....n}

Iq+n g+n-dim o) x)) .

(@,X) = Zay (H

Una operacidn secundaria @ asociada con la relacién «-8 = O

es una transformacibén (para cada q)

+ N +n
(2.1) $:8%8, ) — BF () /1% e, )
que verifica los siguientes axiomas:

Axioma 1 (Naturalidad). S8i f:Y->X es una funcidn continua y

X €N1(8,X), entonces f£*X¢N1(8,¥) y f£*&(x) = §(£f*x), médulo
e,y .
Para el axioma 2 hace falta alguna notacibn:

8i (X,Y) es un par, Y — X—ga,» (X,Y), las inclusiones vqu(X,Y),

j*vV = x vy j*veNq(ﬁ,x) , para cada k tenemos un diagrama:

1 % — 5 %
2wy — 8 nxy) — 3 ox(x)
By By By
-1+t q+t g+
Hq k( ) ———x H k{x,y) sty [ k(x) e
q+tk—1
Se deduce que existen elementos Wy €H (Y) tales gue

6wk = ﬁkv.
Axioma 2 (F6rmula de Peterson-Stein).

i*@(x) = Zoy W, .
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Una operacidn secundaria se llama estable si verifica ademés:

Axioma 3 (Estabilidad). 8Si xe}Nq(ﬁ,X) entonces

sex e NP (B,5x) vy B(s*x) = srd(x).

vamos a construir operaciones secundarias estables por el método
del ejemplo universal.

Sea g>n Yy sea fk:Kq-——>Kq+tk la aplicacidn que clasifica a
i %* = H f, = r ey
la clase ekyq es decir fk7q+tk ﬂkyq las k k 1 m

definen f:Kq—->IIm K

k=1 q+tk'
De la fibracidn de caminos de Hm K , £ induce una
k=1 q+tk
fibracidn
(2.2) 1K E —L k
Q+tk“l q aq
En la fibracidn de curvas debe ocurrir: qu+tk~l = 7q+tk, luego, por
naturalidad, en la fibracibn (2.1):
T7q+tk-l = Bkyq.
De .83 = O deducimos que zak7q+tk—l estd en el nacleo de 1, por
n
lo tanto existe vqufH (Eq) tal que
i % =
* Vq 2Olk'yq+t -1°
k
i i 16 —=K al
Se ve que existe una fibracidn Eq+l'_>Kq+l que da Eq o

tomar lazos entonces usando (0.3) para la fibracidén de caminos de

resulta que existe un Gnico elemento Vv tal que

B+l g+l

o* =v . Sea v = {vi}. Veamos que v define una operacibén

Vq+ 1 q

secundaria asociada con gf = O.

Sea xe;Hq(X) tal que ka =0 k=1,...,m ,quiere decir que
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la composicibn P Kq —f-> an+t es homotdpica a la constante.
k
Entonces ¢ = se levanta a ¢_:X -e>Eq. Definimos Qv(x) ={¢,;(vq)|,px

es un levantamiento de ‘px} . Luego §v estd definido en N¥(8.X),
veamos que toma valores en Hq+n(x)/Iq+n(a.X) . Por ser la fibracién
principal, si p ¥ "(5;( son dos levantamientos de ¢, existe

. al a icidn:
g X—>1'IKq+ tk~l t que la composicidn

gxop
x b oxyx —% g xE_ —4 o g
q+tk-l a d

es homotdpica a o_.
Ahora:

L*(vg) = 10 Vgt Zakyq+tk—l‘l’

entonces

* # * = *
A*{g x-ox) u-*(Vq) :p;vq+2akg 7q+tk_1

pero el segundo numerando de la derecha es un elemento arbitrario de

dg+n .

I (e,X), © sea los valores de §v(x) estdn determinados a menos de
n

Iq+ (a.X).

Probaremos ahora gue !v satisface los axiomas:

Axioma 1. Sea f:Y¥ —>X. Si Byx = 0, f*,ka = skf; = 0, luego

X €N(8,X) implica £*(x) €NZ(8,Y).

. s ~
Si ¢@_ es un levantamiento de ¢ entonces ¢ _°f es un
x X x

levantami 4 : . o (p of)*v_ = f¥p* aa
evantamiento de (pf; Y-——>Kq lueg (‘px°f) vq f 'vaq represent

* * =
§ (£%), o sea f §v(x) Qv(f;) .
Axioma 2. En E, tenemos E_*vq = Eak7q+tk—l’ consideremos
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Y existe puesto que i*¢;yq = i*x = O.
Tenemos i*@* (v ) = g*i* = * . o
ok ( q) p*i Vg D) yq"'tk'l Por otra parte
consideremos el diagrama conmutativo, donde hemos puesto
F_ = [IK .
a I a+t, -1

k

—_— Ht_l(Y)-—g——>Ht(X,Y)-—2:—> Ht(x)-—i:->Ht(Y)-——b

¥ o} 3 o

£ * i
—H 1(Fq) --I——>Ht(Kq) ——H-—>Ht(Eq) —l—->Ht(Fq) —

px:X/Y-——>Kq estd inducido por o,

Sea w = p;(yq), z), = bry . entonces j*w = x, oz, = 8w,

-1
q+
luego i*@(x) = Ty 2, con lo que verificamos el axioma 2.

Hemos visto que la operacidn §v gqueda determinada por la
eleccidn de vq, si elegimos otro elemento vé, de la sucesidn exacta

se deduce que vq—vé proviene de Hq+n

(K ) digamos v _-v' = [I*8,

a a g
por lo tanto para un mismo levantamiento Ex de Oyt los valores de
Qv y &, difieren en 6, es decir, en una operacidén primaria

estable.

Veamos ahora una familia interesante de operaciones secundarias.
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Para g>2 consideremos las relaciones

1 2 0l 2g-2 2 1
p2q=Sq Sq q+Sq sq g + Sq qu =0

(donde hemos puesto Sq01 = Sq3+SqZSq1) y sean §2q operaciones

secundarias asociadas con ellas.

t
Teorema 2.3, a) Para cualquier clase entera xe¢H (X), §2q(x)

estd definida para t<2q-3. b) Existe una operacidn qu tal que si

t = 2g-3, §2q(x) = O.

Demostracidn. Consideremos el diagrama:

£ €
r' "
: ; K
K(Z,t) —— X 5> K1 X %292 * Keazg

1a parte de la derecha corresponde, con la misma notacibén que en
los parrafos anteriores al ejemplo universal para una operacidn qu

asociada a la relacidn La aplicacién r clasifica a la

pzq'

reduccidn mdédulo 2 de la clase fundamental u de K(Z.,t).

Si t<2g-3 entonces fr es homotbdpica a la constante y por lo
tanto r admite un levantamiento a ¥. Es decir la reduccidn mddulo
2 de u pertenece a Nt(ﬁ,K(_Z_,t)). Esto prueba a).

Veamos b), tenemos Et = K{(Z,t) XK XK como

t+29-3 x Kt+2q—1

t+2qg

1 0ol
i*y = + + ' be . a
i Sq"y 2g-1 Sqg 'y og3t T b con H (K,) Pongamos

t+2q’
t = 2¢q-3 y consideremos la fibracidn (ver 0.5},
3 —%ZEZq— S

Erq-3*E2g- 3 2g-2°
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es fdcil ver que ;*(2*y49_6) = u2q_3*u2q_3. Ahora
V& = 1 ol - C =
r (v2q~3) Sq»y4q_4+Sq y4q—6+" b4q___3 es primitivo en E2q—3 por
estar en la imagen de la suspensidn.

Pero ;*E*Sq01y4q~6 = Sq3u*u+u*Sq3u por lo que

1 0l 3
'k = * T*pH!
r (V2q-3) sq y49_4+Sq y4q—6+" (Sqg uwu)t+ne 4g-3°

con bl4q—3 primitivo.

Ahora bien si b&q 3 es primitivo entonces es suspensidén de un

4q-2 . .

l 1
elemento b4q—2 €H (KZq-Z) pero en los complejos de Eilenberg

Maclane g* s8lo manda operaciones estables en estables luego

es estable y b! también.

b4q—2 4g~3

Entonces cambiando v por

2q-3 obtenemos

V2q-3"Paq-3
g (v = Sq3u»;u médulo
2gq

0l.2q-6

sat5? T4 (k(2,29-3)) +8¢° O (x (2, 2q-3) )

pero Sql(sqzu\;u) = Sq3u‘1u luego $(u) = 0 para u, la clase
fundamental de K(Z,2g9-3) .0

Veamos una manera de calcular estas operaciones. Para las
nociones relativas a los haces lineales (fibrados vectoriales)
remitimos a {4]. x> es el espacio de Thom y cq las clases de
Chern.

Entre todos los ] elegimos la que toma el valor O en

4q

dimensiones bajas, a la que llamaremos la §4q normalizada.

Teorema 2.4. Sea £ un fibrado vectorial complejo de dimensidn

compleja n, sobre un espacio X. Sea vefﬁn(xggg) su clase de

Thom. Supongamos que czq(g) =2x y ¢ () = 2y. Entonces

2g9-1
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P < 2
es def d = .
§4q(v) td definida y §4q(v) vx2q+Sq (Vx2q—2)
La demostracidén de (2.4) se encuentra en [47.
Como consecuencia tenemos:
r .r-1
3 2 272
2r(w ) =W -
j 2t r
Observese que en este caso como qu(w ) = 0 para 3j<2 7, cualquier
r
operacién secundaria asociada con Por tiene el mismo valor en w .
. <2 . 31 £ 16 . .
Como aplicacidn veamos que no existe S ~—S con invariante

de Hopf 1. Si lo hubiere, obtendriamos Sq16:H16(S16 v 632) -

£
32, .16 32

H (S ¥ e”“) es no trivial. Pero ahora si consideramos el ejemplo:
Eq
K, 2K . xK_ _xK__ XK
q g+l a+2 a+4 2+8
2i
con g(yq+2i) = Sq yq y i=0,1,2,3, entonces en Eq existen
clases 2 asociada con Sqlsq1 = 0, vy asociada con qusq2+
3 . 1 1
Sq Sql = 0, Yy asociada con Sqlsq4+SqZSq Sq2+Sq4Sq = 0, v7
7 8 8. 1
asociada con Sq4Sq4+Sq Sq1+Sq6Sq2 = 0, Vg con Sqlsq +89 Sq +
2,1 8 9.1
Sq Sq Sq6 = 0, v9 con qusq +Sq88q2+Sq4Sq6+Sq Sq =0, vy Vis

asociada con Sq Sqg +Sqlssq1+Sq1 sq +Sqllsq4 = Q y estas clases

satisfacen una relacidn del tipo:

1
(2.5) Sq1V15+8 v _+8,V +6 v +6 v +8 3V +9 = x8q 6

79 '88 12 4 15'1

8 8 1 8 12
con §_, = Sq +... . Si nos fijamos en w EE{6(CPOO), 6g (w ) =w

3 .
v Sq8¢8(w8) = m16, luego X # 0. Ahora en Sl6u e 2 si Sq16 £ 0,
por la relacidn (2.5) alguna de las operaciones ék asociadas con

v, esno nula en i16' pero eso es una contradiccién.
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3. Espectros y torres

Un espectro es una coleccidn de espacios y funciones

x = {x.6), 7’ i T

Definimos Hq(ng) = lim proy Hq+k(XkrG) v

nq(g) = lim dir [ (Xk). X es estable si existe una funcidén % tal

g+k

que Xk es ¢ (k) -conexo, fk es una 2%(k) equivalencia y

Q(k)-§—>m si k —o. Una aplicacidén g:X —Y de grado J es

= f

una familia de aplicaciones X, —~»Y . tal que g f
Ik %% K+ k k-1

f Si no se hallara nada todas las aplicaciones son de

Kkt §-159k-1°
grado O.

f ~——> E =3 B
o~ - .

es una fibracidén de espectros si para cada k
F o~ E -3 B

k k k

es una fibracidn y los diagramas

Fy By By
IFy_ g —> ZBy ) —> I8

son homotdpicamente conmutativos.
Para una fibracién de espectros obtenemos una sucesién exacta de

cohomologia

— #%(5;6) — BY(E:6) —> #I(Fi6) —> B T (Bsa).

Ejemplos de espectros

1) 8= {Sk}' espectro esférico.
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2 xw = {Kama} o
3) si E es un espectro y X wun espacio definamos un espectro

En X mediante:

(.E_:'Ax)k = E., aX,

k

en particular:

3a) 8X =5aX, la suspensibén de X.

{ox,. }: Px = {'ka}.

5) QOgX —> PSX —> SX es una fibracidn de espectros.

4 ax

6) Si F ——=E —B es una fibracidn de espectros, y g:X —»B se
- - [y b Lo

define la fibracidn de espectros inducida por g:

g*(®) = {ot (B}

6a)S8i of = O es una relacib6n de grado m+l entre operaciones
primarias, BeA . B estd representada por
3:K(§2,o) — K(Z_z,n) y tenemos una fibracién inducida de 1la

Peramnapanmge™ Stmatstond
fibracidén de caminos

GKI{Z, .0} OKA{Z,

PRZ., 0}
.

-
g

K(ZZ'O) —-—-——-——bK(Z_z.n)
Avnmmanmtrpurk et
y podemos construir u eHm(E) (coeficientes Z, sobreenten~

2

didos donde ;/n es el generador de H*'(.QK(Zz,n)) y estd u
determina en forma Gnica una operacidn secundaria estable
asociada con af = O.

Una fibracidn de espectros es principal si para cada k, la

correspondiente fibracién de espacios es principal, y los diagramas
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que resultan son homotdpicamente conmutativos.

Sea ﬁ un espectro, sean no<n1<... enteros tales que

L (_)E) son los grupos de homotopia no nulos de ‘)_E Y pongamos

j
K. = K(r_ (X),n
N, s

-~ ).

j+1
Una torre de Postnikov para un espectro X es una torre de

fibraciones principales

P B, .
XO g xl _____________ XJ i Xj+l
L ~ fo -
o %o £ 75
K K

con fk y gk de grado O vy pk de grado 1, y tal gue si

no <n1 < n:2 < eee < nt <... son las dimensiones donde X tiene

homotopia no trivial, entonces

K = K(frnk(X) ,nk+1)

a©

y X lim proy .)_(bj = X.

n

Mas generalmente, si F—> E-—>B es una fibracidén de espectros,
: -

una torre de Postnikov para la fibracidn, es una torre de fibraciones

principales.
o 1 k
Be—E < E = e momemme «— E
F
o
fos) . 3 .
con E = lim proy E° = E, y tal que si se construye la torre

inducida por la inclusidén de un punto en B, resulta una torre de
Postnikov para F.
L]

Sea X un espectro. Una resolucién geométrica de X es una
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torre de fibraciones principales

B P

o . k+l
z{gﬁh—u—w‘}.{.o .).{'l s @ &{P——— xk+l<.__...
i : . .
(3.1) X ﬁc} l]\ /Jk
A
~o By

tal que:
1) ék es un espectro abeliano, es decir, Ak(n)

topoldgico abeliano para n grande,

es un grupo

2) i tienen grado 0 y Pk' grado 1,

kl Jk'
.. - P P

3) Pk.H%(Zk_l) e H*(gk) es trivial. Una resolucidn geométrica
se llama de Adams si ademéds:

4) Ak es un producto de espectros K(gz,n).

Tomando grupos de homotopia en (3.1), obtenemos una cupla exacta [7]

donde

[»)
]
2
>4

tq
|

. “t(»és) :
Si la resolucidn geométrica es de Adams
B = Homt(H*(A }.2.)
A ~s =2

y la sucesién espectral deducida de esta cupla se llama la sucesibn

espectral de Adams. Es facil ver que Eg't = P xti't(H*(x)#5). Esta
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sucesién espectral da informacién sobre la 2-componente de la homotopia
del espectro X a partir de la estructura de A-mddulo de H*(X). Para
sus propiedades remitimos a [1].

Una torre de Postnikov modificada es un diagrama de fibraciones

principales
&
f/\
d
o o) 1
45 = L= e
\/jc\
Eo ;El
tal que:

1) F es abeliano,
Aank

2) £ gy

tienen grado O, qk, grado 1, y fk = qk+1fk+1'
x o 3 1
3) fo.H* (X°) — m° (_)E) es epimorfismo,
= *
4) Ker fi Ker qk+1,
5) si ademés: Fk es un producto de K(gz,n) se llama una torre
e

modificada de Mahowald,

6) si ademds fk induce isomorfismoc en homotopia para k grande

se llama convergente.

S8i X es un espectro y

3‘«\ /‘“

é'k+1

\aYa

es una resolucién geométrica, al tomar la inclusién de un punto x, e

inducir la torre sobre él, obtenemos una torre modificada para (X,
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por lo gue tenemos asis

R X, < X W]
\/\/\/ \/

—k+1

\/\/\2 k/ k+1

v X X e

la relacibn entre torres modificadas y resoluciones geométricas.
Sea ‘5 un espectro estable y sea

3 3 3
0 «— H*(X) «—0 c, 1 c,

una resolucién G-libre de H*(&), es decir, una sucesidn exacta tal
que cada Ci es un G-mbédulo libre; a partir de ella construiremos um
resolucién geométrica de Adams para X.

Sea V. = C. Z definamos A. = K{V. ue es un espectro

i i g‘? b4 t =i ( Q g p

abeliano.

Ahora bien, Hq(ﬁ) estd representado por las clases de homotopia
de aplicaciones de X enel K(gg,q), luego existe una aplicacidn

“Satowmanin

f :X—= A tal que f* = 3 . Llamemos X a la fibra, gue también
O'm 0 o o =0
es un espectro estable.

Pasando a cohomologia tenemos la siguiente situacidn:

¢

0 —> Ei*(X } — H*(Za } —= H*(X] —= O
\ - ) -

donde d1 estd determinado por la exactitud de las sucesiones, enton-

W
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ces aplicamos a 4,:C, —H*(X ) el procedimiento anterior, existe f
1771 )

tal que fi = 3 llamemos X a la fibra, etc.

1’ -l

i ; .2
Teorema 3.2. Sea F —> g—p> B una fibracidn estable,_entonces

admite torres modificadas.

Demostracién. Tenemos la sucesidén exacta de Serre,

I

— B (F) — 5Bl — 5l (g) — 5

(F) —> ---

Sea Q = Im(H*{(E) —> H*(F)) y S = Im(7:H*(F) —> H*¥(B)) Yy sea QO
un espacio vectorial graduado generado por un sistema de generadores
de Q sobre A,y Q"c;, isomorfo a Qo pero con un isomorfismo de
grado -1. Sea So’ definido analogamente a Qo. Definimos

£

° + =
B——> K(QQ) xK(S) = A

tal que f* es trivial en Q'g y es monomorfismo en S _. Sea
o : . . :
E  —=> B el espacio fibrado inducido por £. Entonces fop es

s o] .
trivial y p se levanta a qo:§—>.§ . Sea go la fibra de q,-
B

Tenemos el diagrama:

o]
pO
s

110 e | 1]

E
= o

;’;

(o]

|/ =—d |y

Podemos escoger q, tal que q; es epimorfismo. Entonces la
transgresidn en _E;O-—> E — go es inyectiva. Construimos una
aplicacidén de go en un producto de K(Zz,n) que sea epimorfismo en
cohomologia, y sea Al el espacio clasificante de este producto de

, £
K(Zzln) . Construimos Eo——% A; que en cohomologia cubre a la
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transgresidén. Entonces flpo es nulhomotdpico y P, levanta a

1 -
Qd»gll donde F  es el fibrado inducido por f Procedemos asi

1
sucesivamente:

Si consideramos una fibracién:

F—> E—2= B

tal que p* es epimorfismo, entonces podemos construir una torre

modificada a partir de una resolucidn algebraica de H*(F),

O<— H* (F) <— c0<— Cl<-—- CZ<——

poniendo A, = K(Ckﬁ ZZ) y construyendo transformaciones
A

=k
k- ,
:E 1 —> A como arriba.

fE k

4. Operaciones de orden superior

)
Sea C:Co‘ 1 Cl —— CN un complejo libre sobre G,

con las ai de grado O.

sz . L. r,s
Una piradmide de operaciones cohomoldgicas Q T, n>r>s>0

asociada con € es una familia de operaciones que satisface los

siguientes axiomas.

; ;2 . r,s
Axioma 1 (Induccién). Las operaciones § ' para u>r»>s>v

estdn asociadas con

Axioma 2 (pominio). Si e:Co —— % (‘}“() es un G-morfismo y

i,0 ¥,0
(e) (e)

estd definida.

estd definida y contiene al cero para i<N, entonces §
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Axioma 3 (vValores). 8Si ezcoq H*(X) es un (-morfismo de grado

N,O P .. .
qg v & (e) estd definida, entonces §N °

(e) es una clase de equiva-
lencia de G-morfismos n:cN—-~> H*(X) de grado ¢g-N+1, para la
relacién de equivalencia nN~17' si u €§N'l(p) tal que nl=ﬂ+u

para algin p:Cl —> H*(X) tal que §N’l(p) estd definido.

Axioma 4 (Naturalidad). 8i f:¥ —> X es una aplicacidn y

N,O i s .
(¢) estd definida para un e:coq H*(X), entonces §N 0(f*e:)

estd definida y

N,O

£ 8% %0) = 3N Osx(e)).

Axioma 5 (Peterson-Stein). Si (X,Y) es un par, e::c0 —H* (X)

es tal que EN-l'O(e) estd definida y 3 wiC _, —> H*(X.Y) tal que

J*u € §N~l'0(e) entonces & ' (i*e) estd definido; y para toda tal
. N,O, . N,N-1

u existe necé (i*e) tal que &1 =9 (W)

. Una realizacidén del complejo C es una torre de fibraciones

principales:

) 5 By
ll/ N\ \ / \
Py P,
By s By o Ly e By By
donde ik' jk tienen grado O vy Py tiene grado +1, con

isomorfismos:

o :Co---> H*(Eo) y si k»o0,

:C

x> H*(ék)

%

tales que

d

. 1% =
k¥ T %-1%



120

i d = 0.

*
k%% %%+ 1

Dado un complejo C, puede no tener una piramide asociada, pero si C
N,O

tiene una realizacidn, entonces un ejemplo universal para @ es

*o :C—2n H*(E

iN N Cn N-l)' En general, dadas dos realizaciones geométricas,

. . N,O < . P
las operaciones asociadas & ' no estdn relacionadas entre si.
Definimos a continuacidén un complejo que veremos admite realiza-
ciones geométricas. Las operaciones que se obtienen, generalizan a

las operaciones secundarias &

2r’
Sea C(N,r) el complejo:
o1 Oy
C <= C, € ——= &—— C
o 1 N
donde
C tiene A-~base ¢
o o}
CN tiene A-~base CN,o
Ck tiene A-base ck'ck,o,...'ck,N~k
para 1i<k<N-1
con fronteras:
& =38
ancn q cn—l
1 0l 2r-2k
ancn,k = 5q Cn—l,k+Sq Cn--l,k+1+Sq Ch-1
donde ok = 0 si k>0. Si designamos por & gr la operaciédn
: L 2 N+ 1
asociada con C(N,2r), entonces la relacidén gue produce a QZ; es:

1N 0l . N 2r . N
sqa &, +Sq §2r_2+Sq Ql =0

N ‘2 , .
donde Ql es la operacidén de orden n determinada por el Bockstein;
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inductivamente Q}f estd asociada con la relacidn SquIf'l = 0.
Para construir una realizacidn geomefrica de C(N,r) consideremcs

el espectro bu, donde

buzq = BU[2q]

bu, .1 = Ul2a+1]

donde X[q] es el espacio que se obtiene de X al matar los primerocs

d-1 grupos de homotopia.

Sea X2n+l = bqu:P(;:H_l y E el algebra exterior generada por
Sql Vv Squ = [Sql,qu]. Entonces Ex fE (ZZ'H*(ZP;)x—-l) tiene 1la
siguiente forma:
p
E 4
k+1

Zn 2o+ 2 2n+d - - - 2 {n+k)

De aqui, utilizando el teorema sobre cambios de anillos, resulta que

una resolucidn algebraica para H*(X

el

€
e DS C S R ¢ P SO
0 H (KZn—l) < co Cl Ck

es tal que Cx tiene generadores Cp i i>0 en dimensiones
2(n+k)+k+2i vy a:Ck—-> Ck—l estd dado por:
1 ol
3,1 = ST G 15T S50

Por (3.2), existe una torre de Mahowald para K2n+l'
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k+l

o
A = S S, P ——s s =X
A -’Szn+1\ / el w1 / 1750041
—k+1 “sz
Los k-invariantes en X, son clases v, ., i>0 de dimensidn
=-2n+1 k,i =
2(n+k+1)+1 tales que
1 ol
(4.1) Sq vk,i+Sq Vi, i-l = o]
o .
En el caso de §2n+l’ que es un producto de K(Zz,2n+21),
1 01
. = . , , . d
Vo,l Sq 02(n+1)+sq 02(n+1-1) donde 02(n+1) es el generador de

H*(K(22,2n+2i)). consideremos la transformacidn:

£
K(Z,0) —= A
A

_ 2{n+1i)
donde f* 02(n+1) = 8q yo. Queremos ver que fo levanta a
fOD:K(Z,O)-——> §2n+1' Supongamos gue tenemos
q
§2n+1
£ 4 1
Kiz,0) —2oLy 3 o4
“Zn+ 1 q
fq—z
L' 4
g2 A
=20 L -1
entonces
£* v .= a ., o .EA/ASql
q—l q,1 d,1 g,
y de (4.1), obtenemos Sqla .+Sqo’la . = 0, un sistema de
q,i q,i-1

ecuaciones. En [5], hemos visto que en este caso:

Sqlal +Squ 2

@ . = o .

Czi'l 1 a.i q.1 mod A Sq1
%g,i T %q,i-1
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Luego los valores de f£* _v ., pueden alterarse, variando f , tal
a-1 q,i q-2
: q
1t * = -
que simultaneamente fq—lvq,i 0, y podemos extender a §2n+1 El

ejemplo mas universal de orden g se construye tomando el espacio

q

fibrado inducido por f _del espacio de curvas de X .
q 2n+1

En {57, estudiamos los valores en dimensiones bajas de cualquier
operacidn bgr asociada con el complejo C(N,2r) Yy en particular
obtenemos: Si x(EHq(X) proviene de una clase entera y
g<2r-4N+4, entonces Q?r(x) estd definida y es una operacién primaria
estable en x.

D. Hurley, en su tesis ha generalizado el teorema (2.4) correspon-

diente a evaluacidn en términos de clases de Chern.

5. Dualidad
Sean X, Y CW-complejos, una N-dualidad entre ellos es una

transformacidn:
N
(5.1) O:XAY ——> S

tal que ¢*iN/ =Hq(X)‘——> HN-q(Y) es isomorfismo para toda gq. Deci-
mos que ¢ es N S-dualidad si se tiene el isomorfismo al suspender

R . . N+ 1
a X y Y convenientemente. Si X es subcomplejo de S + y X*

es S-retracto por deformacidn de SN+1—X, entonces X y X* son N
S-duales. Luego todo complejo finito tiene S-duales que tienen el
mismo S-tipo. S8i X es complejo, designemos por X* un S-dual de X,
entonces si X y X* son S-duales, XaX* es auto-dual. Tenemos

{X,Y} = {Y*,X*} . 8i X vy Y son N S-duales, podemos Obtener una

S-aplicacién

sN_ ¥ xay
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tal que para cada primo p,
- *
e Ty — 7Y

es un apareamiento no singular.
Consideremos p = 2 y designemos el apareamiento por ( , ). Si

eeAq, definimos x(8) eAq por

(x(8)x,y) = (x,6(y))

N-r-q

para toda err(x), y €H (X*).

Lema F.l. La transformacidén x:A —> A s un antiautomorfismo

que cumple con X(Sgq)Sq = 1, donde
[e ] i
Sq = §;=05q
e ) i
X(sq) = Zi=OX(Sq ) -

Demostracidn.

1) <x(9192)x,y> = (x,9192y> = <x(el)x,92y>

<x(92)x(91)x,y>

2) Sean X®YVE HN_l(X /\X*‘) , entonces
i -3

j i
j=0 (sa’x,sq

¢*(Sqi{X®y)) = 0 =z y?

= Z T (x(sqT T sa’x,y)

Jj=o

y el resultado se sigue.
Queremos proceder ahora con operacicnes de orden superior. Sea

a8 = O una relacién y @ wuna operacidn secundaria asociada con esta

relacibn.
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Queremos definir X(#) por:

X@)x,y) = (x, &8(¥))

Luego yEN(8), ademds P(yv)s3 0 si oz € $(y), luego x{(a)x = O.
Ademds los valores x(8)(x) varian por Im(X(B))., luego X(P) estd
asociada con (B) (o) = 0.

Queremos generalizar esta dualidad a operaciones de orden N.

Primero veamos el complejo dual: Si

CiC e— C) & ——=&— C, «— -—-<— C

es un complejo, construiremos su complejo dual como sigue:
Si ponemos un functor de A-mdédulos en A-modulos gue a todo A-
médulo M asocia el A-mddulo M = HomA(M,A) con estructura de A~

médulo
(a-£) (m) = £(m)X(a)

y a todo f£f:M —> N asocia f*:N-—> M dado por f£*(f){m} = f{p{m})).

Si M es A-mbédulo libre con base {mi}, decimos que ﬁj es base

dual de M si m.(m,) 6... BEs facil ver
J 1 Ji

Lema 5.2. 8i M es libre con base {mi}, M s libre con base

{ﬁi}. §i M;, M, son libres con bases {mi}, {nj} y £:M; —> M,

estd dado por

f(mi) = zaijnj
entonces
f(nj) =3 (aij)mi
3 aN

Definimos E:6°-——> El-——> > EN como el complejo dual a C.
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. r,s . . . : .
si ' es una piramide de operaciones cohomoldgicas asociada

r,s

con C, ($ ) da una piramide de operaciones cohomoldgicas asocia-

da con E.

Ejercicio £.3. Describir explicitamente el complejo C(N,2r),

dual de C{2r,N}.

sea 4 = 1a categoria de espectros estables Y tal que ni(Y)
es finito para toda i y clases de homotopia. Si X es un CW-complejo
{Xd}- denota la familia de subcomplejos finitos de X, idzxd-—> X 1las
inducciones. Recordemos que para llG‘J , definimos grupos de

homologia y cohomologia de X, como

gﬂX)=JﬁquHJX h )
v

J _ . d+n

hd(x%) = pim 2% %0 7

n

Teorema 5.4. Si hed, tenemos

lim h (i ): lim h (X ) = h _(X)
- 49 «a - 4q o q

ne

1im 83(i ) :h% () T 1im nY(x ).
&2 o — o

Tenemos que hq(x } es finito, luego compacto y damos a hq{X) la
o
topclogia compacta inducida por lim hq(xa). Sea G un grupo abelia-
. t
no, designamos por G = Hom(G,Sl) su grupo de caracteres.
. “ t.g .
Si he , sea (h") el functor de CW-complejos en grupos

compactos dadoc por:

t.a _ t . t
(h)} (X} = hq(x) = lim hq(xa)

t . P . -
entonces h define una teoria de cohomologia aditiva, luego por el
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teorema de Brown [11] existe X(h) €.d tal que

. q ~
Th. (h) *(X) =

05 %x) T (h_(x) "
q
Si h,k e.J y uce¢ [h,k]q, existe un Gnico x (u) e[x(k) 'x(h)]q tal que:

q Tk t
x (k) “(X) ——»kq(X}

(W) "
T
x () T(x) —2 hq(x)t

conmuta.

Teorema 5.5. x tiene las siquientes propiedades:

i) y es functor contravariante - ——> 9§ .

ii) para cada heJ , existe una equivalencia natural

Sh:x(h);ﬂ nd ¥ que es natural respecto a h.

iii) xx es naturalmente equivalente con 1:4 —4.

iv) x:[h,h], = [Ex (k) .x(h) la°
v) x:[K(Zz,O),K(Zz,O)]—>EK(Zz,O),K(Zz,O)] es el

antiautomorfismo candnico de A

Demostracibén. Para definir
t q
Spix () —> h

basta suponer X CW-complejo finito y sea X* un m S-dual de X.

Tenemos
x ®ETym™@xnt T x0T alx
q m-q

y el resultado se sigue por el trabajo de G.W. Whitehead en dualidad

de Alexander. 1iii) es consecuencia de que tenemos Sth(h) da una
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q

equivalencia entre yx(h)q y h™. Veamos v). Supongamos

acaA = EK(ZZ,O),K(ZZ,O)]i. S8i X* es un m S-dual de X,

m-q( t t o~

w* = ¥ =
H K*) = Hq( i H (X}
t -t
A = L
~ati ot~ te G+
g 2t hxe)t T Hy (0 ZHT (%)

y es bien sabido que u = y(a), (ver el Lema (5.1)).

Sea

Fr1, k-2 F 1,1 P10 Fk-17> BFy ka1
2k3 > T 2,1 2,0 Bk

un ejemplo universal para una operacién de orden k. Tomando X

obtenemos:
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x(Eo)-éx(El)% .ee = x(Ek_z) — X(Ek_l) —_— X(Ek)

l | |

X(Fp > -o —> x(E ) —>x(F ) —>x (B, ) >BX(E)

k~1,0

(5.7) XE, )Py 5 ) =X (P, ) =X (Fy )

»
.
.

I i

X (F_q,k-2) =X (Fy yo)

l

X(Fk,kwl)

gue resulta también un ejemplo universal para una operacibén de orden
k.

Observese que si Ek-l es el ejemplo universal para la operacibn
asociada con (5.6), y(Fk.o) es el ejemplo universal para la operacidn

asociada con (5.7). Es flcil ver que si (5.6) tiene por complejo

asociado

entonces (5.7) tiene por complejo asociado:

x(ak) x(3;)
x(Ck)<—————— X(Ck_1)<——---<—— x(cl)<——————x(co)

Se puede entonces verificar que si estd asociada con (5.6) ¥

N, .
) ° con {5.7), entonces para CW-complejos duales X, Y y clases

X, Yy en H*(X), H*(Y) respectivamente, que
N,O ,0
(87 %Ly = ).

En particular podemos construir operaciones duales a las operaciones
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N N . -
QZr' x(§2r) y el complejo: C(N,2r)
3 3
- 1 - . N -
Co Cl ceag CN
donde
C tiene A-base C
o o
CN tiene A-base CN
-y =

Ck tiene A-base '{Ck'ck,O"°"Ck,k };

l<k<N~1

y los operadores Si estédn dados por:

( 3.C. = xiﬁqzrla

171 o

S i - sz
4 3161 6 = 59 &

Ol=

Alcl.l = 59 Co
\
y para 2<k<N,

- - 1= k-1 2r-2t, =
3 Cx = 84 Ck~1“"zt=o’<(sq Cro1,t
3.0 =sqlc
3Cx,0 = 59 C_1,0
- - 1- ol=
O Cx,i T 5T Cry,:1+ 5% Cyy,i
- = ol-
%Ck,x T 59 Cpy k-1

es admisible.
Maunder en [ 8 ], demuestra que el complejo C¥*(N,2r) es
admisible al construir operaciocnes cohomoldgicas que se relacionan con

el caracter de Chern.
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Problemas. 1.~ Decidir si las operaciones §§r y las operaciores
de Maunder son duales.
N . n n
2.~ Calcular las operaciones §2r en los espacios CP y QP .

3.~ Calcular fdrmulas de producto para estas operaciones.
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IWO PROBLEMS STUDIED BY HEIN7Z HOPE

Iocan M. James

It is hardly possible to study algebraic topology for long
without coming to appreciate how many good ideas are derived from the
work of Heinz Hopf. Since this Summer School is dedicated to his
memory, I devote these lectures to a report of recent progress in
connection with two out of the many interesting problems which were
at one time or another studied by Hopf.

Possibly the problem of finding Euclidean models of projective
spaces is more facinating than important. But like any good problem
it has, over the years, acted as a great stimulus for the development
and testing of new methods and techniques. There are some striking
achievements to report, as well as much useful work, even though the
basic questions remain to a large extent unanswered. For reasons of
space I have not attempted to give a step-by-step review of the
progress of the subject but rather to give a sketch of the present
position including (I hope) the best specific results which have so
far been obtained. As an introduction the reader would do well to
consult the two most relevant papers of Hopf [34], [35] (these
numbers refer to the bibliography for the first part of these
lectures). A stimulating account of recent work on embeddings and
immersions has been given by Gitler [227]. These notes are based on
my survey article [39] on the same subject, but the material has been

rearranged and by reducing the length of the introduction it has been

possible to deal with other matters more thoroughly, and to repair
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some omissions. Many improvements are due to the helpful comments of
Professors Adem, Feder, Gitler, Lam and Mahowald, in Mexico, and to
Drs. Rees and Steer, in Oxford. As well as these I would also like
to thank those who provided preprints of work in process of
publication.

The second part of these lectures is concerned with certain
problems discussed by Hopf in the Courant Festschrift. The basic
questions are as follows. Consider a sphere-bundle, for example the
bundle of unit tangent vectors to a Riemannian manifold. When does
there exist a fibre-preserving map of this sphere-bundle into itself
which transforms each vector into an orthogonal vector? When does
there exist a fibre-preserving homotopy which deforms each vector into
its own opposite? 1In these lectures I give an introduction to
research on these questions, including a few results directly inspired

by the original article of Heinz Hopf.

PART I: EUCLIDEAN MODELS OF PROJECTIVE SPACES

1. Introduction

Due to limitations of space I will, in these lectures, restrict
. . . . W
my attention to manifolds etc. which are smooth, in the C sense.

Let X be a compact connected manifold. Let Rq(q==l,2,...,) denote

q

euclidean g-space. We write XcCR (resp. XgRq) if X can be

embedded (resp. immersed) in R?. The fundamental papers of Whitney

2m-1

[81], {82] show that XCRzm and XcR , where m = dimX. It is

interesting, in particular cases, to try and determine the least
integer q such that Xch, or such that XgRq.

We describe a vector bundle E over X as a normal bundle of
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X if the direct sum E®T(X) 1is trivial, where T{X) denotes the
tangent bundle of X. The (mod 2) Stiefel-Whitney classes of a
normal bundle E are determined by those of T(X) and are denoted
by w.(X) (i=1,2,...,) where ﬁi(x)eni(x). Of course W.(X) =0
for i>dimE. An immersion of X in Rm+k, where m = dimX,
determines a normal k-plane bundle E. If the immersion is an
embedding then E has various special properties, for example

Gk(x) = 0. By the fundamental theorem of Hirsch [33], if there
exists a normal k-plane bundle of X, with k>1, then there exists
an immersion of X in Rm+k. In particular if X 1is parallelizable
{i.e. if T(X) 1is trivial) then there exists an immersion of X in
Rm+1. The corresponding theorem for embeddings, due (amongst others)
to Browder [13], is considerably more complicated. Some indication
of the extensive literature on these and related matters can be found
in the articles of Gitler [22] and James [39].

The purpose of these lectures, however, is not to discuss the
general theory but to report progress in the special case where X
iz one of the projective spaces. There are various special features
in this case and it has attracted great attention from the outset.
Two papers of Hopf [347, [35] are particularly concerned with this
problem and contain a number of ideas which have proved particularly
fruitful, especially in relation to the results described in 2
below.

Consider the algebra K, over the reals, where K = R, the real
numbers, K = C, the complex numbers, or K = H, the quaternions. We

regard the n-dimensional projective space KPn(n==O,1,2,...) as a

dn~-manifold, in the standard way, where 4 = dimRK. Also we regard
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kP"-1 as a submanifold of KP", where n3>1, so that KPP-kPP~l is
a dn-cell. Note that an embedding or immersion of k" determines,
by restriction, an embedding or immersion of KPn-l. For the sake of
simplicity, inferences of this type will generally be omitted when
specific results are being discussed.

The mod 2 cohomology ring of kP” is a truncated polynomial ring
of height n+l, generated by an element uEHd(Kl?n) . Except in case
K = R, the corresponding statement is also true for integral
cohomology. The normal Stie fel-Whitney classes are given (see [12])

by

n+i, i

- n
(1.1) wdi(KP ) = ( i yu .

If n is a power of two then the binomial coefficient in this formula

is non-zero, mod 2, for all i<n, and so we obtain

n
Theorem 1.2. Let n be a power of two. Then KP cannot be

2dn-4d 2dn-4-1
R R .

embedded in or immersed in

Embeddings of projective spaces can be constructed by direct
. n .
methods. For example suppose that we represent points of KP in

the usual way hy vectors
z = (zo,...,zn) (zo,...,zneK)

of unit modulus, with scalar action on the left. Write W, = z z

and, for i=1,...,2n-1, write

= vz Z = i .
w, rz z, (s+t i,0g<s<t<n)

The vector (wo,...,wn) defines a point of euclidean (2dn-d+1)-space,
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since the first component is real, and is independent of the choice of
representative z for a given point of kp'. The mapping thus defined

is an embedding and so we obtain

Theorem 1.3. For all values of n there exists an embedding of

2dn-d+1
Kpn;anJ'

A modification of the same construction shows that the Cayley
projective plane, which is a 16-manifold, can be embedded in R25.
This type of construction was first used by Hopf [34], in the real
case, and extended by James [37] to the other cases. However the

rational formulae we have given are due to Vranceanu [79]. By

similar methods Hopf [34] and James [37] have proved

Theorem 1.4. Let n be odd and let n>»1l. Then RPnc:Rzn"l

and cp”cri"3.

Given a sphere-bundle over a manifold it is to be expected that
there is some relation between the immersion problem for the base and
that for the total space. Sanderson [68] has studied this
relationship in the case of a principal bundle and has obtained the

. . . ] 2m+1 .
following application. Recall that if m>1 then RP fibres
4+ 3 m
over CPm and RP fibres over HP . 1In both cases the

fibration is that of a principal differentiable sphere-bundle and we

obtain

q 2m+l | g+l m__q

Theorem 1.5. If CP" cR? then RP <R, 1 mP"cR

then RP4m+ 3 c R 3 .

With the help of these and other considerations we arrive at
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Theorem 1.6. If n>1 then RPnngn_l. Also RP3gR4. Let
n>3. If n=1 mod 2 then RPng:_Rzn-3. If n=3 mod 4 then
RPnngn-6.

Whitney's theorem gives the first result. The second follows
. . 3, .
from Hirsch's theorem since RP is parallelizable. The other

results are obtained by applying (1.5) to the embeddings of (1.4).

2. Special features of the real case

The real case presents a number of special features which
require separate discussion. First of all R]?n has 2-torsion, for
n > 2; moreover RP" is non-orientable when n is even. The Hopf
line bundle H over RP" satisfies the relation H@Ha1l. The

tangent bundle T(RPn) satisfies the relation

(2.1) T(RP") ® 1 (n+1)H.

Hence if E 1is a normal k-plane bundle of rRP" then
(2.2) E@H® (n+l) » (n+k+1)H.

Following Sanderson [67] we refer to E@H as a twisted normal

bundle of RP'. Sanderson [67] (see also James [38]) notes that
n
(n+k+1)H~ 18 T|RP ,
where T = T(RPn+k) . and so we obtain

. . : n . n+k
Theorem 2.3. There exists an immersion of RP in R if

and only if there exists over R a field of orthonormal n-frames

of tangents to RPMk.
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In [35] Hopf considers a number of problems which are related to
those we have been discussing, including the following. Let t>m

and t>n. By an axial map
m n t
g:RP X RP —>RP
we mean a map such that

m n

g(x,e}) = x, gle,y) = y(X€RP ,yERP ),
where e denotes the basepoint in all cases. For example, suppose
that we have a bilinear map

h=Rm+l « Rn+1 __>Rt+1

We describe h as pon-singular if h(x,y) is non-zero whenever

1 1 . s .
xERm+ and yERm' are non-zero. When this condition is

satisfied we obtain from h a map
m n t
g:RP xRP —>»RP ,

which is homotopic to an axial map. For example, take t = m¢n. Then

a non-singular bilinear map h is given by

hix,y) = 2 = (zo,...,zm+n),

where
z cz x,vy. (O<k<m+n)

k it j=k

For suitable values of m and n it is possible to find non-

singular bilinear maps with lower values of t than m+n. This is
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shown by Adem [2], [3], Behrend [11], Hopf [34], Lam [42], [43], [44],
[45] and Milgram [61], amongst others.

One of the earliest applications of cohomology theory is the
proof by Hopf [35] that axial maps do not exist, for certain values of
m, n and t. In modern terminology we take cohomology with mod 2

coefficients and identify
H* (RP" x RP") = H*(RP") ® H* (RP") ,
in the usual way, so that a map
g :RPm X RPn —>RPt
induces a (ring) homomorphism
g* :H* (RPC) —>H* (RP™) ® H* (RP") .

If g is axial then g*u = u®1l+1®u, where u means the same as in

§1, and hence

t+l t+1
g* (™) = (g™ = (ualrlgu)
- Z (r+s)ur® us
r+s=t+1
Since ut+l = 0 this establishes

. . m n .
Theorem 2.4. If there exists an axial map of RP xRP into

t . . .. .
RP  then the binomial coefficient ( ) 1is even,_for t+l-n<r<m.

t+1
r

For example, when t+2 is a power of two it follows that no

axial map exists unless t>m+n. Further necessary conditions for
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the existence of axial maps have been found by James [38], using the
Adams y-operations of K-theory, and recently by Davis [15] using
powerful techniques of the Postnikov type.

It was pointed out by James [38] that a general solution of the
axial map problem would enable us to determine the geometric dimension
(see [8]) of all vector bundles over real projective space, and there
are strong implications from the latter problem back to the former.

In particular Sanderson [67] has noted

. . k
Theorem 2.5. 1f there exists an immersion of RPn in Rn+

. . n n nt+k
then there exists an axial map of RP xRP in RP . Moreover the

converse is true when 2k>n.

In fact the converse of (2.5) is true without exception. The
proof is somewhat indirect and will be given in a forthcoming
publication. Although the result is less strong, a more direct proof

can be given of

Theorem 2.6. If there exists a non-sinqular bilinear map

n+k: . : n ., n+k
Rn+l an+l-—>R el then there exists an immersion of RP in R .

This result of Ginsburg [20] is proved as follows. A bilinear

map h, as above, determines a map

n n+l n n+k+1
h*':S xR —>S xR .

where the first component is the natural projection and the second is

h. Clearly h induces a homomorphism

h":(n+l)H -zn+k+l

of bundles over RP'. If h is non-singular then h" is injective
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and the cokernel of h" 1is a k-plane bundle E such that E® (n+l)H
is trivial. Hence E 1is a narmal bundle to RPn, by (2.1), and so
(2.6) follows from Hirsch's theorem.

Whether the converse of (2.6) is true or not appears to be an
open question. With tle possible exception of n = 19 the converse
has been shown to be true for n<23 through work of Adem [27, [3]
and Lam {42], [431, [44], [457. However Gitler [22] has conjectured
that the converse is false for n = 19, 24, 29, 30. Some other
questions of this type are discussed by Gitler and Lam [24].

I do not know whether, in general, it is possible to give a
direct construction for the immersion in (2.6) and avoid the use of

Hirsch's theorem. However if

h:Rn+l an+l-—> Rn+k+l

satisfies a further condition then we can construct an embedding of
RPn as follows. We describe h as gymmetric if h(x,y) = h(y,x)
for all pairs x,Y<ERn+l. The example given above has this
additional property, when m = n and t = 2n. A non-singular

bilinear map h determines a map 1:8" — Sn+k, where

1{x) = h(x,x)”h(x,x)”nl(xézsn).

Note that if 1(x) = 1l{y) (x,yes“) then h{x,x) = xzh(y.y) for
some real number ). When h is symmetric this implies that
h{x-\y,x+1y) = O, and hence x = +)y. The map of rP" determined by

1 therefore constitutes an embedding and we obtain

Theorem 2.7. If there exists a non-singular symmetric bilinear

n+1l X n+l . n+k+1

map of R R into R then there exists an embedding of
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The construction on which (2.7) depends is due to Hopf [347, who
uses it to illustrate the way topological methods can help to solve
problems in algebra. It seems unlikely that the converse of (2.7) is

true but I do not know of an example to the contrary.

3. Further results in the real case

At this stage we begin to find it convenient to state conditions
in terms of the function g({n) which is defined as the number of
non-zero digits in the binary expansion of n. If n 1is a power of
two, for example, then (n) = 1, and conversely.

In this section we describe some special methods for showing
that RP" cannot be immersed when the dimension of the euclidean
space is too small. When n+l is a power of two the normal Stiefel-
Whitney are all zero, but in this case an entirely different method
due to James [38] can be used. This method has been simplified by
Adem and Gitler [5] on the following lines.

The Thom spaces of vector bundles over RP" have been studied by
Atiyah [7] who has shown, in particular, that the Thom space of

n+r r-1
/

rH(r = 1,2,...) 1is homeomorphic to RP RP , the space obtained

n+r . -1 .
from RP by collapsing RPr to a point. Suppose that we have

a normal k-plane bundle to RPn, for some k. Consider the Thom
space T of the corresponding twisted normal bundle. Since T is
(k~1) ~connected the embedding RPn-—>T, given by the zero-section,
. . . k-1
can be deformed into a map which is constant on RP . and hence
. n k-1 . . .

determines a map f£:RP /RP —T. From Atiyah's results, using

1
o+l

(2.2), it follows that the (n+l)-fold suspension S is

homeomorphic to Rp2D¥k+l ppi+k  pence the (n+l)-fold suspension of
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f can be regarded as a map

nt+l

s f:Sn+l(RPn/RPk_l)-—> RP2n+k+1

/RPn+k

n+1 \ R . .
Note that S f is homotopic, for dimensional reasons, to the

inclusion of a map

2n+1 n+k

-1
g™ (=e?/reX ) — rp /RP .

Suppose that n+l is a power of two. Then a simple calculation
(see [57) shows that g induces an isomorphism of mod 2 cohomology,
and hence that RPn/RPk"l is S-reducible if RPzn"'-l/RPn'+k is s~
reducible. The S-reducibility problem for these spaces has been

settled by Adams [1l] using the y-operations of K-theory, and we at

once deduce

2n=-
Theorem 3.1. Let n = 2 -1, where r>4. Then RPngR n=q,

where

g = 2r{r=1,2 mod 4),
q = 2r+l(rEO mod 4) *

q = 2r+2(r =3 mod 4).

Efforts have been made to apply a similar method to other cases
but this appears to be an isolated result. The conjecture that (3.1)
is a best possible result has been established by Gitler and Mahowald

[27] who used Postnikov methods to prove

2n-g+1
Theorem 3.2. If n and g are as in (3.1) then RPnEan+ .

Of course the cases n = 3, 7 are already dealt with in 1.

various other immersion results have been obtained by Postnikov
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methods including

Theorem 3.3. If n=0mod 4 and n is not a power of two then

RPnngn—s. If n=4 mod 8 and n-4 is not a power of tweo then

n 2n-7 .
RP cR . If n=Omod 8 and n is not a power of two then

n 2n~S
RP cR .

. n 2n-8
Theorem 3.4. If n is odd and «{n) >3 then RP cR - 1If

n=3 mod 4 and a(n)>5 then RPnngn-g.

The first part of (3.3) is due to Gitler and Mahowald [25]. The
remainder of (3.3) and (3.4) in case n=1 mod 4 1is due to Randall
[657, while (3.4) in case n=3 mod 4 is due to Johnson [40]. Since
all these results turn on somewhat complicated calculations it is
unfortunately impossible to say much about them here. However the
general approach is dealt with in Prof. Gitler's lectures in this same
volume.

Returning to negative results, much useful information is

contained in

Theorem 3.5. If n 1is of the form 2r+23+1(r>s22) or

2%42(r>2) then RP"ZR®™>. 1If n is of the form 2 +4(r>2) then

rp" £ R2n-—7 .

The first part of (3.5) was established by Adem and Gitler in
[5] by means of secondary operations. The case n = 2r+2 was
established by Baum and Browder [10] as an application of their
analysis of the cohomology structure of the projective orthogonal

group. Subsequently Gitler and Handel [23] extended this analysis

to the projective Stiefel manifold. This enters into the immersion
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problem as follows. Consider the Stiefel manifold V of
ntk+1l,n+1
orthonormal n-frames of tangents to Sn+k, with the involution given

. . . k
by transfering the n-frame to the antipodal point on Sn+ and
simultaneously changing the sign of each of the n vectors. By

factoring out this action we obtain the projective Stiefel manifold

. n+k . .
Un+k+l,n+l' with RP embedded in the obvious way. It follows
n . . n+k
from (2.3) that RP can be immersed in R if and only
. ; n . . . (s
Un+k+l,n+l admits a cross-~section over RP . This implies conditions

on the cohomology from which Gitler [21] obtains ({3.5}.

4. Purther negative results

The main purpose of this section is to give some account of the
information to be obtained from the integrality theorems of Atiyah,
Hirzebruch, Mayer, Sanderson and Schwarzenberger. These are
primarily designed for manifolds without 2-torsion; nothing useful
is obtained in the real case.

Consider the integral cohomology of a manifold X, as before.
The (tangential) Pontrjagin classes of X are denoted by
pi(X)<§H4i(X) (i=1,2,...) in the usual way, and the normal
pPontrjagin classes by Ei(x)e H4i(X). Recall that the square of the
Buler class of a 2t-plane bundle, where t>1, is equal to the
Pontrjagin class in dimension 4t. Hence ﬁt(X) is a perfect square
if ){EJSHZt, where m = dim X. In this way it can be shown (private
communication from Prof. Mahowald) that the Cayley projective plane
cannot be immersed in R24: we recall that this l16-manifold can be

£

- 2~/ 2
embedded in R ~. The same argument shows that HP cannot be

. . 12
immersed in R . More generally we have
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Theorem 4.1. If n is a power of two then HPngRBn—‘l.

In case n>2 this result is proved by Mahowald and Peterson
[55] using secondary cohomology operations.

The integrality theorem of Atiyah and Hirzebruch [9] applies in
case X 1is an orientable 2m-manifold. Certain polynomials in the
Pontrjagin classes pl(X} ,...,pm(X} are defined, with rational

.. . 2m+21
coefficients. The theorem asserts that if XcR then each of
the rational numbers obtained by evaluating these classes on X is

the quotient of an integer by 2m+1-l. In case X satisfies

m+1-2 . The

certain further conditions we can replace the divisor by 2
polynomials arise from consideration of spin representations; we omit
the details. A useful lemma of Sanderson and Schwarzenberger [69]
shows that exactly the same condition holds on the alternative
hypothesis that XgR2m+21_l. A number of variants of the basic
integrality theorem have been established by Mayer and Schwarzenberger

[60] and by Mayer (58], [59]. If X is a complex or quaternionic

projective space the conclusions reached are

Theorem 4.2. If n>2 then cP”  cannot be immersed in

4n-2 -1 - -
R aln) . or embedded in R4n 2a(n) 2. Also HP  cannot be

R8n—20¢(n) -3 8n~2¢(n} -2

immersed in or embedded in R

Theorem 4.3. Let n be even. If a(n) =1 mod 4 then
4n-2a(n)+1

ce" ¢Rr . If a@(n)=2 or 3 mod 4 then CP"¢&R

f @{n) =3 mod 4 then CPn¢R4n—2a(n)+2’

Theorem 4.4. Let n>1. If a{(n) =2 mod 4 then

8n- - - -
g r2P2e(M -2 1p (n) =0 or 3 mod 4 then mp"ggrSPT2e(n)-l
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If a(n) =0 mod 4 then mp"g rEPTPA(D)

Some of these results have been obtained by Steer [70] using a
rather different method, and others by Feder and Segal [19]
(correcting an error in Feder [17]) using yet another method. 1In all
cases, however, the fundamental process is K-theoretic.

In the real case there are a few additional non-embedding

results which we collect together as

Theorem 4.5. If n-1 is a power of two then RPHQfRzn-Z. If
. n 2n-4 .
n-5 is a power of two and n>21 then RP &R . If n-3 is of
r s -
the form 2 +2 (r>s»2) then RP" ¢ r2%78,

The first of these three results has been established
independently by Levine [46] and Mahowald [49]. The remaining results
are proved by Adem, Gitler and Mahowald [6], using secondary

cohomology operations.

5. Further positive results

m
We can regard the sphere Sm+n+l as the join s™s® of s
with Sn. Points of the join are represented by triples
m n
(x,y,t) (x€8 , y€S ,tel)
subject to the usual identifications. To obtain RPm+n+l
. . . 1 .
identify (x,y.t) with (-x,-y,t). 1In RPm+n+ the triples where

m .
t = 0O form a subspace RP , while those where t =1 form a

(disjoint) subspace RPn. We denote the Hopf line bundle over RPq

by Hq(q = m,n). The subspace of RPm+n+l where t<X% can be

identified with the disc~-bundle of (n+l)Hm; the subspace where
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t>% with the disc-bundle of (m&l)Hn. Thus we can construct

m+ N+ 1 \ . o
RP from these two disc-bundles by identifying the total spaces
of their associated sphere-bundles in an appropriate fashion. 1In the
literature (see Atiyah [77, Epstein and Schwarzenberger [16], Milgram
[61] and Steer [71]) the properties of this construction are exploited

in various ways. Following Milgram [61] we refer to it as the

projective join.

The projective join can be used to construct immersions of
RPm+n+l as follows. First choose immersions of the disc-bundles of
(nr+1)H  and (m+1)Hn. Next consider the restrictions of these
immersions to the total spaces of the associated sphere-bundles.
Transfer one of these to the other space, using the homeomorphism
determined by the intrinsic join construction. Then we have two
immersions of (say) the sphere-bundle associated with (n+1)Hh, and if
these can be deformed into each other by a regular homotopy then an
immersion of RPm+n+1 can be obtained. A similar method can be used
to construct embeddings. Complex and quaternionic projective spaces
can be treated similarly.

There are two basic ways of obtaining normal bundles, and hence
immersions. One is to construct a monomorphism of the tangent bundle
of appropriate dimension and take the cokernel. The other is to
constryuct an epimorphism of the trivial bundle onto the cotangent
bundle and take the kernel. Milgram [61] adopts the second approach
and constructs "spanning sets” by methods of linear algebra. These
originate in low dimensions, where they can be written down

explicitly, and are combined by a process based on the projective

join. Using this method we obtain



151

Theorem 5.1. Let n>7. If n=z=0 or 1 mod 8 then

2n- —o(n) -
neg?Pmel® 1 3 or 5 mod 8 then RrEPcrZMTE(ML

RP If

n=7 mod 8 then Rrp"grZPTE(M) 4

This result is due to Milgram [61] except for the case n =7 mod
8 which is obtained by Lam [447. Purther information is obtained
by Nussbaum [64] (the general case), by Lam [42] (the case n = 12)

and Adem [2] (the case n = 20) who prove

Theorem 5.2. If n i f the form 2r+4, where r >3, then

n 2n=-6
RP CR .

Steer [71] has shown that Milgram's procedure can also be used
for the construction of embeddings. Recently Rees [66] has shown that
RP]'5 can be embedded topologically in R23. This result can be used
to start one of Steer's inductive processes and then the result stated

in [71] can be improved to

2n-g(n)

Theorem 5.3. If n>7 and n#l mod 8 then RP" CR If

n>15 and n=7 mod 8 then Rp"cgZP(R)-3

Milgram and Rees [627 have developed the theory in another
direction and this has enabled Rees [66], with the help of the Browder

embedding theorem, to prove

Theorem 5.4. If n=1mod 8 and a(n) <8 then

2n- 1
RePcrZPTEMFL e L3 or tmoda 8 and a(n) <6 then
2n- -
RPnCRP n-a(n) l.
n 2n-7
Theorem 5.5. If n=7 mod 8 and n>23 then RP <R . If

n=7 mod 32 and n>39 then RPnCRzn_S.
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In the complex case Steer [71] proves

4n-
Theorem 5.6. If n»2 then cP cr?? (M),

. n 4n- -1
n-1 1is not a power of two then CP CR n-e(n) .

If n is odd and

The existence of immersions under precisely the same conditions
was established by Milgram [617. Finally Milgram [61] (the immersion

case) and Steer [71] (the embedding case) have proved

Theorem 5.7. If n>»2 then HP' can be immersed in

8n-g(n)+4

Sn-
R a(n)+3’ and embedded in R .

For low values of ¢{(n) these general results can be improved

as follows

4n-
Theorem 5.8. If n>3 and a(n)>1 then cP"cr " 2. If n
. n 4n=-5
is odd and «@(n) >2 then CP <R . If n=3 mod 4 then
4n-
cp"cr""7C.

8n~4
Theorem 5.9. If n>1 and @(n) >1 then HPnc:Rn and

8n-5 8n~6

n 8n-5
cR " . If @(n)>2 then HP cR and HP"cR .

HP

In both theorems the first assertions are due to Sanderson [68].
The second assertion in (5.8) is proved by Randall [65], using
Postnikov methods. An independent, but similar, proof has been given
by Johnson [40], who also established the second assertions in (5.9).
The third assertion in (5.8) is due to Steer [73]. By applying (1.5)
to these results we obtain information concerning the real case,
including some of the results mentioned previously.

For low values of @(n) the general results on embeddings can

also be improved by a theorem of Mahowald [51] as follows
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2n-2
Theorem 5.10. If n>3 and n=3 mod 4 then rP"cR"7C. If

n is even and neither n pnor n-2 is a power of two then

2n-
RPncRnB. If n=1mod 4 and n-1 4is not a

n 2n-3
RP CR .

f two then

:

. 14 23
Finally we remark that Rees [66] has shown that RP CR and

. . . 7
has also shown that there exist piecewise-linear embeddings of RP

in Rlo and of RP15 in R23.

6. A few "best possible" immersions

The various results we have mentioned determine, in a range of
k ,
cases, the least value of k such that RPngR . This "best
possible" dimension is given by (3.1) and (3.2) in case n is of the

form 2°-1(r>4), and by the following table when n = 2°,...,2%47

(r>3)
n k reference
2t 2n-1 (1.6), (1.2)
2541 2n-3 (1.6), (1.2)
2542 2n-4 (1.6), (3.5)
2543 2n-6 (1.6), (3.5)
2544 2n-6 (5.2), (3.5)
254 2n-4 (5.1), (3.5)
2546 2n-6 (5.1), (3.5)

2547 2n-8 (5.1), (3.5)
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PART II: BUNDLES WITH SPECIAL STRUCTURE

1. Introduction

Let E Dbe an orthogonal sphere-bundle over a base space B. We
describe a fibre-preserving map £:E —»E as an A-structure if fx is

orthogonal to x for all x¢E. We describe a fibre-preserving

homotopy gt:E->E(tE I} as a homotopy-symmetry if gox = x and
glx = -x for all =x¢cE. We observe that an A-structure f

determines a homotopy-symmetry Iy where
(1.1) gtx = X cos gpt+ £(x) sin gt.

Among the fibre-preserving maps of E into itself are those which
are orthogonal, in the sense that each fibre is transformed into
itself by an orthogonal transformation. Hence the notion of

orthogonal A-structure is defined. BAlso, by extending the term to a

family of maps, so is the notion of orthogonal homotopy-symmetry.

Note that Iy in (1.1}, is orthogonal if f 1is orthogonal.

One condition needs to be satisfied before E c¢an have any of
these four properties. Suppose that E 1is an (n-1)-sphere bundle.
The antipodal map on the (n-1)~sphere has degree (—l)n. Hence n is
even if E admits a homotopy-symmetry, and a fortiori if E admits
an A-structure. Consequently we assume, henceforth, that the fibres
of E are spheres of odd dimension.

Let E be the n-plane bundle associated with E, so that
E = 8{(€}). Let ) denote the Hopf line bundle over Sl, regarded as

the real projective line. Consider the n-plane bundles E®) and
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E®1, over BxS'. We identify c@r|Bvsl with £@1]Bvsl, in the

obvious way, and prove

Theorem 1.2. The sphere-bundle S(g£)} admits a homotopy-

symmetry if and only if there exists a fibre-homotopy eguivalence

between S(Z@)) and S(2®1), extending the identity on Bvsl.

Hence and from the formula (see [20]) for the (mod 2) Stiefel-

Whitney classes of the tensor product we obtain

Corollary 1.3. 1In the case of a homotopy-symmetric sphere-

bundle all the odd-dimensional Stiefel-Whitney classes are zero; in

particular the bundle is orientable.

The conclusion of (1.3) is true, a fortiori, if the bundle admits
an A~structure. In this form the corollary has been proved in [14]
by a different method involving the relative Stiefel-Whitney classes
of Kervaire [17]. Of course {(1.3) is well-known in case the sphere-
bundle admits an orthogonal A-structure since then the existence of
Chern classes shows that the even-dimensional Stiefel-Whitney classes
are the reductions of integral classes, and hence the conclusion
follows from consideration of the appropriate coefficient exact
sequence. By the reverse of this argument we deduce from (1.3), as
it stands, that the even-dimensional Stiefel-Whitney classes of a
homotopy-symmetric sphere-bundle are the reductions of mod 4 classes,
and examples can be given (see [157) to show that they are not
necessarily the reductions of integral classes.

To prove (l1.2) we represent points of Sl by complex numbers 2z

of unit modulus, in the usual way. Let p:E —»B denote the
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projection, where E = S{€). Consider the space E formed from

E xSl by identifying (x,z) with (-x,-z) for all X¢E, z ESl. We
fibre E over B xsl with projection P given by p(x,z) = (x,zz),
and observe that E = S(E® )\). Suppose that we have a homotopy-
symmetry gt:E —>E. Then a map h:ExS —»E 1is defined by h(x,exprt)=
gtx = h(-x,~expgt}) , for o<t<l. Furthermore h determines a map
k:E —>E such that pk = 1P, where 1:B xSl-—>B denotes the left
projection. Let k':E —E xSl = 1*E be given by k'(x,z} =
(k(x,z),zz). Then a standard argument (see [6]) shows that k' is a
fibre~-homotopy equivalence, rel. Bv'sl. This establishes (1.2) in
one direction and a straightforward reversal of the reasoning
completes the proof. Notice, moreover, that k' is orthogonal if

and only if = is orthogonal, so that we also obtain

Theorem 1.4. The sphere-bundle S{£) admits an orthogonal

homotopy-symmetry if and only if there exists an isomorphism between

E®X and E£®1, extending the identity on Bv Sl.

Of course these results give useful necessary (but in general noct
sufficient) conditions for the existence of ordinary or orthogonal
A-structure. Moreover, the existence of a2 homotopy-symmetry (resp.
orthogonal homotopy~symmetry) implies the existence of an
A-structure (resp. orthogonal A-structure) when the sphere-bundle
concerned is stable, in an appropriate sense. This will be shown in
the next section. Of course (1.2) and (l1.4) can, with some loss of
strength, be reformulated in terms of K-theory. For this purpose,
however, it is possible to use other methods as indicated by James

[107, extended by Becker [4] and further extended by Woodward (in
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preparation) .

2. In the stable range

As before let E be an orthogonal (n-1)-sphere bundle over E,
with n even. Consider the group on of orthogonal transformations
and the subspace Oé of orthogonal skew-symmetric transformations.
Make O  act on OA by conjugation. Recall (see [19]) the well-

known

Theorem 2.1. The sphere-~bundle E admits orthogonal A~

structure if, and only if, the associated bundle with fibre O;

admits a cross-section.

Consider also the space O; of paths in On from e to -e,
where e denotes the identity transformation. We make On act on
itself by conjugation (the adjoint action) and transmit this to Og
in the obvious way. By modification of an appropriate proof of (2.1)

we obtain

Theorem 2.2. The sphere-bundle E admits an orthogonal

homotopy-~symmetry if, and only if, the associated bundle with fibre

o; admits a cross-section.
An on—equivariant map h:Oé-—» O; is given by
h{a) = e cos gt+ a sin gt (aeor'l,te:[).

Consider the corresponding map of the associated bundle with fibre
Oé into the associated bundle with fibre Og. It follows from the

main theorem of Bott [57] that
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h*:ﬂr(On) — "r(on);w"r+l(on)

is bijective for r <n-3. Suppose that B is a locally-finite CW-
complex of finite (cohomological) dimension. If dim B<n-2 then,
using classical obstruction theory, it follows that the associated
bundle with fibre Oé admits a cross-section if the associated bundle

with fibre og admits a ¢ross-section. Thus we obtain

Theorem 2.3. Suppose that dim B<n-2. Then E admits an

orthogonal A-structure if (and only if) E admits an orthogonal

homotopy-symmetry.

In the ordinary case, the corresponding result is

Theorem 2.4. Suppose that dim B<n-4., Then E admits an A~

structure if (and only if) E admits a homotopv-symmetry.

Perhaps the easiest way to prove (2.4) is as follows. Let
pP:E — B denote the given fibration. Let E' now denote the space
of pairs (x,y), where x, y¢cE, such that px = py and such that x
is orthogonal to y. We fibre E' over E with projection p’
given by p'(x,y) = x. An A-structure f on E determines a cross-
section f':E-— E', where f'x = (x,fx), and conversely a cross-
section determines an A-structure.

Let E" denote the space of paths A in E such that px 1is
stationary in E and such that }(0) = =-)(l). We fibre E" over
E with projection p" given by p"A = A(0). Then p"h = p', where

h:E' — E" 1is the map defined by

h(x,y){(t) = x cos gt+y sin gt (te€I).
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A homotopy~symmetry gt:E-—>E determines a cross-section
f":E —»E", where f"(x)(t) = gt(x), and conversely.

Consider the fibre Sn_l of the original fibration p:E —>B
which contains the basepoint e ¢E. The fibre of p':E' ->E over e
can be identified with Sn-2’ the equator in the hyperplane orthogonal
to E. Also the corresponding fibre of p":E* —E can be identified

. n-1 . n-1
with QS , the space of paths in S from e to -e, so that h

n-2 . .. .
maps X&€S into the great semicircle through x. Hence it

follows from the Freudenthal suspension theorem that

n-2 n-1 n-1
ho (ST ) — (@8 7) = o (5 7)

is bijective for r <2n-6. By hypothesis we have dim E =
dim B+ n-1<2n~5, so it follows from classical obstruction theory
that p':E-—>E admits a cross-section if p":E" —»E admits a cross-
section. This proves (2.4). Notice that the "stable range" for {2.3)
includes two dimensions which the "stable range"” for (2.4) does not.
In view of (1.3) let us now assume that E 1is oriented, i.e.
that the structural group is reduced to the special orthogonal group
Rnc:on. Since the space OA has {exactly)} two components it follows
that the associated bundle with fibre o, has (exactly) two
components. The image of a cross-section of this bundle may lie in
either component; thus we can distinguish two types of orthogonal
A-structure. Consider the adjoint action of an element of On—Rn,
i.e. an improper orthogonal transformation. This action transforms
E into an oriented bundle E, and at the same time transforms an

orthogonal A-~structure f on E into an orthogonal A-structure f

on E. However, £ and f are of different types (in the above
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sense). The situation is precisely similar for ordinary A-~structure
when n>6, and for both ordinary and orthogonal homotopy-symmetry
when n>4. When n = 4 however, it is necessary (as observed by
Hopf) to distinguish not just two but an infinity of types of

A-structure.

To clarify the situation we return to the proof of (2.4), with

B a point-space, so that E = Sn_l. Write E' = Vé (instead of the

usual notation for the Stiefel manifold) and write E" = V;. Recall

that "% is the fibre of PV —> gh-t

of p":V;-—» Sn_l. If 3 1is any element (such as a generator) of

and (s™Y) is the fibre

(Sn_l) then the set ﬂn_l(sn_z) is equivalent to the subset

p;'lycznn_l(Vé), also the set #

Th-1

n_1(QSn_1) is equivalent to the

subset p:"lyc:wn_l(vg). It follows that p' admits two classes of
cross-section when n>6, and an infinite number when n = 4. Also
p" admits two classes of cross-section when n2>4.
Now let E, as before, be an oriented (n-l)-sphere bundle over
n-1

B. An A-structure f:E — E determines an A-structure on S , by

restriction to one of the fibres, and hence an element of ﬂn_l(VA).
This element does not depend on the choice of fibre and will be
denoted by o«(f). Similarly a homotopy-symmetry gt:E-—> E

determines an element B(gt) Eﬂn (V;). We refer to «w(f) as the

~1
type of £, and to B(gt) as the type of g, . There is an obvious
relationship between these two elements in case =N is determined by
£f as in (1.1).

Note that if f:E —E is an A-structure then so is ~f, where

(-f)x = f{-x)(X€E). If n=2 mod 4 then «(f) # o{-f), as shown

in 56 of [11]. Hence and from the corresponding result for homotopy-
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symmetry we obtain

Theorem 2.6. Let n=2 mod 4. If E admits an A-structure

(homotopy~symmetry) of one type then E admits an A-structure

H

(homotopy~symmetry) of the other type.

3. Manifolds

Let M Dbe a compact Riemannian manifold. Let X be a field of
unit tangent vectors on M with finite singularities (i.e. X is
undefined on a finite set). Homotopies between two such fields are

defined in the obvious way. We describe a homotopy Xt as a

homotopy~symmetry of X if Xo =X and X1 = ~X. Note that a field

(X,Y) of orthonormal pairs, with finite singularities, determines a

where (3.1} X, = X cos gt+Y sin gt {(te€1I).

homotopy~symmetry X t

t

We refer to the survey article of Thomas [22] for general
information about index theory. 1In particular we recall the

celebrated result of Hopf which establishes that
(3.2} Index (X} = y(M),

where y(M) denotes the Euler-Poincaré characteristic. Various
further results are known concerning the index of a field of
orthonormal pairs, and more generally.

The index of a homotopy-symmetry X, can be defined as follows.

Around each of the singularities X, defines, in an obvious way, a

homotopy~symmetry of a (non~singular) field of unit tangent vectors

- .- n-1
to Sn 1, where n = dim M. Each of these determines a map of §

into Vg and hence an element of g (V;). We define Index(Xt)

n-1

to be the sum of these elements, with orientations taken into account
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Note that if Xt is a homotopy-symmetry of X then
(3.3) Index(X) = p;Index(Xt) .

Also note that if X, is given by a field (X,Y) of

orthonormal pairs, as in (3.1), then
(3.4) Index(xt) = h*Index(X,Y) .

When n is odd and n>5 we have that wn_l(vg)zzz. When n

is even and n>4 we have that wn_l(vg) ~Z @Zz, and write
Index(xt) = (Z-—Index(xt), Zz—Index(Xt)),

where Z—Index(xt) = Index(X), by (3.3).

Each of the standard theorems on the index of a field of
orthonormal pairs has an analogue in the homotopy-symmetry case. Let
k(M) ezz denote the real Kervaire characteristic of M, which is
defined when n is odd. Let go(M) €Z denote the signature of M,

which is defined when n =0 mod 4 and which has the same parity as

x(M) . The four cases are as follows.

o
]
w
I
o

Theorem 3.5. Let mod 4 and n>7. Then Index(xt)

o]
i
-

Theorem 3.6. Let mod 4 and n>5. Then Index(xt)

k(M) .

L
[\8

Theorem 3.7. Let n mod 4 and n>6. Then Z —Index(xt) =

2

Theorem 3.8. et n = 4k, where k>1. Then Zz—Index(Xt) =

(5o M) -(-1) 5y (M) mod 2.
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Perhaps the best method of proving these results is to adapt the
Postnikov-theoretical versions of the corresponding results for the
index of a field of orthonormal pairs. The modifications necessary
are purely nominal except there is no necessity to treat the case
n = 4 separately. An alternative method is to show that every
homotopy-symmetry can be deformed into one which is obtainable, as in
(3.1), from a field of orthonormal pairs, and then apply (3.4). How-
ever, this is open to aesthetic objections in case n = 4. It may
well be that the analytical techniques of Atiyah [27] can be developed
so as to give an independent proof but I have not looked into this
possibility.

Now let E be the (n~l)-sphere bundle of unit tangent vectors
to M. If E admits an A-structure (homotopy-symmetry) we simply
say that M admits an A-structure (homotopy~-symmetry). Suppose that
we have a homotopy-symmetry gt:E —>E, of type B(gt) Eﬂn_l(vg). If
X 1is a field of unit tangent vectors, with finite singularities, then

th is a homotopy-symmetry of X, such that
(3.9) Index(gtx) = B(gt)Index(x).
Hence and from (3.8} we obtain

Corollary 3.10. Let n=zOmod 4. If M admits a homotopy-

symmetry and y(M) is even then o(M) =yx(M) mod 4.

This shows, for example, that the sphere s™ is not homotopy~
symmetric when n=0 mod 4. 1In fact one of the main purposes of [9]
) . 8 .
was to prove, along these lines, that neither S4 nor S admits an

A-structure. However, it can be shown by direct construction, as in
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§4, that the only homotopy-symmetric spheres are s? and s6. Another
application of (3.10) is to show that a quaternionic projective

k-space is not homotopy~symmetric for odd values of k. In fact by
combining the main theorem of [10] with the argument given by Massey

{187 we can extend this result to include even values of k as well.

4. Homotopy-symmetric spheres

Theorem 4.1. The sphere Sn admits a homotopy-symmetry if and

only if n 2 or 6.

If n 2 or 6 then s” admits orthogonal A-structure, and
so the first part of {(4.1) follows at once. To prove the second part
we show by a direct construction, that a homotopy-symmetry on s”
determines an H-structure on Sn+l. Points of Sn+l are represented

in the form
(e cos 8+ u sin 8) (ueSn,teI)

in the usual way, where e is the "north pole". Points of the
tangent sphere-~bundle of Sn are represented by orthonormal pairs
(u,v), where u,ves”, so that the fibration is given by the first
component. From the second component of a homotopy-symmetry we
obtain a deformation h _:E—»S", where -1<1l<1, such that ht(u,v) =

t

tv(t=+1}). This deformation determines an H-structure

as follows. If x,yoESn and 0,3¢[0,7] we define

m(e cos #+ X sin @, e cos g+ X sin ¢) =
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(e cos B+ x sin B)cos ¢+ (~e sin 6+ X cos B)sin ¢ cos

(x,Z:E_EQE_ﬁ),

+ s8in g sin ¢ h, sin ¢

os 8

where § € [0,7#] denotes the angle between x and y. It is easy to

check that m is a well-defined continuous function which constitutes

. 1 .
an H-structure on Sn+l. Since Sn+ {n>0) is not an H~-space unless

n=2 or 6 this compleles the proof of (4.1). This proof is taken

from [16]; an alternative proof is given in {157.
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