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PREFACE 

The Second Latin American School in Mathematics was 

held during the month of July at the Centro de Investigaci6n 

del IPN, in Mexico City and was dedicated to the memory of 

Heinz Hopf. The School was held under the auspices of the 

Centro de Investigaci6n del IPN, Organization of American 

States, The National Science Foundation and the Consejo 

Nacional de Ciencia y Tecnologfa. 

These notes contain three of the seven series of 

lectures given at the School. We hope that the others will 

appear at some future date. We thank the participants and 

the lecturers for having made the School a most stimulating 

mathematical event. 

Mexico, D.F., April 14, 1972. 

Samuel Gitler 
Editor 
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LECTURES ON CHARACTERISTIC CLASSES AND F O L I A T I O N S  

by Raoul Bott 

(Notes by Lawrence Conlon) 

1 .  Some basic notions. In this section we presume some familiarity 

with vector bundles and differential forms. Brief discussions of these two 

notions will be found in §2 and §3 respectively. We also presume (both 

here and throughout the notes) some familiarity with dlfferentiable manifolds. 

Let M and N be smooth manifolds of respective dimensions m and n. 

Let f : M---> N be a smooth map. For each x £ M one has the linear map 

(1.1) Definition. 

InJective, V x £ M . 

df x : T (M) --) (N) . x Tf(×) 

YxEM . 

f as above is called an ir~nersion if df is 
x 

f is called a submersion if df is surjective, 
z 

Of these two notions we are here primarily interested in submersions. 

By the implicit function theorem, df surJective implies that f-l(f(x)) 
x 

is a smooth submanifold of M of dimension m -n . Thus, a submersion 

f :M--> N decomposes M into (m-n)-dimensional "fibers" f-1(y), Y E N . 

This is an example of the sort of structure we will call a foliation. The 

crucial propert F of this example is the fact that locally one can choose 

coordinates on M and N such that f becomes the canonical projection 

R n x R m'n ---> R n 

We further notice that the vector spaces Zer(dfx) unite to form a smooth 

subbundle Ker(df) = T(M) (equivalently, a smooth (m- n)-dlmensional 

distribution on M in the sense of [I, p. I0]). 



(1.2) 

i f f  locally 

integrable subbundle of T(M) is also called a foliation of M. 

Notice that a foliation of M gives rise to an open cover 

sn~ersio.s ~ :  %-~ ~ ,.ch that 

Definition. A smooth subbundle E c T(FO is called integrable 

E is the kernel of the differential of a submersion. An 

[U~ and 

Ker<dfJ1U~ n U B - ~r<dfB>Iu ~ n u s 

for all ~,S. Furthermore, if x £ U~ n U s it can be shown that there is an 

neighborhood W c U(~ n U s of x such that f~l(fc~(x)) N W = fBl(fs(x)) N W. o p e n  

Conversely~ such a structure clearly determines a unique foliation of M . 

We show by an example that not every subbundle E C T(M) is integrable. 

Let M = R 3 - [0} and consider the 1-form ~ = x.dy + y-dz + z.dx . ~ is 

nowhere zero on M, hence E = Ker(~) is a two dimensional smooth subbundle 

of T(M). If E were integrable we could find [~'fCz : ~--> R1} 
a s  a b o v e  s u c h  that 

Ker(df u) = Ker(qOI Uo~, Va . 

Zh.s ~,U a-h.df a 

On U(~ this gives 

where 

hence ~A d~ = 0 

w h e r e  h : U a - - - > R  i s  C ~ a n d  n o w h e r e  z e r o .  

= ~-A = d~ dh^d%-dh hdfa ~A 

is a 1-form. Thus I on each U(z 

q~ A dq~ = ~0 ~ T[ ix ¢¢ = 0 

i d e n t i c a l l y  o n  M. B u t  d i r e c t  c o m p u t a t i o n  s h o w s  

• d~  = ( x + y  + z ) d x A  d y ~  dz  

contradicting the above. E~ therefore, cannot be Integrable. 



(1.3)' Theorem. 

any two smooth sections 

a section of E. 
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(1.3) Theorem. (Deahna, Clebsch, Frobenlus). Let E c T(M) be a 

smooth subbundle described locally as the simultaneous kernel of everywhere 

linearly independent 1-forms ~i,...,gq (i.e., for x in the domain of the 

~i'S, E x " {v E Tx(M ) : el(V ) ..... ~q(V) = 0}) • Then E is integrable 

iff each d~ i belongs to the ideal generated by ~l,...,~q . 

An equivalent formulation of this theorem is the following. 

A smooth subbundle E c T(F0 is integrable iff for 

X and Y of Ej the vector field IX,Y] is also 

Remark that a simple corollary of either formulation, which also follows 

immediately from the standard existence and uniqueness theorem for ordinary 

differential equations, is that any smooth 1-dimensional subbundle 

E c T(M) is integrable. 

Theorems (1.3) and (1.3)', usually referred to Jointly as the 

"Frobenlus Theorem", give a complete and satisfying answer to the (essentlally 

local) question of integrability of a subbundle E c T(M) . We next modify 

the Integrability question to obtain an essentially global problem to which 

no complete answer has been given. 

(1.4) If E c T(M} is a subbundle, does there exist an integrable 

subbundle E' c T(M) such that E' and E are isomorphic as vector bundles? 

One of the main alms of these lectures will be to give topological 

obstructions to the existence of E' in terms of the characteristic classes 

o f  E. 

References 

i. S. Kobayashl and K. Nomizu, Foundations of Differential Geometry, 

Vol. I, 1963, Interscience Publishers, New York. 



2~ Vector bundles and PontryaRin classes 

While a certain basic knowledge of vector bundles might well be 

presumed in these notes, we wish here to review the concept from a point 

of view particularly suited to our purposes. 

(2.1) Definition. An n-dlmensional (real) vector bundle over a 

space X is a continuous map ~ : E --~ X such that 

i) ~ open cover {Uc~}aEA of X and homeomorphisms 

2) The diagram (where p i s  the s t a n d a r d  p r o j e c t i o n )  

\ / :  
U 

w i t h  U a f~ U B @ ~ t h e  map 

o ~ n  % n us> n US> x 

• ~a(X,V) = (x,sSa(x). v) 

is commutativej V C~ E A . 

3) F o r  any a,  • • A 

is o f  the form 

course# 

where gBa : UC~N UB'--~ GLn = GL (n ,B)  i s  c o n t i n u o u s .  Here ,  o f  

GL(n,h) d e n o t e s  t h e  g roup  o f  n x n n o n s i n z u l a r  m a t r i c e s .  

By a c e r t a i n  abuse~ we o f t e n  c a l l  E i t s e l f  t he  v e c t o r  bundle  o v e r  

More p r o p e r l y  E i s  c a l l e d  the  t o t a l  space  o f  the  b u n d l e .  

Note t h a t  each  f i b e r  ~ ' l ( x ) ,  x E X~ has  c a n o n i c a l l y  t h e  s t r u c t u r e  o f  

an n-dimensional vector space over ~ although ~-l(x) does not usually 

have a canonical coordinatization as ~n. 

on vector spaces extend to vector bundles. 

X . 

As a general principle, operations 

Thus we may form the dlrect 



sum E~E s of bundles over X, the quotient E/E' of a bundle by a 

subbundle, etc., obtaining new bundles over X. 

Remark that the maps go~ satisfy the following "cocycle condition" . 

( 2 . 2 )  On U C, U~ n U , gCdB "gBv " gcrv 

Conversely, suppose an open cover {U~ EA 

with continuous maps  

gc~ : uanuB--> GLn 

defined for all c~, B E A such that 

I t  
(2.2) On the disjoint union .J_t_ 

• ~ A  

Vx~UanU~ , 

n a t u r a l  map D : F - - >  X 

(2.3) Definition. 

bundles~ a continuous map 

I) E f > F commutes 

l 

of X is given together 

uan uB ~ 

Ux~ n 

(x,v) ~ (x, g~(x)v) 

V v ~ R n . The resultlng quotient space 

define a vector bundle over X. 

If ~ : E--->X and p : F---> X are vector 

f : E ---~ F is s a i d  to b e  l i n e a r  if 

2) f is linear on each fiber. 

and, further, satisfying 

make the identifications 

F and the 

Furthermore, we will say that E and F are isomorphic (and write E-= F) 

i f f  t h e r e  a r e  l i n e a r  maps  f : E - - >  F and g : F --->E s u c h  t h a t  b o t h  

fog and g o f are identity maps. 

(2.4) Exercise. Let ~ : E--> X be an n-dimenslonal vector bundle 

X. Using the definition (2.1) take an associated cocycle IgOr} oveT 

and construct a new bundle P : F ---> X as above and show that E ~ F. 
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Let ~ be a separable real Hilbert space. Define BGL to be the 
n 

set of n-dlmenslonal subspaces of ~ and topologlze this set in some 

"reasonable" way (e,g.~ define a metric on BGL n by taking the distance 

between two n-dlmenslonal subspaces of ~ to be the angle between these 

s u b s p a c e s ) .  

Le t  VeCtn(X) d e n o t e  t he  s e t  o f  I s o m o r p h l s m c l a s s e s  o f  n - d i m e n s l o n a l  

v e c t o r  bund l e s  o v e r  X. A l s o j  f o r  any two s p a c e s  X~Y l e t  [X~Y] d e n o t e  

t h e  s e t  o f  homotopy c l a s s e s  o f  maps X - - ~  Y . 

( 2 .5 )  Theorem.  I f  X i s  a pa racompac t  space~ t h e r e  i s  a n a t u r a l  

one -one  c o r r e s p o n d e n c e  Vectn(X ) < - - >  [X,BGLn] . 

We i n d i c a t e  b r l e f l y  t h e  way in  which  t h i s  c o r r e s p o n d e n c e  £s 

d e f i n e d .  C i v e n  ~ : E - - ~  X o f  d i m e n s i o n  n~ t h e  p a r a c o m p a c t n e s s  

o f  X makes i t  p o s s l b l e  t o  f i n d  a c o u n t a b l e  open c o v e r  ~ U i ~ : .  I 

o f  X and a s u b o r d i n a t e  p a r t i t i o n  o f  u n i t y  ~ i ~ g  I and a c o n t i n u o u s  

~£ : E [ U £ - - ~  R n mapping each  f l b e r  £ s o m o r p h l c a l l y  o n t o  R n . Exp re s s  

as  a c o u n t a b l e  o r t h o g o n a l  d i r e c t  sum o f  c o p i e s  o f  ~n and l e t  

$£ : R n - - ~  ~ be t h e  i n c l u s i o n  o f  t h e  £th slmwn4nd" Then ~ : E - - ~  ~ 

d e f i n e d  by 

~(e) g ~Xi(~(e)). $I ° ~i (e) 
i=l 

i s  c o n t i n u o u s  and sends  each  f i b e r  ~ ' l ( x )  l i n e a r l y  and one -one  o n t o  an 

n - d i m e n s l o n a l  subspace  o f  ~ / - .  Thus gE(x)  = ~ ( ~ ' l ( x ) )  d e f i n e s  a 

c o n t i n u o u s  map gE : X- -~BGLn " T h i s  c o n s t r u c t i o n  i s  t h e n  shown t o  

s e t  up t h e  d e s i r e d  c o r r e s p o n d e n c e .  Fo r  a c a r e f u l  t r e a t m e n t  o f  (2 .5 )~  

c f .  [ 2 ,  C h a p t e r  I I I ] .  



As an example# l e t  M 

a smooth imbedding MC ~ k .  Thenp f o r  each x E Mj Tx(ld) 

c a n o n i c a l l y  wi th  an n -d imens iona l  subspace  of  R k ~  ~ .  

enab le s  us to  c o n s t r u c t  ~ : T(~ --> ~" 

as desired. The corresponding map 

be an n -d imens iona l  man i fo ld  and choose  

i d e n t i f i e s  

gT(M) : M--> BGL n 

This  

is called the 

these ideas is invited to prove that the above construction really does well 

define gT(M) up to homotopy. 

"Gauss map". The reader who needs t o  increase his comfort with 

(2.6) Theorem. 

isomorphic to a polynomial ring Z [pl,...,P[nl2]] 

is canonically defined. Thus, as algebras over R, 

H*(BGLn; ~ )  ~ R [ p I , . . . , P [ n / 2 ] ]  

Modulo torsion, the cohomology ring 

where 

H* (BGL n) is 

Pl E H4i(BGLn) 

For  a p r o o f ,  c f .  [ I , p . 3 7 5 ]  

(2 .7 )  Definition. 

over  paracompact  X, l e t  

homotopy, given  by (2.5). 

d e f i n e d  to  be 

i " 1 , . . . , I n / 2 ] .  

If ~ : E ---> X is an n-dlmensional vector bundle 

gE : X--> BGL n be the map, unique up to 

Then the ith(real) Pontryagin class of E is 

pi(Z) = g~(p£) ~ H41(X;R), 

Furthermore~ the  graded subring 

Pont*(E) = gE(H (BGLn;F~,)) C 

is called the (real) Pontryagin ring of g. 

H*(X;R) 



We are now in a position to state the theorem whose proof is our first 

main aim. 

(*)  Theorem.  I f  E C T(M) i s  I n t e g r a b l e  and  i f  t h e  q u o t i e n t  

b u n d l e  Q = T(M)/E h a s  f i b e r  d i m e n s i o n  q ,  t h e n  P o n t k ( Q )  - 0 f o r  k > 2q • 

T h i s  i s  r e a l l y  a ~ l o b a l  i n t e g r a b i l l t y  c o n d i t i o n .  I n d e e d j  f o r  ~ : E - - >  X 

any  n - d l m e n s i o n a l  b u n d l e ,  s e t  

p(E) - I + pl(E) + ... + p[n/2](E) . 

Because  o f  t h e  l e a d i n g  t e r m  

H**(X;R) o f  f o r m a l  i n f i n i t e  s e r i e s  

If E' C E 

1 t h i s  i s  a n  i n v e r t l b l e  e l e m e n t  o f  t h e  r i n g  

a ° + a I + . . .  + a r + - . -  , a i E H i ( x ; R ) .  

h o l d s  and  shows t h a t  t h e  P o n t r y a g l n  c l a s s e s  o f  E /E '  depend  o n l y  on  t h e  

i s o m o r p h i s m  c l a s s e s  o f  E and  E' and  n o t  on t h e  i m b e d d i n g  E' = E. 

Thus  we c a n  r e f o r m u l a t e  (*)  a s  f o l l o w s .  

( * ) '  Theorem.  I f  E c T(M) i s  a s u b b u n d l e  w h i c h  i s  i s o m o r p h i c  t o  

a n  i n t e g r a b l e  s u b b u n d l e  E' = T(M)~ and  i f  Q = T(M) /E ,  q = d lm(Q) ,  t h e n  

P o n t k ( Q )  - 0 f o r  k > 2q . 

Thus  we h a v e  a t o p o l o g i c a l  o b s t r u c t i o n  t o  s o l v i n g  t h e  g l o b a l  i n t e g r a b i l l t y  

p r o b l e m  ( 1 . 4 ) .  F o r  some t i m e  t h i s  was t h e  o n l y  known t o p o l o g l c a l  o b s t r u c t i o n  

t o  g l o b a l  I n t e g r a b i l l t y .  However~ Shulman h a s  o b s e r v e d  ( c f .  §6) t h a t  t h e  

method  o f  p r o o f  o f  (*)  a l s o  shows t h a t  t h e  Massey  p r o d u c t s  o f  e l e m e n t s  

o f  Pon t* (Q)  mus t  v a n i s h  i n  s u i t a b l y  h i g h  d i m e n s i o n s  u n d e r  t h e  h y p o t h e s i s  o f  

I n t e g r a b i l l t y .  Example s  e x i s t  i n  w h i c h  t h e s e  new o b s t r u c t i o n s  do n o t  a l l  

v a n i s h  a l t h o u g h  P o n t * ( Q )  d o e s  v a n i s h  i n  d i m e n s i o n s  > 2q . 

p ( E / E '  ) ,- p ( E ' ) ' I p ( E )  

i s  a s u b b u n d l e ,  t h e  b a s i c  " d u a l i t y '  f o r m u l a  [3 ]  
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3.  De Rham cohomology.  I n  o r d e r  t o  p r o v e  (*) we w i l l  u se  an a l t e r n a t i v e  

d e f i n i t i o n  o£ t h e  P o n t r y a g l n  c l a s s e s  i n  t e rms  o f  d l f f e r e n t l a l  fo rms .  I n  o r d e r  

t o  £ o r m u l a t e  t h i s  d e f i n i t i o n  we need a cohomology t h e o r y  based  on d l f f e r e n t l e l  

forms~ t h e  de Rham cohomology ~ R ( H ) ,  The p r e s e n t  s e c t i o n  i s  d e v o t e d  t o  t h e  

d e f i n i t i o n  o f  t h i s  t h e o r y  and a s k e t c h  o f  i t s  b a s i c  p r o p e r t i e s .  

Le t  A* be t h e  a s s o c i a t i v e  a l g e b r a  o v e r  R g e n e r a t e d  by e l e m e n t s  n 

l ~ d X l ~ . . . ~ d x  n s u b j e c t  t o  t h e  r e l a t l o n s  

1) 1 £s a m u l t l p l £ c a t l v e  I d e n t i t y  

2) dx i .  dx j  = - d x j - d x  i , V i , J  . 

Remark t h a t  • c o n s e q u e n c e  o f  2) I s  t h e  r e l a t l o n  

dx~ " Oj V i , 

Thus any monomlal dx£1-*-  dXl r  = 0 i f  r > n .  

n a t u r a l  g r a d i n g  by t h e  d e g r e e  o f  a monom£al: 

n 
- 0 A n J 

j - o  

T h i s  a l g e b r a  has  a 
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where ,  o f  c o u r s e ,  A ° - R • 1 ~ R Each A j i s  a f i n i t e  d l m e n s i o n a l  
n • n 

v e c t o r  space ove r  R . 

(3.1) Definition. Let U c R n be an open subset• Let 

n 
Ak(u) = ~ : U - - ~  A k : ~ smooth~ . Then A*(U) = ~ Ak(u) w l t h  i t s  

n k=0 

n a t u r a l  graded a s s o c i a t i v e  a l g e b r a  s t r u c t u r e  i s  c a l l e d  the  a l g e b r a  o f  

d l f f e r e n t l a l  forms on U. Each ~ E Ak(u) i s  c a l l e d  a k - fo rm on U . 

Not ice  t h a t  each £ E AO(u) i s  s imp ly  a smooth r e a l  va lued  f u n c t i o n  

on U. In  g e n e r a l ,  w E Ak(u) can  be w r i t t e n  u n i q u e l y  as  

w " ~ £ i l . .  • ~ d X i l O . . d x ~  

I .< i l<- - .<  ik .< .  

Where each f i l . . . ~  i s  a smooth r e a l  v a l u e d  f u n c t i o n  on U. 

(3 .2 )  D e f i n i t i o n .  

i s  g i v e n  by t h e  fo rmula  

The e x t e r i o r  d i f f e r e n t i a l  d : AO(u) --->AI(u)  

11 

d f  = ~ ~ dx • G e n e r a l l y ,  t he  e x t e r i o r  
j-1 ~ j  j 

d i f f e r e n t i a l  d : Ak(u) ---> Ak+I (U) i s  g i v e n  by 

d(  ~ £ i i . . .  ~ d x i l "  " • d x ~ )  

i f < ' " <  ~ 

V - _/ d ( f l r • . ~ > d x i l • • • d x ~  • 
t l < • - . <  i k 

Remark Chat i f  x i : U---> R i s  t he  i t h  c o o r d i n a t e  f u n c t i o n ,  

t h e n  d (x  i )  = dx i . 

( 3 .3 )  E x e r c i s e s .  I )  Prove  t h a t  d 2 = O. I ndeed ,  show t h a t  t h i s  
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is simply a fancy way of saying that, for smooth real valued functions 
~2f ~2f 

f on U, t h e  mixed p a r t i a l s  s a t i s f y  ~xi~xj = l~Xj~X-- ' V l,J 

2) If w E AP(u), Q ~ Aq(u), prove that d(w~) = d(~o)~ + (-l)Po~d(~q). 

( 3 . 4 )  Definition. If U c E n and V C ~m are open  sets, 

F : U - ~  V a s ~ o o t h  map,  t h e n  d e f i n e  

* A ° (v) - -> A ° (u) ¥ : 

by F * ( f )  - f . F .  D e f i n e  

F (dx i) - d ( F  (xl)) 

and e x t e n d  t h i s  t o  a u n i q u e  homomorphism o f  g r a d e d  a l g e b r a s  

* A*(v) --> x * (u ) .  F : 

* F*. Remark t h a t  F o d = do  

We would llke to extend all of the above notions to any 

manifold M. Using local coordinate charts on 

k-form on a coordinate neighborhood U c M. ~(~ 

i f  t h e  smooth  c h a n g e  o f  c o o r d i n a t e s  on UCx n U~ 

I f  a l l  o f  t h e  k - f o r m s  wCx a g r e e ,  t h e y  a r e  s a i d  t o  d e f i n e  a ( smooth)  

k - f o r m  ~ E Ak(M). By t h e  above  i t  i s  c l e a r  t h a t  

d : Ak(M) ~ Ak+I(M ~) 

is still well-deflned and that 

(3.5) Definition. Let 

n - d l m e n s i o n a l  

M, one  c a n  d e f i n e  a smooth  

i s  s a i d  t o  a g r e e  w i t h  w~ 

t r a n s f o ~ s  ~ i n t o  w~ . 

d 2 - O .  

ZDkR(I~O - ~uO E Ak(M) : dtu = O} and 

some ~ E Ak'I(M)~ • The de Rham 
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cohomology  o f  M is d e f i n e d  t o  b e  

n 

k=O 
~x (N) 

where 

~(~ = SkX(~ 

with 

Notice that a smooth map F : M--~ 

F o d m do  F , h e n c e  i n d u c e s  

"A" 
N i n d u c e s  Y : A*(H) ~ A*(}O 

C l e a r l y ,  ( I d ) *  Id  and  (F • G)*  - G* * = o F , so  de Rham cohomology  d e f i n e s  

a c o n t r a v a r l a n t  f u n c t o r  f rom t h e  c a t e g o r y  o f  smooth  m a n i f o l d s  and  smooth  

maps t o  t h e  c a t e g o r y  o f  g r a d e d  ~ - a l g e b r a s  and  g r a d e d  h - a l g e b r a  homomorphlsme.  

A b a s i c  p r o p e r t y  o f  de Rham cohomology  i s  i t s  homotopy  I n v a r l a n c e .  T h i s  

w i l l  b e  a c o n s e q u e n c e  o f  t h e  f o l l o w l n g  l e m n a .  

(3.6) Lmma.  L e t  

: (~ --> nDR(M x ~) 

: M x R - - > M  b e  t h e  s t a n d a r d  p r o j e c t i o n .  

i s  b l J e c t l v e .  

Then  

P r o o f .  L e t  ~ : M - - > M  x R be  d e f i n e d  by  io (X)  = ( x , 0 ) .  Then  

. ~ = i d ,  so  i O° ~ = i d  : HDR(M) ~ ~ R ( M ) .  We h a v e  t o  show t h a t  

* i s  a l s o  a n  i d e n t i t y  map. * o  l 0 

E v e r y  ~ E Ak(M x ~)  I s  a l i n e a r  c o m b i n a t i o n  o f  k - f o r m s  o f  t h e  

f o l l o w i n g  two types: 

s) =*(~) • f ( x , t ) d t  , • ¢ , k - l ( ~  

b) * ( ~ )  • f ( x , t ) ,  ~ E Ak(M) • 

Define S : Ak(M x R) -'~ Ak'I(M x R) by  
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where 

S ( * ( ~ )  • f ( x , t ) )  - 0 

S(~*(q3) • f ( x , t ) d t )  - / ( q ) )  • g 

~t 
S ( x , t )  - J O  f ( x , u ) d u  . 

This i s  c l e a r l y  v e i l  def ined  and a s t r a i g h t f o r w a r d  computat ion 8 ives  

( - l ) k - l ( d o S  - S o d )  - id  -~*o i ;  

t 
on Ak(M x ~) .  Thus id - ~ e iO maps Ke~(d) i n t o  Im(d),  hence 

induces the zero  homomorphism in cohomology. This  proves  the a s s e r t i o n .  

q . e . d .  

An obvious induc t ion  proves the fo l lowing important  c o r o l l a r y .  

(3.7) Coro l l a ry .  (Poincar~ Lemma). 

R, k - 0 
~ g  (Rq) " ~ R  (p° in t )  " ~ O, k > 0  . 

This  c o r o l l a r y  i s  u s u a l l y  formulated d i f f e r e n t l y .  

the  sequence 

1~ AO (l~q) 

Here, i f  

Ev iden t ly  

Zndeed, cons ider  

d>  Al(i~q) : d ~  . . .  d >  Aq(Rq) ~ >  0 . 

Then~ (3.7) i s  e n t i r e l y  equ iva len t  t o  the  a s s e r t i o n  t h a t  t h i s  sequence 

i s  exac t .  

(3.8) C o r o l l a r y .  I f  f 0 '  f l  : M,--~ N are  smooth and are  smoothly 

homotopic,  then fo  " f l  : HDR(N) "-~ R (M)' 

Ira(1) " Ker~d:A0(R q) -'~ Al(~q)~ 

a E R then i (a )  i s  the cons tan t  func t ion  a on R q. 
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Proof. Let iO, i I : M-'~ M x H be defined by 

io(X) = (x,O) 

il(X) - (x,l). 

I f  F : M x I - - ~  N i s  the smooth homotopy between fo and gl i t  can 

be smoothly extended to P : M x R--> N and 

fo = F • i 0 

Thus 

fl = F • i l  

fO = i O °  F 

#r . . 
f l  = i l ° F  

and it will be enough to show i~ = i~ in cohomology. Consulting the 

proof of (3.6) we see that i: m (4*) °1 and that the same argument shows 

ll = ( *)-l Thus i 0 = i I . q.e.d. 

Close ly  r e l a t e d  to  the above d i s c u s s i o n  i s  an impor tant  ope r a t i on  i n  

de Rham cohomology c a l l e d  " i n t e g r a t i o n  along the f i b e r " .  We desc r ibe  i t  

b r i e f l y .  

I f  M i s  o r i e n t e d  and n - d i m e n s i o n a l j  and i f  A~(M) denotes  the space 

of n-forms with compact suppor t j  then each uJ q A~(H) has a wel l  de f ined  

i n t e g r a l  I ~ E R ( c f . [3 ,  p . l l 8 ] ) .  I f  the o r i e n t a t i o n  of M is  r eve r sed ,  
M 

t h i s  i n t e g r a l  r e ce ive s  the oppos i t e  s ign .  I f  M has boundary ~M # gp a l l  

of our d e f i n i t i o n s  make sense and one has the fo l lowing bas ic  theorem. 

(3.9) Theorem. (Stokes) Let i : ~ M --~ M be the i n c l u s i o n .  Then 

~Mau - ~Mi* , ¥ w £ A~'I(H) . 
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be a smooth fiber bundle with fiber a compact manifold 

F. We assume that bM ~ @ and note that, if bF ~ ¢, then bE # ¢ and 

restricts to a smooth fiber bundle ~b : bE--> M with fiber BF. Let 

e - dlm(E), f = dim(F). 

(3.10) Theorem. For ~ : E -->M 

homomorphlsm 

as above, the re  i s  a canonica l  

Let . : E---> M 

~, : Ar(E) - - >  Ar ' f (M) ,  r > 0  , 

which is zero for r < f and satisfies 

~, ° d + (-I) f+l d ° ~, = x~ • i* 

r > f. Here, i f  bE m ~, the right hand s ide  i s  i n t e r p r e t e d  as O. 

Indeed, one can show the existence of e unique ~. satisfying the 

x.(d~). ~ + (-1) r fM~,(w) • d~ 

~./(~ + (-1~" ~ .  ~*(d~ 

f o r  

equat ion 

~;. *(+> - ~j.(,>. + 

for an , e At(z), V E Ao'r(M). Zhen, for w ¢ ̂ r(z), ~ E Ao-r-I(M>, 

we have fM(~.dw + (-1)f+ld~.q:v)-q: = l ' j . ( d , o ) . q ;  

+ (-i) f+l ~M~d(~.(w)- ~) - (-I)  r - f  ~.(w) • dO} 

I f  

hence~ 

"S d(~./(+>> . ~ i*(o~. ~+*(+~ 
E bE 

- ~ . i  (~) • cp . This proves the des i red  i d e n t i t y .  
M 

bE = ¢, (3.10 says that ~. either commutes or antico~utes with d, 

that it induces a homomorphlsm 
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This  homomorphism can a l so  be produced in  the s tandard  cohomology of f i b e r  

bundles  by a s p e c t r a l  sequence technique (c f .  [ I ,  § 8 ] ) .  

t h a t  

Return ing  to  the s tudy of the de Rham cohomology f u n c t o r ,  we remark f i r s t  

~R(N) has the s t r u c t u r e  of a graded a lgebra  over ~. Indeed,  the 

r e l a t i o n  

d(m.~) - d(~). ~ + (-1) deg (w )w . d~ , 

assigned in (3.3) as an exercise, implies that ZDR(M) is a subrlng of 

A (M) and that BDR(M) is an ideal in ZDR(Mg. Thus ~R(~ has a 

graded algebra structure inherited from that of A*(~. 

Let H (M;R) denote the standard Cech cohomology of M with coefficients 

~. This is a graded algebra under the cup product. The following theorem is 

of fundamental importance for relating topological invarlants of manifolds to 

their differential geometric properties. 

(3.n) 

algebras 

Theorem (de Rham) There i s  a e a non l c a l  isomorphism of graded 

, v. 
O~ : ~.(M) --> . (M;~). 

Furthermore, if 

is commutative. 

f : M--->N is smooth, then the diagram 

* > ~*(M;~) 

~f* ~f* 

~R(~ ) ~N ~* > ~ (~;R) 

We sketch a proof of (3.11) due to Andr~ Well [4]. Let U be an open 

cover of M and for each pair (p,q) of nonnegative integers, set 

KP,q(u) . cP(u;A q) , 
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the p th  Cech cochain  module with values  in the q-forms.  Prec ise ly~ 

each c E KP'q(u) i s  a func t ion  which Co each ordered (p+ l ) - t u p l e  

( U a o , . . . , % )  o f  e l e m e n t s  o f  U a s s i g n s  a q - f o r m  

E A q(UczO n . . .  A ~ ) 
C a O ° l ' " a p  p 

( i n t e r p r e t e d  as 0 i f  ~o n ... n ~p- ~). 
V 

The Cech coboundary 

6 : KP'q(u) - ->  KP÷I'q(u) 

i s  given by the £ormula 

16 (c) i% 
• • .ap+ I 

where 

p+l 

~ (-I) i~oai(Cao.. "~i'" "ap+l) 
i,,O 

A 

• . .  ) -> AP(UaoN . . .  f~ O~ ~a i .  Aq(UaON . . .  • u~iA . N U~p+l p+l 

i s  the r e s t r i c t i o t l  map. As usual~ 5 2 m 0 . The de Rham coboundary 

d : KP'q(u) --> xP'q+I(U) 

is  given by 

Clea r ly  d5 = 6d 

d(¢) ~(x O. . .CXp" d(ca  0 .  • .(Xp ) " 

on ~**(U).  Set  

and remark t h a t  

D e m 6  

D''= (-l)Pd (on KP~'q(u)) 

D m D' + D ' '  

D 2 = 0 .  Set 

K n(U) " ~ K p' q(U) 
p+q=n 
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I) : Kn(U) ~ Kn+l(U). 

One can a l s o  def ine  a m u l t i p l i c a t i o n  

KPaq(u) x Xr 'S(u)  ---~ KP'~aq+s(u) 

• ~a ...a (W~)aO'''CXp- ~ -  ( ' l ) q r  ~Cx0""(~ p p p+r 

on t h e i r  common domain. This a l s o  de f ines  a m u l t i p l i c a t i o n  

Kn(U) x Kin(U) ~ Kn+m(u) • 

Note that if ~ E K p ' q  , ~ E K r ' s  , then 

v '  (~) - 6((-Irqw. ~) 

where i nd i ca t e s  e x t e r i o r  m u l t i p l i c a t i o n  of  forms, hence 

D'(w~) = ( - I )  rq ~6(x).~ + ( - I ) P ~ .  60])~ 

m ( . l ) r q ( . l ) r q D  ' (~)~ + ( -1 )P+rq( - l )q ( r+ l ) t0  D ' ~ )  

- D'(w)~ + (-I)P+qwD' (~) . 

Likewise,  

Thus 

D "  (w~) - ( - 1 ) P + r d ( ( - 1 ) r q ~  • ~)  

. ( -1)P+r+rq~d(~).~ + ( - l ) q ~ . d ~  

. (. l)P+r+rq+p+(q+l) rDe s (oo)~ + (-l)P+q+r+rq+r+rq~ D' ' Cn) 

= V " ( u O ~  + ( - I ) P ' ~ D  ' '  ¢0) • 

V : K*CU) ---> K*(U) is  an a n t i d e r i v a t i o n .  

Note that the kernel of 

D' : K0 'q (u )  - -~ Kl'q(~9 
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is exactly Aq(H) and that the kernel of 

D'' : KP'0(U) --~ KP'I(u) 

i s  e a c t l y  c P ( u ; ~ ) .  We d e f i n e  t h e  homomorph£sms 

a : A*(~O --> z*(u) 

S : c (u;~) -~ z*(u) 

to be the £nclusion maps, These are homomorphlsms of cochaln complexes and 

homomorph£sms of graded algebras. 

( 3 . 1 2 )  D e f i n i t i o n .  U i s  c a l l e d  a s i m p l e  c o v e r i n g  i f  e v e r y  f i n i t e  

nonempty  i n t e r s e c t i o n  o f  e l e m e n t s  o f  U i s  a c o n t r a c t i b l e  s e t ,  

( 3 . 1 3 )  Le~na .  Eve ry  open  c o v e r  o f  M a d m i t s  a r e f i n e m e n t  w h i c h  i s  a 

s i m p l e  c o v e r i n g .  

P r o o f .  P u t  a R iemann£an  m e t r i c  on  M and  c h o o s e  t h e  r e f i n e m e n t  s u c h  

t h a t  e a c h  e l e m e n t  i s  a g e o d e s l c e l l y  c o n v e x  s e t  ( c £ .  [ 2 , p . 3 9 ] ) .  Any f i n i t e  

nonempty  i n t e r s e c t i o n  i s  t h e n  a g a i n  g e o d e s l c a l l y  c o n v e x ,  h e n c e  c o n t r a c t l b l e .  

q . e . d .  

S i n c e  we a r e  g o i n g  t o  p a s s  t o  t h e  l i m i t  o v e r  open  c o v e r l n g s  2 ( 3 . 1 3 )  a l l o w s  

us  t o  assume t h a t  U i s  a s i m p l e  c o v e r £ n g .  
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Consider  the f i r s t  quadrant  a r r ay  

Td To,' 
Aq(M ) c~> KOq(u) 

~ d  ~D" 
m 

t 

Td fo" 
A I(M) - - ~  K °l(u) 

?d ~'D'' 
AO(~ c~> KOO(u) 

To 

! 

• ~n# l  

D a . . . . .  D ' ~  KPq(U) D') ••• 

v ~  . 

D I# ~D #l 

I ~ D # D'> KIOcu) D >  " "  D'~ ~PO(u ) > . . •  

(3.14) Lemma• In  the above diagrsm~ the rows are exact•  I f  U i s  a 

simple cover ing  the columns a re  a l so  exact•  

Proof .  Let ~ m ~ be a smooth p a r t i t i o n  of  u n i t y  subord ina te  to  

the  open cover  U -  ~U~ . Tf c E cP(u;A q) , de f ine  L(c) ~ ~P-I(u;Aq)  

b y  

- k S • c 6%••• p-1 

where each k~ • c ~  0 " "Up-1  i s  i n t e r p r e t e d  in  the obvious ray  as an 

• • •  N U )•  I f  Dr(c) = 0 , t h e n  a s t r a igh t fo rward  element of A q ( u  0 p - I  

computat ion g ives  c = D°L(c)l  which proves exac tness  of the rows. I f  U 

i s  sin~>le, then the columns are  exac t  by ( 3 . 7 ) .  q .e•d•  

Asst~me in  a l l  t h a t  fo l lows t h a t  

(3.15) Lemma• In  cohomology~ 

O is s imple .  

a : ~ x  <m "~  ~*(K*,D) and 
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: H (U;R) - -~ H (K ,D) a r e  o n e - o n e .  

The p r o o f  o f  t h i s  i s  a t r i v i a l  e x e r c i s e .  

( 3 . 1 6 )  Lemma. In  cohomology~ (~ and  ~ a r e  o n t o .  

P r o o f .  L e t  z E Kr(u)  such  Chat  D ( z )  = 0 .  VI r i t e  

n 

z = ~ Zp , Zp E K P ' n ' P ( u )  . 

p-o 

S i n c e  D(z)  = 0 ,  we have  i n  p a r t i c u l a r  c h a t  D t ' ( Z o  ) = O. By e x a c t n e s s  o f  

co lumns  t h e r e  i s  u E K 0 ' n ' l  such  t h a t  D *° (u )  = z 0. Then z - D(u)  h a s  

component  z e r o  i n  K 0 ' n ( u ) .  R e p e a t i n g  t h l s  p r o c e s s  we f i n a l l y  p r o d u c e  a 

D - c o c y c l e  w l y l n g  i n  Kn '0(U)  cohomologous  t o  z .  But  D(w) = 0 i m p l i e s  

t h a t  
D °(w) = O and D to(w) = 0 , 

h e n c e  w m ~ ( v )  where  v E c n ( u ; R )  i s  a 5 - c o c y c l e .  T h i s  shows ~* o n t o .  

An e n t i r e l y  p a r a l l e l  a r g u m e n t  u s i n g  e x a c t n e s s  o£ t h e  rows  p r o v e s  ~ o n t o .  

q . e . d .  

( 3 . 1 1 )  f o l l o w s  e a s i l y .  I n d e e d  

O~ : I'IDR(M) ~ H (K (U).~D) 

i s  an  i s o m o r p h i s m  f o r  e v e r y  s i m p l e  c o v e r i n g  U, h e n c e  t h e  r i g h t  hand  s i d e  

h a s  a l r e a d y  a t t a i n e d  i t s  l i m i t  v a l u e .  S i n c e  

: H (U;E) -->H (X (U),D) 

i s  a l s o  an  i s o m o r p h l m a ,  t h e  l e f t  hand  s i d e  o f  t h i s  r e l a t i o n  h a s  l i k e w i s e  

v.  (~*) -I * 
r e a c h e d  i t s  1 / J a i t  v a l u e  H (M;R).  T h u s ,  s e t  B M - o ~ , t h e  

d e s i r e d  i s o m o r p h i s m  o f  g r a d e d  a l g e b r a s .  We l e a v e  i t  t o  t h e  r e a d e r  t o  c h e c k  

t h e  n a t u r a l i t y  o f  B M r e l a t i v e  t o  smooth  maps .  
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4. Connections on vector bundles. Let ~ : E--~ M be a smooth 

vector bundle and let r(E) denote the set of smooth cross sections. That 

i S ,  t h e  e l e m e n t s  s E F(E)  a r e  smooth f u n c t i o n s  

s : M---> E 

such  t h a t  ~ o s = i d .  C l e a r l y  ~(E)  i s  a v e c t o r  s p a c e  o v e r  ~ and a 

module  o v e r  t h e  a l g e b r a  ~ o f  a l l  smooth r e a l  v a l u e d  f u n c t i o n s  on M. 

d e n o t e  ~ ( T ( M ) ) .  

Let 

(4.1) Definition. A c o n n e c t i o n  on E is an R-bilinear map 

w r i t t e n  

1) 

V ( X, s )  - V x ( S ) ,  such  t h a t  

Vx(fS) = X ( O s  + f Vx(S) 

2) Vfx(S) - f Vx(S) 
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for all X E ~, s E ?(E), f E 3 . 

While the motivation of this definition may not at first be evident, a 

little reflection shows that •X iS a kind of directional derivative which 

differentiates smooth sections of E in  X-directlons. Indeed, property 2) 

in the definition shows that at any point of M, Vx(S) depends (for fixed s) 

only on the value of X at that point. Thus if ~ E Txo(M), VXo is a 

well defined operator transforming smooth sections of E defined near x 0 

into vectors in the fiber ~'l(xo). Property I) says that this is a first 

order differential operator. 

(4.2) Lemma. There exists a connection V on E. 

Proof. Let {U } be an open cover of M such that for each U there 

1 s~ q) defined on U s Then each s~ E r'(EIU u) i s  a smooth frame s = ( s c z , . . . ,  

and for each x E U , ~ I .,sq(x)} a s~(x),., is basis for ~-l(x). Let 

{~ be a smooth partition of unity subordinate to this cover. 

Over u define a c o n n e c t i o n  v ~ on EI U~ by 

which e x t e n d s  t o  a r b i t r a r y  s e c t i o n s  s by t h e  p r o p e r t y  1) in  ( 4 . 1 ) .  

V " I ~CZ v~ t h e n  makes s ense  and s a t i s f i e s  ( 4 . 1 ) .  q . e . d .  

We may c o n s i d e r  V as  an J - l i n e a r  map 

v : ~  --> n o ~ ( r ( z ) i ( z ) )  . 

Both o f  t h e s e  3 - m o d u l e s  a r e  a l s o  L i e  a l g e b r a s  o v e r  R. G e n e r a l l y ,  V i s  

n o t  a hamomorphism o f  L i e  a l g e b r a s  and t h e  measu re  o f  i t s  f a i l u r e  t o  be 

such i s  an i m p o r t a n t  g e o m e t r i c  q u a n t i t y .  



(4.3) 

function 

given by 

Remark t h a t  
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Definition. The curvature k of t h e  connection 

k : ~x~ -->Ho%~(z),r(~-)) 

k(X,Y) = [Vx,V Y] - V[X,y ] 

= VxV Y - vyv x - Vtx,y 1. 

k(X,Y) = - k(Y,X). 

V i s  t h e  

( 4 . 4 )  Lemma. I f  f , g , h  E 3 ,  X,Y E ~ - ,  and  s E r(Z), t h e n  

k(fX, gY) (hs) - fgh • k(X;) (s). 

The proof is a direct verification which we leave to the reader. 

1 
consider a smooth frame (s_,..o,sq) for consequence, 

t h e r e  i s  a q x q matrix k a of 2-forms, k a - ( k ~ j )  
q 

j i  (X " 

J=l 

Here, of course, we use the identification of 

As a 

E]U a and note that 

such t h a t  

Aq(H) with the set of 

Vx(Sal) = ~ . a  .x .  i ~lj t )sc~ • 

j=l 

0 (~ = (0~j), such that 

alternating ~-multilinear q-forms on ~ which is standard in differential 

geometry. The fact that k~i(X~Y) = -k~i(Y,X) together with ~-billnearlty 

then identifies k~i as an element o f  A2(U~. 

Referring to the definition (2.1) of vector bundles, we note that~ on 

n $ ,  k ~ and k~ are re la ted  by 

k~ s-1 
" ~ s  k ~ s  • 

The proof of this crucial formula is an elementary exercise using (4.4). 

We also note that on U there £s a q x q matrix 8 cI of l-forms, 
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The fo l l owing  b a s i c  s t r u c t u r a l  equa t ion  w i l l  be found proven in v a r i o u s  

books on differential geometry (e.g.j cf,[l~ p.l18]). 

(4.s) L a. =. 

Here~ of course~ the matrix product 6 ~- ~ involves the usual 

multiplication of 1-forms in the entries. 

As a final remark about connections~ we define the notion of parallel 

translation. If 0 : [011 ] --> M is a smooth curve I one defines the notion 

of a "section of E along o" as follows. 

(4.6) Definition. A section of E along o is a smooth curve 

s : [0jl] -->E such that ~ .s -o . 

If s is a section of E along o I the connection V defines the 

Ds 
"covariant derivative of s along o", a new section ~ of E along o. 

If a is regular (hence locally one-one) it is an easy exercise to extend s 

locally to a section of E and show that V. (s) does not depend on this 
a (t) 

Ds e x t e n s i o ~ h e n c e  d e f i n e s  d"~ . To handle  g e n e r a l  o ,  p roceed  as in  [2 ,  §8] . 

(4 .7)  D e f i n i t i o n .  A s e c t i o n  s o f  E along o i s  p a r a l l e l  

iff ~ -m O. 

Given e 0 E To(0)(M) , the parallel translate of e 0 along 0 will he 

the unique section e of E along o satisfying 

I) e(O) = e 0 

2) e is parallel. 

The existence and uniqueness of e is an elementary consequence of the theory 

of ordinary differential equations. 



26 

References 

1. S. Kobayasht  and K. Nom~zuj F o u n d a t i o n s  o f  D i f f e r e n t i a l  Geometry  , Vo l .  I ,  

Interscience Publishers, New Yo~k. N. Y., 1963. 

2. J. Milnor, Morse....TheorT, Princeton Unlver61ty Press, Princeton, N. J., 

1963. 

5.  The Pon t ryaKin  c l a s s e s .  We suppose  g i v e n  a smooth v e c t o r  bund le  

: E-->M 

and a c o n n e c t i o n  V on g .  Le t  k be  t h e  c u r v a t u r e  o f  V. I ~ t  g~q 

d e n o t e  t h e  L i e  a l g e b r a  o f  GLq = GL(q jR) .  Thus gLq i s  t he  s e t  o f  a l l  

q x q r e a l  m a t r i c e s ~  w h i l e  GL i s  t h e  s e t  o f  n o u s i r ~ u l a r  q x q r e a l  
q 

matrices. 

( 5 . 1 )  D e f i n i t i o n .  

i s  c a l l e d  i n v a r i a n t  i f  

A polynomial function 

~ - g~q --> 

1 
~(m) = ~(gmg'~,Y g E GLq, Y m E gLq @ 

S i n c e  sums and p r o d u c t s  o f  I n v a r l a n t  p o l y n o m i a l s  a r e  i n v a r l a ~ t ,  t h e s e  

p o l y n o m i a l s  form an a l g e b r a  o v e r  R. 

The re  a r e  c e r t a i n  b a s i c  i n v a r i a n t  p o l y n o m i a l s  ~ 0 ~ 1 J ~ 2 , . . .  which a r e  

d e f i n e d  as  f o l l o w s .  

~p(m) - t r a c e  (raP). 

The following purely algebraic theorem will be of use. 

(5.2) Theorem. The algebra of inv riant polynomials has 

as a set of generators. 

F o r  a p r o o f  o f  ( 5 . 2 ) ,  c f .  t h e  Append ix .  
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Now recall the curvature matrices k a of 

is an invariant polynomial of degree r, then 

on ~ N U~ 

Thus these 2r-forms fit together to give a well defined element 

~(k) E A2r(M). Note that this form depends only on the curvature 

not on choices of local trivializations of E. 

2-forms defined on U a. If 

~(k a) E A2r(u(~). Furthermore, 

(5.3) Lemma, d(~(k)) = 0 . 

k, 

Proof. Let x 0 E M be any point, U~ an open neighborhood of x 0 

which trivializes E and on which there is a smooth spherical coordinate 

system centered at x 0. Let s o be any frame for ~'l(xo) and spread this out 

to a smooth frame s over U by parallel translations along the radial curves of 

the spherical coordinate system. Then I for all X E Txo(M) J 8~(X) ffi 0 . 

U is a l-form which vanishes at Xo) On U(z J (i,e., every 0ij 

d(~(k)) = d(m(ka)) - d(~(de a - e a - ea)) 

But ~(de ~ - e  a. B a) 

of the forms van i sh  a t  

is a sum of monomials of forms in which either two 

e~ 's. Thus x 0 or all of the forms are d j 

{d(c#(k) )  ~x 0 - 0 . 

Let V 0 and V 1 be two connections on E. Let k 0 and k 1 

be the corresponding curvatures. In a natural wayj 

But x 0 was an a r b i t r a r y  po in t  of M, hence d(~(k))  = O. q . e . d .  

E ~ ; ( M )  i s  independent  of the choice of (5.~) P r o p o s i t i o n .  [ ~ ( k )  l 

c o n n e c t i o n ,  

P r o o f ,  
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~ x id  : E x R--> H x R 

defines a smooth vector bundle over M x R 

as E. Define a connection ~ on this bundle as follows. 

which are constant in R - directions, let ~ibt(s) - O. 
X E T(x,t)(M x ~t~), define 

Vx(S) = (1-t)v°(a) + t Vlx(S) 

with the same fiber dimension 

On sections s 

If 

Every section is a function-linear combination of sections constant in 

R-directionsj hence ~ extends to all sections by use of property I) 

(4.1). It is easy to check that ~ is a connection. Let 

curvature and consider [~(~)] e t ~ ( M  x R). Let i 0 and 

be as usual. Then i 0 = i I in cohomology by the proof of 

in 

k be its 

i I : M---> M x F, 

(3.6), and 

(5 .5)  Definition. If ~ is an invariant polynomial of degree 

~(E) = [~(k)] E ~:(F0 is =ailed the Pontryagln =lass corresponding to 

~. The set of all such Pontryagln classes is the graded subalgebra 

Font  (E) C ~R@0 

called the Pontryagin algebra of E. 

q . e . d .  

r# 

(5.6) Proposition. PontJ(E) = 0 if J is not divisible by 4. 

Proof. From the definition it is clear that this is 0 if j is not 

divisible by 2. To obtain the finer result, we put a smoothly varying 

positive definite inner product < I > on the fibers of E. This is easily 

done locally end then pieced together with a smooth partition of unity. 

Next we want a connection V on E such that 
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V X < Sl,S 2 >" <V X Sl,S 2 >+ < Sl,VxS 2 > , 

V x E ~ ,  V s l ,  s 2 E r ( E ) .  

T h i s  i s  e a s y  to  do by a p p l y i n g  

f rame.  Then d e f i n e  V ~ on U a 

a i 
Vx(S ~ " O, 

On U choose  a smooth o r t h o n o r m a l  f rame s . 

Grsm-Schmldt  o r t h o n o r m a l l z a t i o n  to any smooth 

by r e q u i r i n g  

i " 1 , . . . , q .  

I t  i s  e a s y  t o  check  t h a t  V ~ has  t h e  r e q u i r e d  p r o p e r t y .  

c o n n e c t i o n s  t o g e t h e r  by a smooth p a r t i t i o n  o f  u n i t y  and o b t a i n  

The c u r v a t u r e  k 

P i e c e  t h e s e  l o c a l  

V as  d e s i r e d .  

o f  t h i s  c o n n e c t i o n  has  t h e  i m p o r t a n t  p r o p e r t y  

< k(X,Y)Sl,S 2 > = < Sl,-k(X,Y)s 2 > . 

The p r o o f  o f  t h i s  i s  l e f t  as  an e l e m e n t a r y  e x e r c i s e .  One immedia te  

consequence  i s  t h a t ,  i f  on U a we choose  s a to  be a smooth o r t h o n o r m a l  

frame, then the matrix k a is antisyumnetrlc. Thus also, if r > 0 is 

odd, then (k~ r is antisymmetrlc~ hence 

~: (k ~) = t~ace ((ka) r) - O. 
r 

Thus Z r ( k )  - 0 . But by (5 .2 )  e v e r y  i n v a r i a n t  ~ o f  odd d e g r e e  i s  a 

l i n e a r  c o m b i n a t i o n  o f  p o l y n o m i a l s  o f  t h e  form Z Z . . .  Z i n  which some 
i 1 i 2 i m 

o f  t h e  i n d i c e s  i ,  a r e  odd.  Thus ,  deg(~)  odd i m p l i e s  ~(k)  = 0 . q . e . d .  

T h i s  p r o p o s i t i o n  e n a b l e s  us  to  d e f i n e  t h e  t o t a l  P o n t r y a g l n  c l a s s  o f  

t o  be  

where each  pj  

These  c l a s s e s  

p(E) = 1 + P l ( E )  + - - -  + p [ q / 2 ] ( Z )  

- [ d e t ( I  - ~  k ) ]  

(E) E ~ J ( M ) .  No i m a g i n a r y  components  a r i s e  because  o f  ( 5 . 6 ) .  

I ,  P 1 ( E ) , . . .  ' P [ q / 2 ]  (E) a c t u a l l y  g e n e r a t e  t h e  whole  a l g e b r a  
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Pont*(E) . 

Note that this definition gives an easy proof of the formula 

p(g~E') - p(E) • p(E') . 

For the case of complex vector bundles, Chern classes can be defined 

in complex de Rham cohomology ~R(M;C) by exactly the same techniques 

(using complex smooth p-forms ~(M)). If E 

one obtains c(E) = I + Cl(E) + ... + Cn(E) , 

c(Z®Z') - c(Z). c(Z'). 

has complex dimension n~ 

ci(z) ~(M;c), ~nd again 

For complex analytic bundles on a complex analytic manifold, holomorphic 

connections do not generally exist~ although they can be defined locally. As 

a consequence, if one insists on using these local holomorphic connections 

there is generally no way of producing forms in the de Rham complex 

representing Chern classes, but it is possible to define in this way 

representative cocycles in the double complex 

sketch this construction. 

Let U = ~Ua~ be a simple covering of M 

= K (U) C (u; A c(M)) . we 

such that each UC~ is a 

trivlalizlng neighborhood for the complex analytic vector bundle E. One 

defines a holomorphic connection V ~ on E[Ucz by defining it as trivial 

on a holomorphlc frame field. One then obtains a curvature form k ~ on U 

and, if ~ is an invariant polynomial of degree r on g~(q,C), 

~(k~ ~ ~r%~. Thus we define 0 ~ ~O(o;~r~ by 

On ~ n .  s 

(v a n u s) x c 

the V 

form, 

0 

we have the two connections V ~ and V B . Thus on 

put the connection (l-z)V ~ + z V B defined analogously to 

in the proof of (5.4). Let k ~B be the corresponding curvature 

A2r - 
~(k ~s) E ((Ucx O US) x C). let ~P denote the standard p-slmplex. 
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Then 

and the p r o j e c t i o n  

defines (via integration along the fiber) 

..A I~ Ocu;A~ r) - ~  ~ 1 ( u ; ~ r - I )  

_~t 2r-1 Define 1 E  C (U;A~ ) by 

1 
I A kC~ 

~aS = ~* (~( ))" 

On Ucx N U s 0 U we work with th ree  connections and the convex 

combinat ion of  these  over ( U  n V o • Uy) x C 2 and we use 

42 
• ( u  n v~ n u~) x ~ 2 - ~ u  n uS n H ~ 

to  de f ine  2 E C~2(U;~ r ' 2 )  by 

2 ~A 2 - -kO~ B Y . .  
~ a S ~  = * ~ t  J~  • 

Continuing in t h i s  way~ we produce 

= (coO,SlY1 , . . . ,¢n~0~ E K2r(u).  

Here each s l  = (-1) [ ( I + I ) / 2 ]  . This makes ~ a cocyc le  because o f  

the r e l a t i o n  (3.10) 

• = • i = ( - D  j ~. 
j=0 

where & p - l ( j )  i s  the j t h  face  o f  ~P . The l a s t  e q u a l l t y  i s  by the 
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combinatorial version o f  Stoke's Theorem [I, p. 109]. Since 

d ~ (k ~0'''%) = 0 ~ the above relation guarantees that 

d(~ °) = 0 

d(~ p) = (-1)P+Ia(~P-I), p > O . 

Thus  ~ i s  a c o c y c l e  and  we o b t a i n  t h e  Ch e r n  c l a s s  

We might further note that, by the definition of integration along 

the fiberj the cochalns ~0 p will be 0 for p > r (i.e.~ below the 

diagonal in K**(U)). 
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6. Characteristic classes and integrability 

We here suppose that E is an integrable subbundle of T(M). 

with fiber dimension q. Thus we assume the hypotheses of (*) 

must prove 

Pontk(Q) = 0, k > 2q • 

Let 

in 

Since E is Integrable, (1.3)' implies that all X,Y 6 r(E) 

IX,Y] E r(z). If z E r(Q), then Z - ~(Z), some Z E ~ , where 

: T(M) ---> Q is the canonical projection. Z is well defined modulo 

elements of r(E). Thus for X E r(E) and Z E r(Q), 

Vx(Z) = ~[x,T] 

Q - T(M)/E 

§ 2 and 

must h a v e  



is well defined. 

and  satisfies 

I) 
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T h i s  is c l e a r l y  R - b i l i n e a r  a s  a map 

V : r(E) x F(Q) --> r(q) 

Vx(fZ) = x(f)z + fVx(Z) , 

2) Vfx(Z) - f Vx(Z) , 

as is easily verified. This satisfies the definition of a connection on Q 

except that the variable X is restricted to range over ?(E) c ~ . In 

order to complete V to a connection, we use a Riemannian metric on T(~ 

to split this bundle into the direct sum of E and the orthogonal complement 

bundle to E in T(M). This complement is isomorphic to Q, so by the choice 

of Riemannian metric we have obtained an isomorphism 

Let ~ be any connection on Q. For X £ ~ " r (E) ~r (Q)~ write 

X " ~ + % . Then define 

Vx(Z) - ~xz(Z) + ~x^(Z), 

v z 6 r(Q). 

f o r m u l a  f o r  

Thus if X £ F(E) c ~ , % - 0 and we obtain the previous 

Vx(Z ). It is trivial to check that this defines a connection 

on Q. 

(6. I) Definition. 

Y X 6 F(E), where ~ 

We have p r o v e n  

(6.2) Lamina. 

e x i s t s  a b a s i c  c o n n e c t i o n  on 

A basic connection V on Q 

Vx(Z) - ~tx,T], 

M is such that ~(~) ,, Z. 

Under  t h e  a s s u m p t i o n  t h a t  

Q .  

i s  one  s u c h  t h a t  

E i s  i n t e g r a b l e ,  t h e r e  
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(6 .3 )  Lemma. Let  

V. Then k (X ,X ' )  = O, 

P r o o f .  Let  Z £ F ( Q )  
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be a basic connection on Q, 

V X,X' E r(Z). 

and ~ e ~ with ~) = Z . 

k the c u r v a t u r e  

Then 

k(X,X') (Z) = VxV x, (Z) - Vx, Vx(Z) - VIX, X,I(Z) 

But we can choose 

so  

= Vx(~[ x '  ,~])- v x,  (~[~,~]) - ~[ ! x, x '  ] ,~] . 

~[ x,~l = [ x,~] 

k(x,x')(z) = ~[x,[x',~]l - ~[x',[x,~]l - ~llx, x'l,z]~ = ~(0) = 0 

by the Jacobi i d e n t i t y .  q . e . d .  

(6 .4 )  L e m a .  Let U C M be a s i m u l t a n e o u s l y  t r i v i a l i z i n g  ne ighborhood  

fo r  Q and E, SCZ a smooth frame fo r  Q over  U a .  Let  I~ (g )  be the  i d e a l  

t 
in A (~) generated by t h o s e  1- forms  which v a n i s h  on r(Z[~). Let k a 

be the curvature matrix associated to the frame s~ by a basic connection. 

Then each k i j  E ICZ(E). 

P r o o f .  Over UCz , 

which c e r t a i n  1 forms 

E can  be d e s c r i b e d  as  the  s e t  o f  t a n g e n t  v e c t o r s  on 

8 1 , . . . , e  q v a n i s h ,  t h e s e  1-forms b e i n g  l i n e a r l y  

i n d e p e n d e n t  a t  each  p o i n t  o f  U S .  I n  p a r t i c u l a r ,  ~ ( E )  i s  g e n e r a t e d  by 

e l , . . . , 8  q . Complete t h e s e  to  a b a s i s  o f  1- forms by 8 q + l J . . . , 8  n . These 

last restrict to a basis of E* P j Y p E ~. Consider a nontrivial form 

= I g i j O i -  Oj . 
q + l < i < j  
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Clearly there are X,X' E F(EIUc~) such that 

w(x,x') # 0. 

e ½(z). By (6.3) it follows that each kij q . e . d .  

We now prove Theorem (*) of §2. Elements of I~(E) 

of the form 
q 

= wi'ei' ~i ~A (u~) . 
if0 

are typically 

Thus Ic~(E)q+l - O. If ~ is an invariant polynomial of degree > q, then 

(6.4) and this remark imply 

~(k~ = 0 . 

Thus ~(k) = 0 for deg(~) > q and (*) follows i~mediately by our 

definition of t h e  Pontryagin algebra. 

As remarked in §2, this gives the global integrability theorem (*)'. 

By exactly parallel reasoning one also obtains the following global holomorphlc 

analogue. 

( * ) ' '  Theorem.  I f  M i s  a complex  a n a l y t i c  m a n i f o l d ,  T(FO 

t h e  h o l o m o r p h i c  t a n g e n t  b u n d l e ,  E : T(H) a c o m p l e x  s u b b u n d l e  wh ich  i s  

i s o m o r p h i c  t o  a h o l o m o r p h l c  i n t e g r a b l e  s u b b u n d l e  E e C T(M), Q " T(M) /E ,  and  

q = d~mc(Q), then Chernk(Q) = 0 for k > 2q . 

Using this theorem, we exhibit the first known counterexample to global 

integrability. Let CP n denote the complex n-dlmensional projective space, 

T . T(CP n) i t s  holomorphic t a n g e n t  bundle. 

(6.5) Theorem. If n is odd, then T contains a holomorphic 

subbundle of complex codlmension one. If, furthermore, n > I, no holomorphic 

subbundle of T with codimension one is integrable. 
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Each 

cn+l Proof. Let In+l ]  denote the trivial bundle CP n x over CP n. 

x E CP n is a one dimensional subspace of C n+l hence one can define 

S - [(x,v) e In+t]" v ¢ x} 

Q = [(x,v) e In+l]" v • x[ , 

holomorphlc bundles of respective complex dimensions I and n, [n+l] = S~Q. 

It is rather well known that there  is a canonical isomorphism 

T ~ Hom(S,Q) 

of holomorphic bundles. Indeed,  given ~ E Hom(Sx,Qx) , x E CP n, choose any 

nonzero (x,v) E Sx, and define 

o : U - - - >  CP n 

on U ffi {z E C : ]z[ < II , by letting a(z) be the one dimensional 

subspace of C n+l containing (l-z)v + z~(v). Then a is a holomorphic 

curve with o(0) = x. The holomorphlc tangent vector to CP n at x 

determined by this curve will be labeled v(~). In this way one obtains 

the  de s i r ed  isomorphism 
: Hom(S,Q) --> T(cpn). 

Let n be oddj choose a basis VlJ...,vn+ I of (cn+l) *, and form 

the nondegenerate antlsymmetric billnear form 

= v I/x v 2 + v3A v 4 + ... + v n/~ Vrrbl . 

Let H denote the dual bundle S* and let H 2 be the symmetric square of 

H. Thus each ~ E H 2 is simply a homogeneous function of degree 2 from g 

S --> C. H 2 is a llne bundle. Define 
x 

mx: H°m(Sx' Qx ) -'> H2 x 

by 

WxC~p)(v) = w(v,r~(v)), V v E S x • 
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Since w is nondegenerate and ~(v) ranges over the orthogonal complement 

of v @ O j ~x is a surjection, V x E CP n, hence defines a holomorphic 

bundle surJectlon 

w ,  : T - Hom(S,Q) - -~ ~2 . 

Ke r (w , )  i s  a h o l e m o r p h i c  s u b b u n d l e  o f  T o f  c o m p l e x  c o d l m e n s i o n  o n e .  

F i n a l l y ,  s u p p o s e  t h a t  n > 1 and  l e t  E c T be  h o l o m o r p h i c  o f  c o d l m e n s l o n  

one .  I f  E i s  i n t e g r a b l e ,  

ICl(T/E) I 2 E Chern4(Z/E) = 0 

n 
by (*)**. Since H (CP ;C) is well known to be generated by 1 and by 

* H2(cpn;c) n U ~ Cl(S ) E with the single relation u m 0 , the above 

together with n > I implies that cI(T/E) = O. But 

c (Z) = c (Z) • c (T/Z) 

t h e n  i m p l i e s  c (T) = O. On t h e  o t h e r  hand  
n 

T ~ [ I I  = nom(S,QSS)  = Hom(S,[~+l]) = S * e - - - ~ S *  (n+l times), 

so 

c(T) - c(T~|l]) = c($*) n+l = (I ÷ ~n+l 

shows t h a t  On(T) ~ O. T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  E c a n n o t  b e  

i n t e g r a b l e ,  q . e . d .  

As remarked in § 2, the proof of (*) has really proved something much 

stronger. We indicate an idea, due to Shulman, which exploits this stronger 

result. 

C o n s i d e r  cohomology  c l a s s e s  | ~ ] ,  [ B ] j  | ~ ]  ( i n  any  s u i t a b l e  cohomology  

t h e o r y )  such  t h a t  



Then j  a t  t h e  c o c y c l e  l e v e l ~  

so  t h a t  a * 8 "  Y 

3g 

[ 5 1 .  [81 - o 

( 8 1 -  [~ l  I o 

~ -  8 - 6 ( x )  

8 "  ¥ = ( - 1 ) d e g ( ~ ) 5 ( Y )  

i s  cohomologous  t o  0 i n  two d i f f e r e n t  ways" 

~ . 8 . ~ -  6 ( x . v )  

~ . 8 . ~ -  8 ( ~ . y )  . 

Thus x . y  - ~ -  y i s  a c o c y c l e  and  we s e t  

< I ~ l ,  [ 87 ,  I~ l  > I IX I V " ~ I y7 e n* . 

T h i s  i s  n o t  w e l l  d e f i n e d  i n d e p e n d e n t l y  o f  t h e  v a r i o u s  c h o i c e s ~  b u t  i t  i s  

e a s y  t o  c h e c k  t h a t  t h e  i n d e t e r m i n a c y  i s  t h e  I d e a l  l * ( [ a l , [ Y T )  i n  n* 

g e n e r a t e d  b y  [51 and [ ~ 7 .  Thus  < [ ~ ] , [ 8 7 , [ Y 7  > i s  w e l l  d e f i n e d  a s  

a n  e l e m e n t  o f  H * / X * ( [ U ] , [ ¥ 7 ) .  T h i s  i s  c a l l e d  t h e  H a s s e y  t r i p l e  p r o d u c t  

o f  [ U ] , [ 8 7 , [ Y ]  - H i g h e r  o r d e r  Massey p r o d u c t s  c an  a l s o  b e  d e f i n e d  [17 .  

The f o l l o ~ f n g  i s  i m m e d i a t e  f rom o u r  d e f i n i t i o n s .  

( 6 . 6 )  Lemma. I f  [ ~ 7 "  [81 m 0 = [87*  [Y7 and  i f  t h e  r e p r e s e n t a t i v e  

c o c y c l e s  c a n  so  be  c h o s e n  t h a t  ~ "  8 = 0 = 8 "  Y I t h e n  < | 5 1 , [ 8 1 , [ ¥ )  > = 0 • 

( 6 . 7 )  Theorem.  (Shulman)  I f  

a r e  s u c h  t h a t  d e s ( a )  + d e s ( b )  > 2q 

< a~b~c > i s  d e f i n e d  and m 0 . 

E i s  i n t e g r a b l e  and  a , b j c  E Pont~{Q) 

and d e s ( b )  + d e s ( c )  > 2q ,  t h e n  

P r o o f .  L e t  k be  t h e  c u r v a t u r e  o f  a b a s i c  c o n n e c t i o n  and  l e t  

~ 1 , ~ 0 2 ~ 3  be  i n v a r i a n t  p o l y n o m i a l s  s u c h  t h a t  a = [ ~ ( k ) ] ~  b = [~02(k)] ~ 

c m [ ~ 3 ( k )  7 .  Then  a - b  - [ (~1~02) (k ) ]  - 0 and  b o c  - [ ( cp2~3) (k ) ]  m 0 , 



so < a,b,c > 

so by ( 6 . 6 ) ,  < a , b , c  > =  O. 

For maximum u s e f u l n e s s  of  
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i s  d e f i n e d .  But a c t u a l l y ,  

~l(k). ~2(k) = 0 

~2(k)"  ~3(k) - o , 

q . e . d .  

(6 .7)  1 i t  should be noted t h a t  the isomorphism 

between de Rham cohomology and Cech cohomology p r e s e r v e s  Hassey p r o d u c t s .  

This  fo l lows  d i r e c t l y  from the  f a c t  t h a t  

v~ 
: c (u;~) - - ~ ( u )  

are  r i n g  homomorphisms. 

We note  a l s o  t h a t  s i m i l a r  t r e a tm e n t s  are  p o s s i b l e  fo r  h i g h e r  o rde r  

Hassey p roduc t s .  Using ( 6 . 7 ) ,  Shulman has e x h i b i t e d  bundles  which s a t i s f y  

(*) hut  a re  not  i n t e g r a b l e .  
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7. H a e f l i ~ e r  s t r u c t u r e s  and the  f u n c t o r  F • We assume here  
q 

some acqua in tance  wi th  the  bas ic  concep ts  of  sheaves  (o f .  [ 1 ] ,  [ 2 ] ) .  

Over ~q c o n s t r u c t  the sheaf  ~ of  germs of  l o c a l  di f feomorphisms 

of  ~q ~ >  ~q.  That i s  2 i f  x E ~q,  the  s t a l k  ~x i s  the  s e t  o f  germs 

a t  x of  dif feomorphisms of  open neighborhoods of  x onto open s e t s  of  

~q. I f  x~y E ~q we adopt the n o t a t i o n  &(x,y) fo r  the s e t  

~'~ ~ x  :Y(x)  - y t  • 
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(7.1) Definition. 

called a r -cocycle on 
q 

A Haefliger cocycle on a topological space 

X) consists of the following data: 

X (also 

at 

I) An open c o v e r  ~U~la eA of X. 

2) For each a E A, a continuous map 

x E Uc~ will be denoted f~ ). 

x 
3) For each x E U N U s a germ YaB 

x a) The assigmaent x --~ y(~ 

: UCZ --~ R q ( the  germ of which 

E ~ (fB(~), fa(~) ) such t h a t  

defines a continuous map 

u~ N uS --> 

b) fx X o x 
a = Ya S fs 

x x c) v:B ° YB6 =~a~ " 

(7.2) Definition. rq-cOcycles c - I v,~,vxaB[a,SE A and 

c '  = ~Ok~fk~y~}k ,  ~ E B a r e  c a l l e d  e q u i v a l e n t  i f  ~ c o c y c l e  c o r r e s p o n d i n g  

t o  t h e  c o v e r i n g  IU~}~ EC ' C m d i s j o i n t  u n i o n  o f  A and B, which  r e s t r i c t s  

(in the obvious sense) to c on ~ua}aE A and to c' on {Vk~ k EB " 

(7.3) Exerc ise. Show t h a t  t h e  above r e l a t i o n  o f  e q u i v a l e n c e  i s  an 

e q u i v a l e n c e  r e l a t i o n .  [ H i n t .  I f  ~ U a ' f a ' Y : b ~ a l b  EAU B and 

IUs,fs ,Y:t~e,t£BU c restrict to the same rq-COcycle on {Ul]kE B , 

t hen  f o r  a E A ,  s E C ,  x E U a N U s , f i n d  k E B w i t h  x E U k and t r y  

x x . ~ x  
t o  d e f i n e  Ysa ~ Ye)~ ~a " Show t h i s  i n d e p e n d e n t  o f  k ] .  

( 7 .4 )  D e f i n i t i o n .  A H a e f l i g e r  s t r u c t u r e  ( o r  r - s t r u c t u r e )  on X 
q 

i s  an e q u i v a l e n c e  c l a s s  o f  H a e f l i g e r  c o c y c l e s  on X. The s e t  o f  a l l  such 

s t r u c t u r e s  on X i s  deno t ed  H I ( X ; ~ q ) .  
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Of c o u r s e ,  the  p r i n c i p a l  example of  a Haef lLger  s t r u c t u r e  which we 

have i n  mind i s  a f o l i a t i o n .  I n d e ed ,  an i n t e g r a b l e  subbund l e  g c T(M) 

cod lmeus ion  q a l l ows  us  to  c o v e r  

f i n d  submers ions  

f~ : U ~ - - ~  ~q 

such t h a t  EI Uc~" Ker(dfa). 

t o g e t h e r  w i t h  t h e  f a c t  t h a t  

I m p l l e s  t h a t  f o r  each 

M w i t h  c o o r d i n a t e  p a t c h e s  

of  

UCX and to 

The f a c t  t h a t  t he  maps f a  a r e  submers ions  

Ker(df~) and Ker(df~) agree on U N U~ 

x ~ ~(f~(x) x E U N U B t h e r e  i s  a u n i q u e  Y~B , f~ (x) )  

x o x = fx  Th i s  u n i q u e n e s s  makes i t  easy  to v e r i f y  the  such t h a t  YaB f~ a " 

v a r i o u s  p r o p e r t i e s  of a H a e f l i g e r  c o c y c l e .  F i n a l l y ,  two c o c y c l e s  o b t a i n e d  

f ro~  t he  same f o l i a t i o n  a r e  c l e a r l y  e q u i v a l e n t ,  hence  the  f o l i a t i o n  d e f i n e s  

a u n i q u e  e l emen t  o f  Hl(H;rq)O 

One d e f i n e s  t h e  normal  b u n d l e  Q of  a H a e f l i g e r  s t r u c t u r e  by the  

d x - c o c y c l e s  g i v e  e q u i v a l e n t  GLq-COcycle g ~ ( x )  = ( y ~ .  E q u i v a l e n t  ~q 

GL - c o c y c l e s ,  hence  the  normal  b u n d l e  o f  a F s t r u c t u r e  i s  u n i q u e l y  d e t e r m i n e d  q q 

up to  i somorphism.  For  t h e  c a s e  o f  a f o l l a t i o n  E, Q i s  j u s t  T(H) /E ,  

Remark t h a t  a c o n t i n u o u s  map g : Y - - > X  can  be used to  p u l l  back a 

U x p u l l s  back to  Fq-COCycle on X Yo I n d e e d ,  ~ ~ '  f~'Y~B}a,B E A 

t a ' - a ' ~ B ' ~ , B  ~ ^ 

t o  one on 

where 

a 
= g'z(u a) 

~ -  fa°s 

y-aYB = vg(Y) "aB " 

T h i s  p u l l - b a c k  by  g r e s p e c t s  e q u i v a l e n c e ~  hence  d e f i n e s  

* H 1 g : (X;Fq) - ~  R I ( y ; F q ) .  
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Th i s  makes H I ( ; F q )  i n t o  a c o n t r a v a r i a n t  f u n c t o r  from the  c a t e g o r y  of  

t o p o l o g i c a l  spaces  to  the  c a t e g o r y  o f  s e t s .  

It is an unpleasant fact of llfe that this functor is not homotopy 

invariant. As an example~ consider the maps 

go : ~ q - - ' ~  Rq ' go (x) = O, Y x E R q 

g l  : R q - - >  ~q ' El  (x) = x ,  Y x E I~ q . 

These maps a r e  homotopic .  On t h e  image space  ~q c o n s i d e r  the  F - c o c y c l e  q 

c w i t h  J u s t  one e l emen t  U 1 - ~q i n  the  open c o v e r ,  J u s t  one f l  = i d :  U 1 

x * 
and e v e r y  VI I - germ o f  the  i d e n t i t y  d i f f eom orph i sm .  We c l a i m  t h a t  g0(c)  

n o t  e q u i v a l e n t  t o  g l ( c ) .  To see  t h i s  c l e a r l y  we i n t r o d u c e  a d e f i n i t i o n  and a 

l e m m a .  

--~ R q,  

is 

(7 .5 )  D e f i n i t i o n .  I f  c - {U~, fcz ,y :B~,B EA i s  a rq-COCycle  on X, 

the  l e v e l  s e t  o f  c th rough  x E UCZ i s  d e f i n e d  to  be X~ = ~yEUa:fc~(y ) = ~ ( x ) ~ .  

(7.6) Lemma. If ~U ,f ,~B}~,BE A and ~Uk, fk,Y~Ik,tiEBare equivalent 

?q-COcyles  on X, t hen  fo r  any x q U n U k , ~ E A, k q Bj t h e r e  i s  an 

open ne ighborhood  W o f  x such t h a t  X x~ N W ~ ~ n W. 

The proof of (7 .6)  is an elementary application of definitions. 

Returning to our example~ go(C) and gl(c) cannot be equlvalent since the 

only level set for gO(c) is ~q while the level sets for gl(C) are 

the single points of R q. 

I n  o r d e r  to  o b t a i n  a homotopy I n v a r l a n t  f u n c t o r ,  we impose a f u r t h e r  

e q u i v a l e n c e  r e l a t l o n  on H l ( X ; r q ) .  

(7 .7)  D e f i n i t i o n .  I f  U,Us E H1(X;rq)  we say  t h a t  a and ~ '  a r e  
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homotoplc and write 6 ~_ 6' if and only if 

6- iO(l) , 6' ,. i (k). 

H e r e ,  o f  c o u r s e ,  i 0 , 1 1  : X - -~  X x I 

k £ HI(x x I; rq) such that 

a r e  the  u s u a l  f ace  maps. 

(7.81 Exercises. I) Prove that homotopy is an equivalence relation on 

H l ( X ; r q ) .  

* HI(y ;Fq )_ .~HI (X;Fq)  2) I f  f : X - - ~  Y i s  co n t i n u o us~  prove  t h a t  f : 

p r e s e r v e s  the  r e l a t i o n  of  homotopy. 

3) I f  f# g : X - - ~ Y  a r e  homotopic  maps# 6 E H l ( y ; r q ) ~  t h e n  

f*(6) ~ g*(61. 

(7.9) Definition. rq(X) - set of homotopy classes In Hl(X;rq). 

By 2) and 3) of (7.8) we see that r ( ) is a homotopy invariant 
q 

c o n t r a v a r i a n t  f u n c t o r .  

H a e f l f g e r  [ 4 ] ,  [5]  has  shown t h a t  t he  f u n c t o r  F i s  r e p r e s e n t a b l e .  
q 

That  i s ,  one can  c o n s t r u c t  a space B~ such t h a t ,  f o r  " r e a s o n a b l e "  spaces  X, q 

there is a canonical one-one correspondence between the set rq(X) and 

t he  s e t  o f  homotopy c l a s s e s  of  maps |X,B~q] .  F u r t h e r m o r e ,  t h i s  

c o r r e s p o n d e n c e  i s  n a t u r a l  w i t h  r e s p e c t  t o  t h e  s e t  maps induced  by c o n t i n u o u s  

maps, so we have an e q u i v a l e n c e  of  f u n c t o r s  

T'q( ) ~ [ ~Brq] 

on a r e a s o n a b l e  c a t e g o r y  of  s p ace s .  There  a r e  t h r e e  ways of  showing t h i s .  

11 l ~ i s  shown to  be r e p r e s e n t a b l e  by check ing  t he  axioms of  Brown [2]  q 

f o r  r e p r e s e n t a b l e  f u n c t o r s .  T h i s  works fo r  CW-complexes X. 

21 One can  mimic M i l n o r ~ s  c o n s t r u c t i o n  o f  t he  c l a s s i f y i n g  space o f  a 

t o p o l o g l c a l  group [ 6 ] .  T h i s  works fo r  a l l  paracompact  spaces  X. 
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3) One can mimic the "abstract nonsense" approach to classifying spaces 

due to Graeme Segal (7]. 

The first approach is written up in [5] and the second in |4]. We 

will take e look at the third approach in the next section. 

If M is a smooth manifold, a smooth r -cocycle is defined in t h e  
q 

obvious way, and an element of HI(M;Fq) is said to be a smooth Haefllger 

structure if it is represented by a smooth F -cocycle. One has generalizations 
q 

of the theorems of § 6 to these smooth structures. 

(7.I0) Theorem. If Q is the normal bundle to a smooth r -structure 
q 

on M, then Pontk(Q) ffi 0 for k > 2q. If a, b, c E Pont*(Q) with 

deg(a) + deg(b) > 2q, deg(b) + deg(c) > 2q, then < a,b,c > - 0 . 

The proof proceeds by analogy with the proofs in § 6. Over 

U c M let V ~ be the connection obtained by pulling back the standard 

connection on R q by fa " Patch these together with a partition of unity 

and prove that the curvature matrices k ~ for the resulting V have 

k • j  E la~) , t h e  ideal in A*(U~) generated by those 1-forms which locally 

are pull-backs via fa of 1-forms on ~q. Clearly I~) q÷l = 0 , so 

~(k) = 0 for any invariant ~ with deg(~) > q . 

In §I0, we generalize Pontk(Q) = 0 , k > 2q, to the normal bundle 

of any r -structure on any reasonable space X . 
q 
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8. Topological categories and classifying spaces. The b a s i c  

r e f e r e n c e  for t h i s  s e c t i o n  i s  [I]. 

R e c a l l  t h e  n o t i o n  o f  a c a t e g o r y  C. We w r i t e  C = ~ U • where  ~ i s  

t h e  c l a s s  o f  o b j e c t s  o f  C and  • i s  t h e  c l a s s  o f  morph i sms  o f  C d e s c r i b e d  

as  f o l l o w s .  Fo r  e a c h  p a i r  X,Y E ~ ,  Hom (X,Y) i s  a s e t  and  

= • J Hom(X,Y), 

a disjoint union. The basic axioms are: 

I) If X,Y,Z E ~ , there is a map (called composition) 

HOm(Y,Z) x Hom(X,Y) --> Ho~(X,Z) 

( w r i t t e n  (f,g) *--> f • g). 

2) Composition is associative. 

3) For each X E @, ~ 1 X E Hom(X,X) such that fo I X 

whenever these compositions are defined. 

= f and 1X° g = g 
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Typical examples are the category of sets and set mappings, the category 

of topological spaces and continuous mappings, the category of groups and 

homomorphlsms, etc. Not all categories, however, need be so enormous. 

Indeed, in order to avoid logical difficulties in what follows, we consider 

only "small" categories (ones in which ~ and ~ are sets). 

As an example of a small category, let G be a group and define the 

category whose only object is 

to be the group  operation. 

As another example, let 

C with Hom(G,G) = G, and define composition 

X be a topological space, [U ]UE A an open 

c o v e r  of X. Define a category whose objects a r e  the finite s u b s e t s  

c A such  t h a t  

~ - n  u ~  

and let 

inclusion map ~c->~, if d e f i n e d  
HomC~,Z') = { 

otherwise . 

Composition is composition in the u s u a l  sense. 

(8. i) 

c a t e g o r y  such  that 

are continuous. 

I) ~ --> ~x~ 

2) C o m p o s i t i o n  

d e f i n e d ] .  

Definition. A topological category C - ~ U ~ is a small 

and ~ are topological spaces and the following maps 

defined by f ~-> (X,Y), V f £ Hom(X,Y). 

* r~--> ~, where r~ * • - [(f,g) £ r~ x~ : fog is 

3) ~ - ->  ~ d e f i n e d  by X ~ - > l  x . 

Remark t h a t  any sma l l  c a t e g o r y  can  be r e g a r d e d  as  a t o p o l o g i c a l  

c a t e g o r y  w i t h  t h e  d i s c r e t e  t o p o l o g y  on ~ and ~ .  

As a first example, let G be a topological group and again form the 

category with one object G and Hom(O,G) m O. This clearly satisfies (8.1). 

As a slightly less trivial example, let X be a topological space, 
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u - ( u } a ¢  A an ope. c o ~ r  o f  X, and form the t o p o l o g i c a l  c a t e g o ~  X U 

whose o b j e c t s  a r e  t h e  p a i r s  ( ~ j x )  where  ~ ~ A i s  a s  i n  ou r  e a r l i e r  

example  and  x E U~ H o m ( ( ~ , x ) , ( ~  t xS ) )  £s empty  i f  e i t h e r  x ~ x ~ 

o r  U~ ~ U Z, . 

Topologize ~ by taking as basic neighborhoods sets of the form 

{ ~,x) :~ flxea, x ~ ~ ~ U~ , W open in ~). S~ilarly, topologlze 

by basic neighborhoods of the form [(~,x) ~ (~ ,x) : ~ and ~ flxed, 

x ~ w ~ ,  w open in ~.}. 

AS a t h i r d  example~ ~e  c o n s t r u c t  t h e  t o p o l o g i c a l  c a t e g o r y  r w h l c h  q 

i s  p e r t i n e n t  t o  t h e  s t u d y  o f  H a e f l l g e r  s t r u c t u r e s .  L e t  @ = ~q w i t h  t h e  

O t h e r w i s e  i t  c o n s i s t s  o f  t h e  s i n g l e  i n c l u s i o n  ( U ~ x )  - - - > ( U ~ t , x ) .  

i s  t h e  s h e a f  p r o j e c t i o n ,  t h e n  t h e  map ~1 "-~ @ x ~ i n  ( 8 . 1 )  becomes  

~ - - >  ~ q x ~ q  

.~ - - >  (~( ,~) ,  ~ • ~ (~)) , 

h e n c e  i s  c o n t i n u o u s .  

We n e x t  t a k e  up t h e  c o n s t r u c t i o n  o f  t h e  c l a s s l f y i r ~  s p a c e  o f  a 

t o p o l o g i c a l  c a t e g o r y  C - ~ U ~., . L e t  A0C - @ and~ i f  n > 0 i s  a n  

i n t e g e r ~  l e t  AnC d e n o t e  t h e  s e t  o f  a l l  f i n i t e  s e q u e n c e s  

u s u a l  t o p o l o g y .  G i v e n  x ,  y E ~q , l e t  Hom(x,y) " ~ ( x , y )  a s  i n  § 7.  

Thus  ~. m ~ w i t h  t h e  s h e a f  t o p o l o g y .  I t  i s  e a s y  t o  c h e c k  t h a t  c o m p o s i t i o n  

• ~ " ~  ~ i s  c o n t i n u o u s .  The map x ---~ 1 ( t h e  germ a t  x o f  t h e  
x 

i d e n t i t y  d i f f e o m o r p h i s m )  d e f i n e s  a n a t u r a l  c o n t i n u o u s  s e c t i o n  ~q - - ~  • . 

F i n a l l y ~  l e t  

b e  t h e  homeomorph l s~  w h i c h  t o  e a c h  germ y o£ a l o c a l  d l f f e o m o r p h i s m  g 

-1  -1  
a s s i g n s  t h e  germ ~ o f  g . I f  

: ~ ---~ aq 
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Xo _--> x l _ - >  . . . ~  x 
fl f2 n 

X i E 0 and fl E Hom(Xi.l~Xi) . ~C has the topology of 0 and 

i s  t o p o l o g i z e d  as  a s u b s e t  o f  • x ~ x . . -  x ~ . D e f i n e  f u n c t i o n s  

b I : AnC--~An.lC , 0 < i <n 

s i : AnC -->An+IC ~ 0 < i < n 

~o(Xo ---> xl  ---> " ' "  ~ Xn) " Xl --> "'" F > fl f2  n f2 n 

xo>-Xo 

• . ~ - ~ . . .  ~ % 
i(XO --">fl "" ~'~n xn) XO ---'> " ' f l  "'-->Xi'l ~+1 ° f i  xi+l n 

s i (xo  _--> . . .  ~ x j  - xo _ - - > . . . ~ .  x i L - - > x i  - - - - > - - -  ~ % • 
f l  n f i  i X i f i + l  n 

Le t  A n d e n o t e  t h e  s t a n d a r d  n - s i m p l e x  with its u s u a l  topo logy~  

E O , . . . , E  n t h e  v e r t i c e s ~  and d e f i n e  f u n c t i o n s  

¢ t  : ~n -1  - '>  ~n ' O < £ < n  

P i  : An+I - ' >  ~n ' 0 < i < n  

by t h e  l i n e a r  e x t e n s i o n s  o f  

IEj ~ 0 < J < i-I 
el(E j) "I t_ 

~ J + l '  i < J < n - I  

~5 , o  .< ~ .<i 
p i ( g j )  

I 

L_ 
~ J - l '  i +  1 < J  < n + l  . 

Then on t h e  d i s j o i n t  u n i o n  o f  t h e  t o p o l o g i c a l  spaces  AnC x A n , 0 < n < " 

make t h e  i d e n t i f i c a t i o n s  

(a, ¢ i ( t ) )  ~ ( ~ i ( a ) , t )  

( s i ( a ) , t )  ~* ( %  P i ( t ) ) .  
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The resulting quotient space is designated by 

classifying space of C. 

(8.2) Definition. Let C - ~ U ~ and C' ~ ~' U ~' 

A function F : C---> C' is called a (covarlant) functor If 

(1) F(~)c~', F¢~)c~' 

(2) ~ £ Som(X,Y) = F@) E Hom(F(X),F(~)). 

(3) 

(4) 

BC and is celled the 

be categories. 

F@ o~) = F@) ° F(~) whenever the compositions are defined. 

F(ix) - IF(x) , vxe~ 

I f  C and C' 

F :C--> C' 

are both continuous. 

Clearly a continuous functor F : C--> C' 

BF : BC---> BC' 

and 

B(F.G) - BF. BG 

B(Ic) - IBC 

are topological categories, a continuous functor 

is a functor such that F : ~ -->~' and F : ~---> ~' 

induces a continuous map 

where  1 C : C ---> C i s  t h e  i d e n t i t y  f u n c t o r .  B i s  a f u n c t o r  f rom t h e  

category of topological categories and continuous functors to the category 

of topological spaces and continuous maps. 

We consider two important examples. Let X be a spaee~ U = [U ]~E A 

an open cover of X~ and form the topological category ~ defined above. 

The topological group GL - GL(q~R) also defines a topological category 
q 

as described earlier, and we consider a continuous functor 

F : ~--> GLq . 

For U, ~ E A, x E % n U B ~ there are unique morphisms 



~0 

~,,o~/~ ~(:) 

in X U . Define 

by 

(e.3) e~e(~). ~(i~(~)) • ~(le(~)) "~ . 

By the cont inui ty  of F, g0~ is  continuous. 

(8o4) Lemma. ~gC~I~C~E A sat:Lsfies the cocyole condit£on (2°2)° 

]PRO0 f .  z~ .~nui~nuy~¢,theneo~any x~u~nui~nu v 

we have the commutative diagram 

j~(x) 
( ~  ~ u~,,O ..... > (us,x) 

h(~)~-~ 

" ( u  n u~,~) J~(x) ~ ' ~  ("oc 'x) 

gC~ (x) .. F(Jcz(x)) ° F(J~(x)) "I .. F(Jct(X)) • F(i1(x)) • F(il(x))'lo F(J[3(x)) "I 

- r(ja(x) -it(x)) • r(j~(x) o If(x)) "I . similarly, 

se  Y (x) - ~ ( ~ ( x )  • i2 (x) )  • ~ ' (~(x)  • t2(x))  "1 - e(ll3(x) • t l ( x ) ) ,  r ( ~ ( x ) o  12(x)) 

rhu, Sal3(x)slBV(x) . e ( ja(x)  • i l ( x ) )  • r ( ~ ( x )  • i2(x) )  "1 

. F(hu(x ) ,, i 3 ( x ) ) .  F(N(x),D i3(x))  "1 - e(bu(x))-  F ( N ( x ) ' I  " gOry(x), q.e.d. 

-I 
o 
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cocycle ~gzz' ; over ~Uz~. This can be done, e.g., by linearly ordering 

and defining gT~,' (x) " gc~' (x) where ~ E Z and ~'E Z' are the maximal 

elements. Then define 

r : CLq 
by 

r((V~,x) --> ( ~ , , x ) )  = ~ , ~  (x). 

This is continuous and 

l(l(~,x )) - IG,~" 

F(t (v~,x)  - >  (ur,,,~)1 . t ( ~ , x )  - >  ( ~ , ( x ) ) ,  

. F((v~,x) --> ( ~ , ,  , x ) ) .  gr,,'~(~) 

- g~,,~ ( x ) ~ ( ~ ) .  F ( (~ ,  ,x) --> (~ , ,  ,x) )F((~,x)  --> (u~ ,x)) . 

Thus F i s  a con t inuous  f u n c t o r .  Indeed,  F de f ined  in  t h i s  way i s  a 

func to r  i f  and only  i f  ~ g ~  } s a t i s f i e s  the cocycle  c o n d i t i o n  (2 .2 ) .  

Fur thermorej  i t  i s  t r i v i a l  to  see t ha t  the cocycle  c o n s t r u c t e d  from F by 

(8.3) i s  the o r i g i n a l  cocyc le  ~ g ~ } .  To complete the p i c t u r e ,  we need 

app rop r i a t e  n o t i o n s  of equ iva l ence .  

I t  i s  wel l  known (and an easy e x e r c i s e  to  prove) t h a t  two cocyc les  

[g~ and [g~} defined on the same open cover [U~]czEA come from 

isomorphic vector bundles if and only if there is a collection 

C0= u= GLq =  A 

of continuous functions such that 

g~ x 13() = 8aCx)ga~(x)e~Cx)'l 

Y x ~ U~ f~ U~, V ~,B E A . He call such cocycles equivalent (or cohomologous) 

and denote the set of equivalence classes by HI(u;GLq). 

(8.5) Definition. If F~ H : C-->C' are continuous functorsj a 
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natural transformation 8 : F ---> H is a continuous map 

e : ~--> ~' 

(where ~ denotes the set of objects In C and ~' 

in  C ' )  such t h a t  

6(L) E Hom(F(L),H(L)) ,  V L E e , 

and f o r  any u E Hem(L~L')~ the  d iagram 

the set of morphlsms 

F(L) F(~) > F(L' ) ~,e(L) ~8(L') 
.(L) x(a) > H(L') 

iS commutatlve~ Y LjL' E {). F and H are said to be isomorphic 

(written F ~ H) if there are natural transformations 

0 :F--> H 

~ :H--> F 

such that 8(L) oq)(L) = IH,L,~ J and ~(L) o 0(L) - IF,L, *k; V L E ~. The 

set of isomorphism classes of continuous functors C---> C' will be 

denoted ~[C#C']. 

(8.6) Theorem. The construction (8.3) sets up a one-one correspondence 

between HI(U;GLq) and 

Proof. Given FIJ F 2 : ~--> GLq ~ suppose % : F2--> F I is 

I 2 
an isomorphism. Let {gaS} and (gaS} be c,,e cocycles defined via 

(8.3) by F l and F 2 respectively. Write %~(x) m e(Uc~jx) . Thenj for 

sals(x) = zl(ia(x))Zl(is(x))'t 

- n n 

= 8a(x) g2#(x) eB(x)'I . 
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Thus ~ [ ~ , G L q ]  i s  mapped i n  a w e l l  d e f i n e d  way i n t o  

If F 1 and F 2 give rise to equivalent c o c y c l e s  

then# as in the remarks following the proof of 

e x t e n d   hem t o  eo ycles and 

H 1 (U;GLq) • 

1 ~ 2 8-i 

(8.4), 

o v e r  t h e  c o v e r  

f,,% 
~'~'~ finite c A " 

hence  obtain 

by 

and note that these cocycles are still equivalentj 

1 2 g E ~ '  = % g~' . Define 

0%,x> - %(x) . 

This is readily seen to be an isomorphism of continuous functors, so 

"--> HI(u;GLq) is one-one. It is onto by the remarks following 

the proof of (8.4). q.e.d. 

Thus, ~[~,GLq] is in natural one-one correspondence with the set of 

isomorphism classes of q-dlmenslonal vector bundles over X for which 

each U a q U is a trlvlallzlng neighborhood. Thus, if each UCz is 

contractible then ~[~,GLq] is identified with the set of isomorphism 

classes of q-dlmensional vector bundles over X. 

For numerable coverings U (i.e., open coverings which admit a 

subordinate partition of unity) the space B~ has canonically the 

homotopy type of X [I~ Prop. (4.1)]. Any continuous functor F : ~ -->GL q 

defines a continuous map BF : B~ --> BGLq, 

c l a s s  

BF E [X, BGLq] . 

By [ I~  P r o p .  ( 2 . 1 ) ] ,  F 1 ~ F 2 I m p l i e s  BF 1 - BF 2 . Thus BGL a p p e a r s  
q 

t o  be a good c a n d i d a t e  up to  homotopy f o r  t h e  c l a s s i f y i n g  space  f o r  v e c t o r  

hence defines a unique homotopy 
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b u n d l e s  d e s c r i b e d  in  a q u i t e  d i f f e r e n t  way i n  §2 .  [ 1 , p . 1 0 7 ]  s k e t c h e s  t h e  

r e l a t i o n  be tween  t h i s  c o n s t r u c t i o n  and t h e  M i l n o r  c o n s t r u c t i o n .  

With the above discussion as motivation, consider the topological catesory 

Fq and form the space Brq. Mimicry of the above discussion with suitable 

adjustments shows that giving a Haefllger cocycle amounts to giving • 

c o n t i n u o u s  f u n c t o r  

F : ~ - - >  F q ,  

hence  ( a g a i n  assuming  

an e l e m e n t  

U numerab le )  t h e  H a e f l i g e r  c o c y c l e  will d e t e r m i n e  

BY E [X, BFq].  

Thus BF q 

In § 7 .  

i s  an e x c e l l e n t  c a n d i d a t e  f o r  t h e  F - c l a s s i f y i n g  space  d i s c u s s e d  q 

We will not attempt a more detailed treatment here. 

Remark. There is a continuous functor 

v : F -->GL q q 

d e f i n e d  by 

t h e  J a c o b l a n  a t  x o f  any l o c a l  d l f f e o m o r p h l s m w h o s e  germ i s  

x 
y E Hom(x ,y ) .  T h i s  g i v e s  r i s e  t o  a v e r y  Impor t an t  c o n t i n u o u s  map 

B~ : BF - - >  BCL 
q q 

Indeed, in any homotopy commutative triangle 

BF q 

X BGL 
q 

g is the classifying map of an element of rq(X) whose normal bundle is 

classified by f. 



55 

R e f e r e n c e s  

I. C. Segal~ Classifying spaces and spectral sequences, Institut des Hautes 

I 

Etudes Scientifiques, Publications Mathematiques, No. 34 (1968), 

pp. 105-112. 

9. !ntegrable homotop ~ and FOlq(M). For M a manlfoldj we define 

an e q u i v a l e n c e  r e l a t i o n  c a l l e d  " i n t e g r a b l e  homotopy" be tween  c o d l m e n s i o n  

q f o l i a t l o n s  o f  M and so o b t a i n  t h e  s e t  FOlq(M) o f  i n t e g r a b l e  homotopy 

c l a s s e s .  I f  M i s  an open m a n i f o l d ,  an a p p l i c a t l o n  due t o  H a e f l i g e r  [ i ]  

o f  t h e  P h i l l l p s - G r o m o v  theorem w i l l  show how t o  d e s c r i b e  F o l  (M) by 
q 

means of the space BF . 
q 

(9.1) Definition. Let E 0 and E l be foliations of codlmenslon q 

on M (i.e., E 0 and E 1 are Integrable subbundlee of T(M) of 

codlmension q). An integrable homotopy between these follatlons is a 

subbundle ~ c T(M x ~) of codimenslon q such that 

I) 

2) 

(i.e.~ 

3) 

By s t a n d a r d  t e c h n i q u e s  t h i s  i s  shown to  be  an e q u i v a l e n c e  r e l a t i o n ,  

so we o b t a i n  t h e  s e t  FOlq(M) as  d e s i r e d .  

If M is n-dimensional, the classifying map 

gM : M---> BGL n 

for the tangent bundle is called the Gauss map. If M has a codlmenslon 

i s  i n t e g r a b l e .  

~(x,t) + T(x,t)(M x {t]) " T(x,t)(M x I~) 

i s  t r a n s v e r s a l  to  each  s l i c e  M x I t ] ) .  

~(x,O) n T(x,O)(M x [O}) = Zox and ~(x,l)f~ T(x,l)(M x I) = Zlx . 
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q foliation E, the  tangent bundle splits 

z(M) = Q~Z 

and so t h e r e  i s  a homotopy l i f t  o f  the  Gauss map 

Since 

x BGL 
gM ~ B G L q  i p n-q 

M / >~L 
gM n 

Q is the normal bundle of a foliation, gMadmits a homotopy lift 

~ g M  B~ x id 

Y 
.- ~. BGL z BGL q n-q 

Set 0 = P • (By x Id). 

(9.2) Theorem. (Phillips, Oromov, Haefliger). If M 

open manifold (i.e., aM = @ and M has no compact component) 

construction sets up a one-one correspondence between FOlq(M) 

set of homotopy classes of homotopy lifts ~M of gM : 

i s  an 

the  above 

and the 

~ M S  BFq i BGLn'q 

. J  
M - - -  > t ~ L  

gM n 

The proof ~f this theorem is quite difficult. It depends on the 

Phillips-Gromov theorem, ot which an account by Poenaru will be found 

in ~2]. The theorem in the form g~ve~ here is then established by 

H a e f l i g e r  in |I]. 



~7 

References 

I .  A. H a e f l l g e r ,  F e u i l l e t a d e s  sur  l e s  v a r i ~ t ~ s  o u v e r t e s ,  Topology  9 (1970) ,  

pp.  183-194.  

2. V. Poenaru, Homotopy theory and differentiable singulsrltles~ Lecture 

Notes in Mathematlcs~ No. 197j Sprlnger-Verlagj N. Y., 1971~ pp. 106-132. 

10. The topology of Br . In this section we sketch in fair 
q 

d e t a i l  some r e s u l t s  on t h e  a l g e b r a l c  t o p o l o g i c a l  I n v a r i a n t s  o f  BFq. The 

most  n o v e l  o f  t h e s e  r e s u l t s  w i l l  be t h e  c o n s t r u c t i o n  o f  c e r t a i n  " e x o t i c "  

c l a s s e s  i n  H*(BFq;C)~ b u t  f i r s t  we d i s c u s s  some f a c t s  characteristic 

about the map Bv which by now are standard in the theory of ~q-Structures. 

The first of these is an elementary consequence of (*). 

* Hk(BGLq;~) Hk(Brq;~) (I0.I) Theorem. Bv : ---> is zero if k > 2q. 

Proof. We use singular cohomology. If the assertion is false, choose 

$ q Hk(BGLq;R), k > 2q, such that ~ = Bv*($) # O. Then there is a homology 

c l a s s  a E Hk(BGLq;R) such t h a t  ~(O) @ 0 . 

s l n g u l a r  homology,  t h e r e  i s  a f i n i t e  p o l y h e d r o n  

o '  E Hk(P;~)  P and a c o n t i n u o u s  map 

By t h e  d e f i n i t i o n  o f  

P~ a homology c l a s s  

s : P - - ~  BU q 

( t h e  " g e o m e t r i c  r e a l i z a t i o n "  o f  o ) such t h a t  s , ( o  ' )  - o . 

s d e t e r m i n e s  a homotopy c l a s s  o f  T - s t r u c t u r e s  on P and by [ 1 ,  p .188]  
q 

we can thicken P to an open manifold M having the same homotopy type 

as  P such t h a t  

s : M--> Br 
q 

c o r r e s p o n d s  t o  a f o l i a t i o n  o f  M. Fur the rmore~  by c o n s t r u c t i o n  
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s*@) ~ o in ak(a;~) .  Let 

f = By o s : M - - ~  BGL q " 

Q t h e  c o r r e s p o n d i n g  bundle  on M. Q 

f o l i a t i o n  o f  M, hence  Pontk(Q) - O. But 

is t h e  normal  b u n d l e  t o  ou r  

o # *(~) - s*B~*(~> - f*(*> ~ Pontk(Q) , 

a c o n t r a d i c t i o n ,  q . e . d .  

(10 .2 )  C o r o l l a r y .  Le t  y E r q ( X ) ,  Q t h e  normal  b u n d l e  o f  y . 

Then Pontk(Q)  = O, k > 2q.  

T h i s  i s  t h e  g e a e r a l i z a t l o n  o f  (*) p romised  a t  t h e  end o f  §7 .  I t  i s  

an i n ~ e d i a t e  c o r o l l a r y  o f  ( 1 0 . 1 ) .  

As i s  w e l l  known, from t h e  p o i n t  o f  v i e w  o f  homotopy t h e o r y ,  e v e r y  

c o n t i n u o u s  map i s  a f i b r a t l o n .  Thus l e t  FU d e n o t e  t h e  homotopy t h e o r e t i c  q 

f i b e r  o f  

By : BF ~ BGL . q q 

We s k e t c h  t h e  p r o o f  o f  t h e  f o l l o w i n g  theorem from [ I ] .  

(10 .3 )  Theorem.  ~ i ( F F q ) =  O, 0 < i < q.  C o n s e q u e n t l y ,  B~ cni(BFq)---~ ~i(BGLq) 

i s  an i somorph i sm,  0 < i < q,  and a s u r J e c t t o n  f o r  i -  q + 1. 

I f  £ < q ,  (10 .3 )  i s  deduced  f rom (9 .2 )  as  f o l l o w s .  S i x R q ' i  

i s  p a r a l l e l i z a b l e ,  hence  f o r  t h e  Gauss  map 

g : S i x ~q-1  ~ B G L q  

we may t a k e  a c o n s t a n t  map. Then by (9 .2 )  t h e  homotopy c l a s s e s  o f  l i f t s  

: s i x  ] ~ q ' t - - ~  BF 
q 

c o r r e s p o n d  one -one  t o  FOlq(S  i x ~ q - i )  and f u r t h e r m o r e ,  g be ing  c o n s t a n t ~  
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f a c t o r s  through 

t h a t  

FF ~ BF as  do a l l  c o v e r i n g  h o m o t o p i e s .  
q q 

~ i ( F F q )  - FOlq(S  t x R q ' i )  , 

T h i s  s a y s  

0 < i < q .  Bu t  f o r  any  q - d i m e n s i o n a l  m a n i f o l d  

FOlq(M) h a s  o n l y  one  e l e m e n t ,  so ~ i ( F F q )  - 0 ,  

M, i t  i s  c l e a r  t h a t  

0 < i < q . 

F o r  t h e  c a s e  i = q ,  t h e  p r o o f  p r o c e e d s  d i f f e r e n t l y .  One mus t  

c o n s i d e r  any  c o n t i n u o u s  map f : S q --->FFq and  t h e  e l e m e n t  y E Fq(S  q) 

c o r r e s p o n d i n g  t o  

S q f-~ FF C- -~BF . 
q q 

S i n c e  Bv o f i s  c o n s t a n t ,  y h a s  t r i v l a l  no rma l  b u n d l e ,  y c a n  be  

r e p r e s e n t e d  by a f o l i a t i o n  on  a s u l t a h l e  o p e n  n e i g h b o r h o o d  o f  S q i n  R q+ l  

The s u b m e r s i o n  t h e o r e m  [ 3 ]  o£ P h i l l l p s  t h e n  a l l o w s  ( c f .  [ I ,  p . 1 9 2 ] )  y t o  

be e x t e n d e d  t o  a 

s u c h  t h a t  

w h e r e  

[ ' q - S t r u c t u r e  on D q + l .  T h a t  i s ,  one  f i n d s  w E l 'q (D q + l )  

V " t * ( ® )  

i : S q --> D q+ l  

i s  t h e  i n c l u s i o n .  ® h a s  t r i v i a l  n o r m a l  b u n d l e  s i n c e  e v e r y  v e c t o r  b u n d l e  

o v e r  a c o n t r a c t l b l e  s p a c e  i s  t r i v i a l .  Thus  f : S q --->F? e x t e n d s  t o  s q 

: D q+ l  ---> l ~ q  , w h i c h  p r o v e s  ~q(FFq)  m 0 map 

Next we t a k e  up t h e  e x o t i c  o r  " s e c o n d a r y "  c h a r a c t e r i s t i c  c l a s s e s  o f  

f o l i a t i o n s ~  t h e  e x i s t e n c e  o f  w h i c h  w i l l  be  s e e n  t o  be  a n o t h e r  c o n s e q u e n c e  

o f  t h e  p r o o f  o f  ( * ) .  [ R e d a c t o r l s  n o t e .  A t  t h e  t i m e  t h e s e  l e c t u r e s  were  

g i v e n  t h e  t h e o r y  o f  t h e s e  c h a r a c t e r i s t i c  c l a s s e s  had  n o t  come i n t o  p r o p e r  

f o c u s .  I n d e e d  2 c ~ l ~  t h e  c l a s s  ~ ( E )  ( c f . ( l O . 7 ) )  was d i s c u s s e d  i n  t h e  l e c t u r e s  

and  t h e  e x i s t e n c e  o f  a f o l i a t t o ~  E w i t h  ~ (E)  ~ 0 was l e f t  as  an  open  q u e s t i o n .  

L a t e r  i n  t h e  smmner a Comptes  Rendus  n o t e  by  G o d b i l l o n - V e y  a p p e a r e d  and f u r n i s h e d  

an  example  (due  t o  R o u s s a r i e  - -  c f .  ( 1 0 . 8 ) )  o f  such  ~ E. Much o f  wha t  f o l l o w s  
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was developed in a seminar conducted by Milnor and Bott in the late summer of 

1971 at La Jolla and later, during the fall of 1971, at the Institute for 

Advanced Study in P r i n c e t o n . ]  

We begin with an example. Let E c T(M) be a foliation of codlmenslon 

ones 

where 

de = e .  ¶ 

for suitable ¶ 6 AI(M) . 

The form 8 is a trlviallzatlon of Q , hence under a choice of 

decomposition 

- r(z) ~r(Q) 

there is a unique Z E F(Q) such that 

6(z) a I .  

Relative to this global section of Q any connection ~ on Q has a 

corresponding connection/form ~ such that 

Vx(Z) = ~ ( X ) Z ,  V X E X. 

(10.4) Lemma. ~ £ AI(M) satisfies d8 = 8 - ~  Iff ~ is the 

connection form relative to Z of a basic connection on Q. 

proof. Let ~ be the connection form relative to  Z of a basic 

connection. Then ~' E AI(M) is another such iff ~lr(z) -~'ir(z). 

Let X E r(E). Then, if d8 m e -~, 

1 
- ~ ~(X)  = (e  • ~ ) ( X , Z )  = d~(X,Z)  

I e([x,z]) + I 1 = - ~ ~ x(e(z)) - ~ z(e(x)) 

Assume that the normal bundle Q is trivial. Then we can write E = Ker(8) 

E AI(M) is nowhere zero. Furthermore, by 41.3) we can wrlte 

I e ( I x ,  z ] )  = 1 ½ = - ~  - ~ e ( ~ ( x ) z )  = -  ~ ( x ) ,  



61 

where  we h a v e  u s e d  t h e  s t a n d a r d  f o r m u l a  

d e r i v a t i v e  o f  a l - f o r m .  Thus  RIF(E)  = ~ t I ' ( E ) ~  so  

r e l a t l v e  t o  Z o f  a b a s i c  c o n n e c t i o n .  

F o r  t h e  c o n v e r s e ,  we have  by  t h e  a b o v e  t h a t  

[ 2 j p . 3 6 ]  f o r  t h e  e x t e r i o r  

i s  t h e  form 

1 
dO(X,Z) - -  ~ ( x )  - ( O . ~ ) ( x , z )  

w h e n e v e r  X E F ( E ) .  I f  X, Y E F ( E ) ,  t h e n  IX,Y] E F ( E ) ,  so  t h e  f o r m u l a  

f o r  dO shows dO(X,Y) - O .  F i n a l l y ~  dO(Z,Z)  m 0 , so  

q . e . d .  

dO - O.q~. 

( 1 0 . 5 )  Leneaa. L e t  ~ b e  a s  t u  ( 1 0 . 4 ) .  Then  ~ • dR i s  a c l o s e d  

fo rm.  F u r t h e r m o r e j  [~  • d~] E ~ R ( H )  £s i n d e p e n d e n t  o f  t h e  c h o i c e  o f  

P r o o f .  d~ = k , t h e  c u r v a t u r e  fozm o f  a b a s i c  c o n n e c t i o n ~  by  t h e  

s t r u c t u r e  e q u a t i o n  ( 4 . 5 ) .  Thus  

d ( ~  . dR)  = d ~ . d ~  - k 2 

f .  

By t h e  p r o o f  o f  ( * ) ,  k 2 - 0 . 

xf d O -  O - ~ - O - ~ '  ~' t h e n  " R + fO 

Thus  

But 

and  

q . e . d .  

f o r  a s u i t a b l e  smooth  f u n c t i o n  

~ ' .  d~'  - ~ .  d~ + ~ • d ( fO)  + fe  . d ~  + r e .  d ( f e ) .  

fO - d ( f O )  - f O .  d r .  0 + f 2 0 .  dO 

- f 2 0 - d O  - f 2 0 * O .  ~ " 0 

O - d l ]  - e -  dl] - 0 - ~ 2  . d ( - O . ~ )  - - d 2 ( O )  - 0 , 

~ ' . d ~ '  - ~ . ~ + ~ . d ( f O )  - ~ . d ~ -  ~ . d ~ -  d C ~ . f O )  . 
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[ ~ .  dll] is a l s o  i n d e p e n d e n t  o f  t h e  

(10.7) Definition. If E c T(M) is a foliation of codimension one 

h a v i n g  t r i v i a l  normal  b u n d l e ,  t hen  u~(E) = [~ . d ~ ]  E ~ R ( M ) .  

Remark t h a t  t h e  e x o t i c  c h a r a c t e r i s t i c  c l a s s  w(E) i s  d e f i n e d  

because  o f  t he  v a n i s h i n g  o f  k 2. By t h e  above ,  i t  depends  o n l y  on t h e  

f o l i a t i o n  E ( i n d e e d ,  by s t a n d a r d  homotopy a rgumen t s ,  o n l y  on t h e  c l a s s  

o f  E in  F O i l ( M ) ) .  The f a c t  t h a t  i t  need n o t  a lways  be z e r o  i s  

e s t a b l i s h e d  by an ex~np l e  due t o  R o u s s a r l e  which we now d e s c r i b e .  

Le t  S L ( 2 ~ )  d e n o t e  t h e  subgroup  o f  GL 2 c o n s i s t i n g  o f  t h e  e l e m e n t s  

o f  d e t e r m i n a n t  1. I t  i s  w e l l  known t h a t  t h i s  group admi t s  d i s c r e t e  

subgroups  G such t h a t  t h e  r i g h t  c o s e t  space  

M -O\SL(Z,~) 

i s  a compact  m a n i f o l d .  S i n c e  SL(2~R) has  d i m e n s i o n  t h r e e ,  so does  M. 

(10 .8 )  Theorem. ( R o u s s a r i e )  M as  above admi t s  a c o d i m e n s i o n  one 

foliation E c T(M) such that ~(E) # 0 . 

Proof. Let K c SL(2~R) be the two dimensional subgroup of matrices 

,a 0 
, ac m 1 . 

kb c 

Thus SL(2,~)  i s  f o l i a t e d  by t h e  l e f t  c o s e t s  o f  K~ a f o l i a t i o n  i n v a r i a n t  

unde r  t h e  a c t i o n  o f  G from t h e  l e f t  w i t h  t r i v i a l  normal  bund le  a l s o  

i n v a r l a n t  under  G. The L i e  a l g e b r a  o f  l e f t  i n v a r l a n t  v e c t o r  f i e l d s  on 

S L ( 2 ~ )  i d e n t i f i e s  n a t u r a l l y  w i t h  t h e  L i e  a l g e b r a  o f  r e a l  m a t r i c e s  

( x  Y )  , x + w - O  . 

z w 

The L i e  a l g e b r a  o f  l e f t  i n v a r i a n t  v e c t o r  f i e l d s  t a n g e n t  t o  t h e  above 

f o l i a t i o n  c o r r e s p o n d s  t o  t h e  s u b a l g e b r a  o f  t he  above s e t  o f  m a t r i c e s  in  
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which 

X and 

y = 0 . Thus F(E) i s  spanned by two l e f t  I n v a r l a n t  v e c t o r  f i e l d s  

Y c o r r e s p o n d i n g  t o  M a t r i c e s  as  f o l l o w s  

o), o) 
X<--> I 0 -1 1 0 

while t h e r e  is a t r l v i a l i z i n g  s e c t i o n  Z E F(Q) such c h a t  

0 1 

Z ~ < 0  0 )  " 

The b r a c k e t s  o f  t h e s e  f i e l d s  a r e  found by t a k i n g  t h e  c c m n u t a t o r s  o f  t h e  

c o r r e s p o n d i n g  m a t r i c e s .  Thus 

[x•Y]  - - 2Y 

I x • z ]  - 2z 

{Y•Z] - - x . 

Le t  X • ¥ , Z be t h e  d u a l  b a s i s  o f  l - f o r m s .  Then Z i s  t h e  8 

o f  ou r  p r e v i o u s  d i s c u s s i o n  and• by t h e  f o r m u l a  f o r  de•  

de(X,Y) = - ½ Z*( [X ,Y] )  0 

de(X,Z) - - ½ Z*([X,Z]) - -1 

1Z*({Y,Z]) = 0 dS(Y,Z) - - 

* 1 s i n c e  t h e  t e rms  ½ X(Z (Y) ) ,  ~ Y(Z*(X) ) ,  e t c .  a l l  v a n i s h .  Thus 

d e -  - X*. Z * -  e .  x* , 

so  t h e  ~ o f  (10 .4 )  i s  X . Computa t ions  e x a c t l y  l i k e  t h e  above  show 

and so 

I Z* d~ - ~ Y*. 

• X* * * d ~ - ½  .Y .Z  

T h i s  i s  a volume e l emen t  ( i . e . •  a nowhere z e r o  3 - fo rm)  

s i n c e  X • Y • Z a r e  e v e r y w h e r e  l i n e a r l y  i n d e p e n d e n t .  

on SL(2,~)  

A l l  o f  t h e s e  



64 

constructions and definitions ere invariant under the left action of 

hence carry over to M. On M the 

foliation is also a volume element. 

f a c t  t h a t  [ ~ - d ~ ]  E ~R(M) known 

As a first step toward generalizing the class w(E)~ we show how 

it can be obtained by comparing two connections on Q. Indeedj quite 

g e n e r a l l y  l e t  Q be any smooth q - d l m e n s i o n a l  v e c t o r  b u n d l e  o v e r  an 

m-d lmens lona l  m a n i f o l d  M and l e t  v O , v I # . . . j V  n be c o n n e c t i o n s  on Q. 

Le t  V 0 P I ~ ' ' ' ~ n  be  the  c o n n e c t i o n  on t h e  bund le  

i~ n R n qx --> M x  

G# 

• d~ corresponding t o  the 

Since M is compact~ i t  is a well 

i s  n o n z e r o ,  q . e . d .  

obtained by affine combinations 

(l-a I ..... a n ) V 0 + a I v I + ... + anVn 

as in § 5. Let I(gCq) denote the ring of Invarlant polynomials on 

g~q (cf. (5.1)) and define 

(v0,vl,...,v n) : I(~q) -->A;(M) 

as  f o l l o w s .  Fo r  t h e  c a s e  n m O~ l e t  

des(w) 
x (v°)(~) = ( -~. ) 

f o r  each  ~ E I ( g ~ q ) ,  

g e n e r a l  case~  s e t  

where  

<k °) 

where  k 0 i s  t h e  c u r v a t u r e  o f  ~ 0  For  t h e  

(v °, ... ,v n) ~) = (-I) [ n/2] ~,~ (vo,... ,n) (~) I M x ~") 

~. : A (M xA n ) --> A*(M) 

i s  i n t e g r a t i o n  a l o n g  t h e  f i b e r  ( c f .  ( 3 . 1 0 ) ) .  
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Note that for n - 0 this is a ring homomorphlsm. Also note that 

A (vO,...~Vn)~) is real for deg~) even and pure imaginary for deg~) odd. 

Finally~ remark that k (vO,...,V~ is antlsymmetric in the n + 1 entries. 

As in § 5~ we use the combinatorial version of Stokes Theorem and 

the relation (3.10) together with the fact that k(vOJ''"n)(~) is a 

closed form (cf. (5.3)) to verify the formula 

n 

(#) d(X(v °,  . . . , v  n) (~)) = ~ (- l )  ~ (v °, . . . , ~ i , . . . , v " )  (~) . 

i,,,o 

Indeed, the afflne combination of the connections V i was so set up that 

n 

~. (~ , (v ° , ' " .n )  (q.)~M ,: ~a n) = '~ (-~1~ . . (~, (v° . - ' - ,~- , - - - ,n)(q.) IM x A n ' t )  . 
£=o 

hence the formula(3.10) 

(~.. d + (-i) n+l d o ~(N(V0,''',n)(:p)iM x A n ) = ~.(~(V0,''',n)(~0)iM x b An ) 

gives 

d(& (V0,...,Vn) (~0)) = (-1)[nl2]d{a.(~(vJ0'''"n) (~)i M x An)} 

= (- I )  '~'l+[n/2] ~,O,(v ° ' ' ' ' ' n )  (~)IM ,: ~n)  

n 

= (-I) n+l+~ n12]+[ (n-l) 121 I (-I) i ~ (v O, ...,~i ... ,v n) (~) . 

i~0 

But 

n + I + In/2] + |(n-l)/2] = 2n 

so we obtain (#). 

R e t u r n i r ~  ro  m(E) ,  l e t  E c T(M) be a f o l i a t i o n  o f  c o d l m e n s i o n  one 

w i t h  t r i v i a l  normal  b u r d l e  Q. Le t  Z E F(Q) c ~  be a t r i v i a l l z l n g  

s e c t i o n ,  e t h e  c o r r e s p o n d i n g  l - f o rm~  de - 0 • ~j  and l e t  V 1 be t h e  

basic connection on Q for which 
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Vlx(Z) - ~(x)z, v x ¢ ~ . 

Let V 0 be the connection on Q for which 

v~(z) =o , v xe ~ . 

i ( ~  1) = RIx] .  

The f o l l o w i n g  t h r e e  f o r m u l a s  h o l d .  

F i n a l l y ~  n o t e  that 

(I0.9) Lema. 

I) 

2) 

3) 

(v 1 ) /IT 
(x) - ( "~ )dll 

(vO,v I) (x) = ( T/)~ 

(v0v ~)(x 2) = ( -I )~.d~ 
42 

P r o o f .  S i n c e  d~ i s  t h e  c u r v a t u r e  o f  V I , t h e  f i r s t  f o r m u l a  i s  

immed ia t e .  I f  ~ : M x R - - ~  M i s  t h e  s t a n d a r d  p r o j e c t l o n ~  t h e n  a 

t r l v i a l  c o m p u t a t i o n  shows t h a t  t h e  c o n n e c t i o n  form o f  V 0 ' 1  i s  

t " t ~ (~) . 

Thus t h e  c u r v a t u r e  form i s  

k ° '1  = dt = dr. *(~)  + t .  ~ (d~).  

The s q u a r e  of  t h i s  2-form i s  

2t  d r .  ~ * ( ~ . d , i )  + t 2 / ( d ~ )  2 • 

P lugg ing these i n t o  our formula  g ives  2) and 3 ) .  

i s  -4x  2 

q . e . d .  

cohomology  (10 .10)  C o r o l l a r y .  The c l a s s  w(E) 

c l a s s  o f  t h e  c l o s e d  3 - fo rm  

t imes the 

(v° ,v  1) (x 2) = X (v° ,v  1) (x) • X (v 1) (x) . 
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is a Riemannian connection (it preserves the metric 

we use (10.101 to motivate a general definition of 

secondary characteristic classes for foliations. These will all be obtained 

by comparing a Riemannian connection and a basic connection on the normal 

bundle Q and will be independent  of the  cho ices  of connec t ions .  

(10.11) Theorem. I ( ~ q )  " ~ [C l JC2 , . . . ,Cq]  where the i nva r t an t  

polynomials c i are defined by 

q 

d e t ( I + t A )  - I + l ti ci(A) 

i=l  

For a proof, cf. the appendix. 

If E c T(~0 is a codimension q foliation~ Q - T(M~/E~ and if 

V I is a basic connection on Q, then by ('1 

k(V 1) : R I C l , . . . , c  q] --'> 4(M)  

a n n i h i l a t e s  a l l  e l ~ e n t s  of  degree  > q . 

Thus, if 

R q [ C l , . . . , c  q] = R[Cl , . . . ,Cql /{q0 : deg(~) > q} 

it follows that k (V 1) de f ines  

On the other hand, 

argument for (5.61 

(v 1 ) 
: R q [ C l , . . . , c  q] ---> 4 (M)  . 

a n n i h i l a t e s  elements of  odd degree .  

shows that 

k(v 0) : ~ [ c l , . . . , c  q] --~ 4(~O 

In p a r t i c u l a r ,  

(V O)(c21.1) - O, Z < 2i-1 < q 

i f  V 0 is  a Riemannian connect ion  on Q, then the 
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Thus, a p p l i c a t i o n  of (#) shows 

(io.12) d[~ (V0,V I) (c21.1)) = X (v l) (c21.1). 

These relations enable us to build a cochain complex 

homomorphism of cochain complexes 

E : WOq ~ A~(I.O . 

NO and a q 

As a graded a lgeb ra ,  

WO q " ~q[Cl,...,c q] @E(hl,h3,-.-, ~) 

where ~ is the largest odd integer 

21 , and each h i is assigned degree 

designates the exterior algebra over 

unique antiderivation of degree I 

q , each c i is assigned degree 

2i-I. Herej of course, E(hl,..., ~) 

R genera ted  by the elements  h i . A 

d : NO --> NO q q 

is defined by requiring 

d(c i) " 0, 1 < i < q 

d(hl ) u C£ , i = 1,3,...,% 

C l e a r l y  d 2 m 0 . The unique homomorphism of graded 

k g : WOq--> ~(M) 

R-a lgebras  

iS de f ined  by r e q u i r i n g  

Sy (10.12) 

~z(ci) =k(v l)(cl) , I <i<q , 

~z(hi) = ~ (v0,vl)(cl) , i = 1,3,.../, . 

and the f ac t  t h a t  k (V 1) (c i )  i s  a c losed  form, 
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AE o d = d-k E . 

induces a homomorphism of graded 

* H*(WOq) * ~z : -~ HDZ(M;C)" 

R-algebras  

on the choices of Riemannlan connection 0 and basic connection V 1 . 

Proof. If V 1 and ~I are basic connections, then (l-t)V 1 + t~ I 

is also a basic connection, 0 < t < I. Similarly the set of Riemannian 

metrics on Q is a convex set, so any two Riemannian connections are 

readily seen to be homotopic through Riemannian connections. Thus, as 

in the proof of (5.4), the assertion follows by the homotopy invarlance 

of ~R(M;C) o q.e.d. 

A notion of homotopy between codlmenslon q follations E and E' 

M which is weaker than (9.1) is obtained simply by requiring a 

Mx[0] and Mx{1} 

Then, for purely 

on 

codimension q foliation F on M x ~ such that 

* * E' are transverse to F and £o(F) = E, if(F) = . 

homotopy theoretic reasons, we obtain 

(10.14) Propos i t i on .  

The homomorphism AE : H (WOq) --~ HDR(M;C) has a c e r t a i n  n a t u r a l l t y  

~E depends only on the homotopy c l o s s  of  E. 

property. Indeed, if N~-~ M is a submanifold transversal to the leaves 

of the foliation E, there £s induced a codlmenslon q foliation E' - I*(E) 

on N. The normal bundle of E' is Just QI N m i*(Q) and both Riemannlan 

and basic connections on Q restrict to Riemannian and basic connections 

r e s p e c t i v e l y  on i*(Q).  

k E depends, of course, on the choices of V 0 and V I, but k; 

does nots 

(10.13) Proposition. k E depends only on the foliation E, not 
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(10.15) P r o p o s i t i o n .  Under t h e  above h y p o t h e s e s ,  t h e  d iag ram 

X 
H (WOq) > ~x(M;c)  

~a(N;C) 

i s  commuta t i ve .  

As a c o n s e q u e n c e  o f  t h i s  n a t u r a l i t y  we can  d e f i n e  a c a n o n i c a l  

homomorphism 

~* : H*(WOq) -~ H*(BFq;C) 

where we u s e  s i n g u l a r  cohomology on BFq. I n d e e d ,  i f  ~ E Hr(WOq) • we 

can  d e t e r m i n e  

~*(~) E Hr(Brq;C)  - HOmc(Hr(BFq;C),C) 

by showing how to  e v a l u a t e  i t  on homology c l a s s e s  [~] E Hr (BFq;C) .  As i n  

t h e  p r o o f  o f  ( 1 0 . 1 ) •  t h e r e  i s  an open m a n i f o l d  H and a c o d i m e n s i o n  q 

f o l i a t i o n  E o f  H~ t h e  c l a s s i f y i n g  map o f  which  

satisfies 

s : M---> BF q 

[o1 = s . [ a ' l  

f o r  s u i t a b l e  t o ' ]  E H r ( H ; £ ) .  Indeed•  M 

P i n  a s u i t a b l e  E u c l i d e a n  space  such t h a t  

s : P - -~ BF 
q 

i s  t h e  s e o m e t r i c  r e a l i z a t i o n  o f  t h e  c y c l e  o . 

~*(a)[a] = X ~ ( ~ ) [ a '  1 • 

i s  a n e i g h b o r h o o d  o f  a p o l y h e d r o n  

P i s  a d e f o r m a t i o n  r e t r a c t  o f  H and 

Then d e f i n e  

Here ,  o f  c o u r s e ,  we assume the  de P.hmn theorem f o r  s i n g u l a r  cohomology [ 4 ] .  
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In  o r d e r  t o  s e e  t h a t  k # ( ~ ) [ a ]  - i s  w e l l  d e f i n e d ,  l e t  R be  a n o t h e r  

p o l y h e d r o n  w i t h  map 

u : R ~ >  BI" 
q 

which is the geometric realization o f  a cycle ~ = u#(o'') homologous 

to o. L e t  R C N be a d e f o r m a t i o n  r e t r a c t ~  N an open  m a n i f o l d  w i t h  

c o d i m e n s i o n  q f o l i a t i o n  F c l a s s i f i e d  by t h e  e x t e n s i o n  o f  u t o  N. 

One t h e n  b u i l d s  a p o l y h e d r o n  K and a map 

v : K - - >  BF 
q 

such  t h a t  P and R a r e  s u b p o l y h e d r a  and s = v ] P  ~ u = v]K , and such  

t h a t  t h e  c y c l e s  o ~ and o '~ a r e  homologous  in  Ko Le t  K :  N as  usua l~  

N an open m a n i f o l d  w i t h  c o d l m e n s i o n  q f o l i a t i o n  G c l a s s i f i e d  by v .  

Wi thou t  l o s s  o f  g e n e r a l i t y ,  we s u p p o s e  H and N open s u b m a n i f o l d s  o f  N~ 

t h e  f o l l a t i o n s  E and F r e s p e c t i v e  r e s t r i c t i o n s  o f  G~ t h e  maps s and 

u r e s p e c t i v e  r e s t r i c t i o n s  o f  v .  Thus t h e  n a t u r e l l t y  (10 .15)  g i v e s  a 

)'E 

i*  

ar (W0q)" . " ~R(W;C) 

~R(N; c) 

commuta t ive  d i ag ram 

where  i 

we have  

and J • ' " ( W ; C ) ,  a r e  the  i n c l u s i o n s .  S ince  x . [ o  ] = J . [ ~  ] i n  H r 

* * " ~ ( c z ) t o "  1 I j X C ( ~ ) [  ~ ] I ~  
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(10.16) Theorem. There is a canonical homomorphism 

* : ~(WOq) ~ >  H*(BFq;C) 

with the p rope r ty  t ha t ,  fo r  any f o l i a t i o n  E c T(M) 

g : M---> BI'q• the diagram 

H (WOq) ~----~--> H (BFq;C) 

H (M;C) 

is commutative. 

with classifying map 

Im(~*) is, then, the desired set of universal exotic characteristic 

c l a s s e s  f o r  f o l i a t i o n s  ( a c t u a l l y ,  f o r  r q - S t r u c t u r e s ) .  

The ex ten t  to  which A* # 0 i s  of  fundamental i n t e r e s t ,  and fo r  t h i s  

R o u s s a r l e ' s  example p lays  a d e c i s i v e  r o l e .  In  NO1# the elements 1• c1~ h l ,  

and Clh I a re  an R - l i n e a r  ba s i s •  and the  on ly  c y c l e s  a re  the  l i n e a r  

combinat ions of  I~ c1• and Clh I .  c I - d(hl )  ~ hence 

• r = 0•3 

Hr (WOI) = { 

0 ~ o therwise  

and the generator in H3(WOI) is [Clhl] . By (10.9), if E c T(M) is 

a codimension one foliation with trivial Q• then 

w(E) - (-4~2)X;[Clh 1] . 

By (10.8) we obta in  

(10.17) Theore~a. (Roussarle)  ~*[Clh I]  ~ 0 in H3(BFI;C). 

Remark t h a t •  in de f in ing  k*~Clh I]  we used not  only  the codlmenslon 
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one hypothesisj but restricted ourselves to foliations with trivial normal 

bundle. The classlfyingmap 

g : M - - ' >  BF I 

for  such a f o l i a t i o n  f ac to r s  through FFI~ hence the above technique  

provides  a n o n t r i v l a l  element in  H3(Fr l ;C) .  With this c lue  we can 

modify the d e f i n i t i o n  of k* to o b t a i n  a canon ica l  homomorphism 

~* * . 
: H (Wq) ---> H (Frq;C) 

for a suitable cochain complex W . Indeed, considering only codimeusion 
q 

q f o l i a t i o n s  E ~ T(M) wi th  t r i v i a l  normal bundle~ we r ep l ace  the 

genera l  Riemannian connec t i on  V 0 i n  the  above c o n s t r u c t i o n  wi th  a f l a t  

connection V 0 (i.e. I one for which Q admits independent global 

0 (V 0) (c i) sections Sl~...is q with Vx(S £) = O~ V X E ~). Then k = 0 

for all i ~ so we define 

Wq = R q [ C l , . . . , C q ] ~ E ( h l , h 2 , . . . j h  q) 

with deg(c i) = 2i, 

homomorphlsm 

deg(hi) = 21-I, and d(c i) - 0, d(hi) = c i . The 

Xz :w --> A;(~0 
q 

i s  de f ined  by 

Xz(Ci) = k (v l)(c i) 

Xz(hi) = X (v0,v I) (c i) 

for  V 0 a f l a t  connect ion~ V 1 a bas ic  connec t ion .  One o b t a i n s  the 

H* (Wq) * des i r ed  homomorphism of i n to  H (FFq;C) by mimicry of the prev ious  

techniques. 
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I n  c o n c l u s i o n ~  we m e n t i o n  an a p p l i c a t i o n  o f  t h e  a n a l o g u e  o f  w(E) 

in  t h e  t h e o r y  o f  h o l o m o r p h l c  f o l l a t l o n s .  Here we s tudy  a f l b r a t l o n  

Bv 
FF C - - >  BF C ,~ BGL C q q q 

where F C i s  the t o p o l o g i c a l  ca tegory  w i t h  C q as the space o f  ob jec ts  q 

and with morphisms the sheaf of germs of local holomorphlc di£feomorphisms 

of C q . The holomorphie analogue of ~(E) gives a universal class 

m E H3(FF1C;C) . 

Let M - C 2 - [0]~ an open complex analytlc manlfold having the 

homotopy type of S 3. Then the set of homotopy classes of maps 

[M~FFIC] canonically identifies with ~3(FFIC). Let o E H3(M;C ) be the 

homology class represented by the unit sphere S 3 c M . The class W then 

defines a map 

by 

~ ,  : ~3(FF1C) ---> C 

®.([ f]) = [ f*(~)] (~) 

f o r  each  I f ]  E ~M, FFIC ] . 

On M c o n s i d e r  t h e  nowhere z e r o  h o l o m o r p h i c  1 - f o r m  

6 a ~  , , . ~ z  2 d z  1 + ~ z l d z  2 

• ,where u and B a r e  n o n z e r o  complex  c o n s t a n t s .  K e r ( O u ~  i s  a one 

d ~ e n s l o n a l  h o l o m o r p h l c  subbundle  o f  t h e  h o l o m o r p h i c  t a n g e n t  bund le  T(M)~ 

hence  i s  i n t e g r a b l e ~  and the  f o l l a t l o n  has  complex  c o d l m e n s l o n  one w i t h  

t r l v l a l  comp lex  normal  b u n d l e .  From t h e  i d e n t i t y  
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dB(x ~ " (43" O O d z  I • dz  2 

- e ~ .  i (  ' ~" ~ ......................... ) ( ~ ' ; 2 d ~  - ~ % ) 1  
la,2 i 2+1SZli 2 

" ~aS" ~aS 
we ob ta in  the connect ion form ~C~ fo r  a su i t ab l e  complex C ~ 

connect ion,  Since ~c~ i s  o f  the f o m  £~ where 

we obtain 

w w  

# = (xz2dz 2 - ~ZldZ I 

where 

~C~'d~a~ " f2~ . d# = ~ f2 • dz I . dz 2 

b a s i c  

~ w m 

~0- ZldZ 2 - z2dz I 

t h e  c h a n g e  o f  v a r i a b l e s  

,u m ~Z 2 

we o b t a i n  

v - ~z 1 

- ( ~ + ~ - (1~2  + iv[2) 2 

The unit sphere relative to the (u,v)-coordlnates is homotopic to the unit 

s p h e r e  r e l a t i v e  t o  t h e  ( Z l , Z 2 ) - c o o r d i n a t e s  , hence  e v a l u a t i o n  o f  [~C~" a~a~] 

on t h e  c o r r e s p o n d i n g  hemology c l a s s  becomes 

- d~c~l~ , ' '  ( + ~  - 2) 4S 3 N d'~ - ~" dv--).dv.du 

L e t t i n g  

u - x I + Ix 2 

v " x 3 + ix  4 
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• S 3 t h e  I n t e g r a n d  on t h e  r i g h t  i s  a r e a l  nowhere z e r o  

where c is a nonzero real constant independent o~ ~ and ~. By 

s u i t a b l e  c h o i c e s  o f  ~ and ~ t h i s  e x p r e s s i o n  can  be made t o  assume any 

complex  v a l u e  y ,  Indeed~ s e t  ~ m 1 and s o l v e  t h e  r e s u l t i n g  e q u a t i o n  

c~ 2 - (y + 2c)~ + c = 0 

£or  n o n z e r o  ~ .  I £  

~ B  : M---~ ~TIC 

c o r r e s p o n d s  t o  t h e  £ o l i a t i o n  i n  q u e s t l o n ~  then  w , ( [ £ ~ ] )  assumes 

any complex  v a l u e  y by s u l t a b l e  c h o i c e s  o f  ~ and ~.  

(10 .18)  Theorem. w ,  : ~3(F~1C) --~ C i s  a s u r J e c t i o n .  
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Appendix A.  We d i s c u s s  the  a l g e b r a  o f  i n v a r i a n t  p o l y n o m i a l s .  Denote 

F the  f i e l d  ~ o r  C and by Iq(F)  t he  a l g e b r a  of  po lynomia l s  on 

Sq(F) denote  the  

F~ and l e t  

by 

~ ( q , F )  i n v a r i a n t  under  c o n j u g a t i o n  by G L ( q , F ) .  Let  

a l g e b r a  of symmetrlc p o l y n o m i a l s  in q v a r i a b l e s  over  

E Sq(F) be the i th elementary symmetric function. It is well known G i 

that 

Sq(F) " F[oI,O2,...,~ q] , 

a polynomial algebra (cf. [2,p. 177]). 

Given ~ £ Iq(F), the restriction of ~ to the set of diagonal matrices 

produces a symmetric polynomial in the diagonal entries. Indeed, any 

permutation of these diagonal entries can be produced via conjugation by 

suitable elements of GL(n>F). This defines a canonical homemorphism of 

a l g e b r a s  

p ' :  Iq (F)  --> Sq(F) . 

Lemma A. p i s  s u r J e c t i v e .  

P r o o f .  E Iq(F)  d e f i n e d  by the  formula 

q 

+ tA) - 1 + ~ ~ tlci(A) . det ( I  

i - 1  

The restriction of c i to the set of diagonal matrices is simply the i th 

elementary symmetric function. That is, p (ci) " o i , 1 < i < q , so 0 

is surJective, q . e . d .  

Lemma ~. 0 : lq(C) ---> Sq(C) is injectlve. 

R e c a l l  the e lements  c i 

Proof. Let 

q x q matrices over C. Since a matrix is diagonalizable iff 

polynomial is a product of distinct linear factors [l~p. 175] 

Aq(C) denote  the  v e c t o r  space of  upper  t r i a n g u l a r  

its minimal 

it follows 
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t h a t  t h e  s u b s e t  Aq(C) c 5q(C)  c o n s i s t i n g  o f  t h o s e  matrices whose d i a g o n a l  

e n t r i e s  a r e  p a i r w i s e  d i s t i n c t  i s  a s e t  o f  d i a g o n a l i z a b l e  m a t r i c e s .  C l e a r l y  

A*(C) i s  dense  i n  A (C)j  hence  t h e  s u b s e t  o f  a l l  d i a g o n a l i z a b l e  m a t r i c e s  i n  
q q 

Aq(C) i s  d e n s e .  

I t  i s  an  e l e m e n t a r y  f a c t  t h a t  e v e r y  m a t r i x  i n  g6 (q ,C)  i s  c o n j u g a t e  

under  GL(q,C) t o  an upper  t r i a n g u l a r  m a t r i x .  I n d e e d ,  i f  A i s  a l i n e a r  

t r a n s f o r m a t i o n  o f  C q ,  t h e  a l g e b r a i c  c l o s u r e  o f  C g u a r a n t e e s  t h e  

e x i s t e n c e  o f  a n o n z e r o  e i g e n v e e t o r  v I E C q f o r  A. A d e f i n e s  a l i n e a r  

t r a n s f o r m a t i o n  o f  V 1 ffi c q / s p a n ( v l ) ,  hence  has  a nonze ro  e i g e n v e c t o r  

v 2 E V 1 . T h i s  g i v e s  v 2 E C q l i n e a r l y  i n d e p e n d e n t  o f  v 1 such t h a t  

A(v2) E s p a n ( v l ~ v 2 ) .  P r o c e e d i n g  i n d u c t i v e l y ~  p roduce  a b a s i s  V l , V 2 ~ . . . j v  q 

o f  C q such t h a t  A(v  t )  E s p a n ( v l , . . . ~ v i )  , 1 < i < q . R e l a t i v e  t o  t h i s  

basis A is represented by an upper triangular matrix. 

By these remarksj the set of  all q x q diagonallzable matrices is 

dense in g~(qjC). If ~0 E lq(C) and p (~0) = 0 ~ it follows that 

vanishes on every diagonalizable matrix. By continuity and denseness~ 

~0 " 0 . q . e . d .  

Lemma C. p : I q ( | 0  - - >  Sq(R) i s  i n j e c t i v e .  

P r o o f .  For  p u r e l y  fo rmal  r e a s o n s ,  e v e r y  ~ ~ Iq(R)  i s  a l s o  i n v a r i a n t  

when interpreted as a polynomial on g~(q,C). This gives an inclusion of 

lq(~) as a real subalgebra of lq(C). Likewise, Sq(R) is a real 

subalgebra of Sq(C). The diagram 

Iq(~) = iq(C) 

s (a) c s (c )  
q q 

i s  conm~ta t i ve#  so Lermma B g i v e s  t h e  a s s e r t i o n ,  q . e . d .  
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These lemmas e s t a b l i s h  ( I 0 . I I ) .  

Finally~ recall the elements ~i E Iq(F) defined by 

~i(A) = t r ace (A i) . 

Then 

i 
p ( ~ i  ) ( x l , . . . , x q )  - x~ + x~ + - - .  + Xq 

Lemma D. The e lements  { ~ l , ~ 2 , . . . , ~ r , . . . ~  gene ra t e  Iq(F) . 

Proof. Since p is an isomorphlsm~ it is enough to prove that the 

s)~etric .polynomials { p ( ~ l ) , ~ C 2 ~ 2 ) # . o . , P ~ r ) , . . .  ? generate Sq(F).  This 

will follow by induction on k from the classical formula (in which we use 

the  conven t ion  o 0 = I)  k 

o - k o  k+  pc #,l<k<q' 
i,,1 

In order to prove this forur~la~ first define 

f = I + o l t  ÷ . . .  ÷ Oqt q E Sq(F) [ t ]  

That i s j  

f - (I + xlt)(l + x2t)'''(l + Xqt). 

Thenj f o r  pu re ly  formal  reasons~ 

df  d 
- t (  ~ ) I f  = - t ~-f(  log f ( t ) )  

= - t X l l ( l  + Xl t  ) . . . . .  t x q l ( l  + Xqt) 

i i ( . t ) i  (.l)ip i>t t 
= (x  I + - . .  + Xq) = 

i > l  i > l  

Multiplying both sides by f gives 

( ~ojtJ)( i (" l) i p~i )tl) . " t I k"k 

j .>0 i_>l kp0  

tk-I 
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a n d  s o  

V~{( L (-1) i~j 
k > 1 i+]=k 

p ¢ Z i ) )  + k ~ k } , k  ,.  0 . 

Here, of course, we also use the convention oj = 0 if j > q . q.e.d. 
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Appendix B - Construction of BC 

by J. Stasheff 

The history of classifying spaces for groups is extensive [9]. 

Here we will study several important examples and compare alterr~tive 

forms of the eonstr~ction. 

If G is a topological group, we can form the associated 

category 9 with one object * and Mor(*,~O = G, composition 

being given by gog' = g'g, to conform with established usage. 

Segal's B~ is then exactly BG as defined by Milsram [5] or, 

in an obscure exposition, by Stasheff [I0, p. 289]. If G = S O , 

S 1 or S 3 with the usual multiplication then BG is homeomorphic 

(respectively) to RP = , CP ® or HP ® . If S 0, S 1 or S 3 is given 

the minimal cell structure, the induced cell structure on the 

projective space is the standamd one. The identifications 

corresponding to the degeneracies s i serve to achieve this 

minimali%~ of the cell decomposition, but for our purposes they get 

in The way. The construction can be reworked as follows: 

Recall that A0C = 0bC and AnC~Mor C x ... x Mor C is the 

subset consistinEof n-tuples (fl,...,fn) such that %+lofi is 

n 
a = ~ denote an (n+l)-tuple of integers 

... _< i n , and A~ the simplex with vertices in a. 

defined. Let 

0 < i 0 _< i I _< 

Define 

n 
n l u  

% x An/.~ 

where the equivalence relation ,.a is defined by the face relations: 

if t. = O, 

• "%1 o fk "")" 
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This ~ is, like Segal's B , a functor from topological categories 

to topological spaces. 

Theme is a map ~C + BC (as defined by Segal or on p. 61) which 

collapses the degenerate simpiices, where any % C coordinate is the 

identity. This is the standard reduction of a simplicial object to the 

normalized form, as it appears in singular theory or the Eilenbemg- 

Zilbem theorem [3~ p. 236]. Just as theme, it is a homotopy equivalence 

in this case [10, p. 289]. 

If a is a topological group and ~ is the associated category, 

we have An~ = a n. The space ~ ~ is identical with "BG" as 

defined by Dold and Lashof [2]. The point of thei~ construction 

was that it did not use the inverses in a and so went through for 

a topological monoid (=associative H-space). For example, if nX 

is the (Moore) space of loops on a connected CW-canplex X, then 

4~X has the hcmotopy type of X. Closer to our interest, if H(F) 

is the monoid of auto-homotopy - equivalences of 

classifies Hurewicz fibrations with fibre F 

[1,7]. 

F to itself, • H(F) 

over CW-base sp~ces 

For a group a, we also have Milnor's constr~etion [6] which 

we will denote ~ a. For comparison with 8 ~ , we r~te that ~ a 

can be defined by first 

ES- I I % xaxan/= 
n 

where the equivalence relation is: if t~ = 0, 

(rio , .... tin,go,gl,...,gn )~[..., t~,...,gk,... ) " 

Then define ~ G as the quotient by the action g(go"'" 'gn ) = 

(gg0' .... ~n )" (One can profitably think of homogeneous coordinates 

in projective geanetr-y.). 
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The compa~,ison between ~ and ~G can be made quite explicit in 

terms of the iscmorphism ~ :Gn + gn given by 

(gl'g2 '''''gn ) + (gl'glg2""'gl'"gn) " 

We then map ~ -~G by 

(ti0'" "" 'tin'g1""" '~ ) - -  (tlo,' "" 'tin'e'~(g1'"" '~n )" 
The map r e s p e c t s  t h e  i d e n t i f i c a t i o n s  as  we i n d i c a t e  on A2 x G 2 : 

0 0 

1 2 i ~ - - "-2 

g2 gl'glg2 ~ e'g2 

This isomorphism is the one ~hlch relates the s~andard inhomogeneous 

and homogeneous resolutions of a (abstract) group, The inverse to 

# depends on the existence of invemses in G. 

The variety of eonstr~etlons available can be summamlzed as follows: 

normal ized  

unnozmalized 

homogeneous L~l~omogeneous 

unpublished Milg~am 
Stasheff 
Sega l  

M~r Dold-Lashof 

Theme are also a variety of topologies, but these agree up to 

homotopy [ 8]. 
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For a discrete group G, these various constructions are 

realizations of the various standard complexes for computing H~%(G). 

Indeed B~ (or ~ or [~G) is a K(G,I). For any topological group 

G, the construction 8~ is a realization of the bar construction B in 

homological algebra [3] in the sense that if G is a CW-complex with 

cellu]a~ multiplication (e.g. discrete) then, using cellular chains 

[5, 9], 

C~89= ~C,G . 

Maciane has shown in general that B can be regarded as the tensor 

product of two funetors [4]. 

In the case of G = GLq(~), ~C = R, C or H to 

~eeognize BGLq (~) as the usual Grassmanian up to homotopy; it is 

perhaps easiest to use a homotopy characterization in te/a~ of a 

universal bundle [6] or in terms of classification of G-structures 

as we do in Appendix C. 
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Appendix C - Clas~ification via ...... ~ Fq 

5y J. Stashe£f 

The approach to classification in § 8 uses the classifying 

space B~j associated to an open cover U = {Uo( } . We can 

cons1~-uct a space ~ U without passing through a cate£ory as 

follows: Order the index set A and let ~ now denote a subset 

{ i 0 < i I < ... < i n}. Define ~U as the quotient of I I, A a x U 

by the equivalence l-elation: if t~ = 0) 

(ti0,...,t~,x ¢ U ) " (..,t~,..., x ¢ Ua,) 

The~e is an obvious map z~: d] U ÷ X induced by 

where a' = (i0,...,ik,...). 

A xU ÷U If U 

has a subordinate locally finite partition of uni~ {~ }, we can 

construct X : X÷4~U by choosing for each x, o(x) ={~Ik (x) ~ 0} 

and then defining l(x) = (~0 (x)'''''~n(x)' x ¢ U (x) }. Clearly 

ml = 1 and it is easy to construct a linear homotopy: kr -- i. 

The construction and ~ look as follows: 

becomes 

By eor~h-~t, Segal avoids choosing an ordering essentially by 

considering the first barycentric subdivision (which has a eanonioal 

local ordeming). In the seeond case above this looks like: 
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As mentioned in §8, a cocycle { U,ya ,7a8} induces B~ ÷ Br q. 

The same holds for ~ U if the covering is indexed by the non-negative 

integers. This is the case for any numerable cover, i.e. one with a 

subordinate locally finite partition of unity. The definition is 

even simpler: 

A 

Ls L,'~:luced by 

x ' ~  ÷ ao x Anr q 

x ~ (Yili0(x),..., Yinin_l(X) ) . 

(Fo~ n - 0, we use Yi:Ui ÷ Rq.) The cocycle conditions a) and 

are exactly the conditions needed ~o ~espect The identifications. 

b) 

Let us use 48 U to prove the classification theor~n. 

Theorem D. Theme is a natural l-l'corTespondence between 

rq(X) and [X,~ rq]. 

We will prove this in such a way that the proof carries ovem, 

verbatim, to any topological category C and naturally so with respect 

to functoz~ ~C; C ÷ C 1. I~ particular, the classification will be 

cQmpatible with the differential d: Fq ~ GLq , 

We have already seen how a eocycle on a numemable coved {U i} 

induces ~ U ÷ 43 rq If two cocyeles {U, 7i~7 ij } and 

{V,Vk,VkA} are equivalent, order the indices of U~V by decreeing 

those of U to be less than those of V. If the partition of unity 

for U gives I:X ÷~U and for V we have ~:X ÷ ~ V, use 

Z'A+ (l-t)~ to obtain X x I ÷ ~ (UvV) which restDiats to I at 

one end and ~ at the other. The total eocycle assumed on U V 

induces ~ (UvV) ÷ ~ Fq and shows we have a well defined map: 

,:~(X;rq) ÷ [x,~rq]. 
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The relation of h~,~otopy on cocycles induces a h~otopy between 

corresponding classifying maps so . # factors: 

~: rq(x) ~ [x, ~rq]. 

We will prove ~ is a bijection by eoD~tructing'a universal 

cocycle on ~ rq . We specify the covering in terms of the functions 

t.:A ÷ I if i c a, extended to be 0 on A~ if i~ o. Notice 
l 0 

these induce well-defined continuous maps ti:~gr q + I. 

We set U i = til(0,1]. Trivially the t i are a partition of unityj 

but only point finite in general, not locally finite. Following 

[2 or 3] we shrink gradually to obtain a locally finite partition of 

unity subordinate tO { U i } - U. 

For x e~Pq, let Wi(s,x) = max(0,ti(X~ - s ~ tj(x)) 
j<i 

and let vi(s,x) = Wi{s,x)/ Z Wj(s,M). Note the division is in fact 
O 

by a finite s~ of non-zero terms, hence vi:I x 4~ £q • I is 

continuous. For s = 0, we have vi(0, ) = t i while at s = 1 we 
n 

have a locally finite partition of unity since, if ~ tj (X) = I, then 
0 

n 

there exists a m~hood N of x such that Z tj(y) > 1/2 far 
0 

y c N and hence vi(i,y) ~max (O,a) where a< 0 for i > n. 

Now we are ready to construct our universal example 

Define 

7i(tio 

7i:U i ÷ R q by 

,...,tin,fi,...,f) = source fi+l for i < n 

except that for n = 0 

Similarly define, for 

: target f. for i > 0 
l 

let 70(l,xJ = x ¢ R q . 

i>j , 

c Hl(~rq~rq). 
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Yij(tio ' .... tin'fl'""fn) = fi o ... ofj+ I . 

The condition YijYjk : Yik is ~ t e  if we define Yij : ?jiI for 

i < j and Vii to he the appropriate identity. Let 7 denote the 

class of { U ,7i, Yij} in ~(~rq;rq) or in the set of structures 

rq(d~rq). 

Given f :  x ÷ ~ rq, we have f (y) i n  r q(×) and can a p p l y  

t h e  n a t u r a l  t r a n s f o r m a t i o n  ~ . To s e e  t h a t  ~ ( f*y)  = [ f ] ,  we l o o k  

d ~ e c t l y  a t  t h e  d e f i n i t i o n .  The c l a s s  f * ( y )  i s  r e p r e s e n t e d  on t h e  

coveming (f-l(ui)} by ~i °f:f'l(ui)~ R q and 7ij~f:f-l(ui)~f-l(uj) +rq 

AS a partition of unity fo~ {f'l(Ui)} = U, we choose ui(x) = vi(l,f(x)) 

We have, for 

X 

~(~) q 

x cUa(x) , that f(x) can be represented as 

(tiof(X),...,fl(x),...,fn(X)), so we have x-~ (Uio(X),...,x) 

io( io f(x),''-) (u x),..., 7i I where y. • f(x) = fj+l (x). The 
~j+i~j 

f to~f#(~) ou. 

If l.'V. ÷ I is a subordinate locally finite partition l 1 

have ((~v)o X)-I(u i) = {xlXi(x) ¢ O} , which is a 

On that subset, the pull back of the universal Yi 

of ~(X; rq). 

of unit-y, we 

subset of V i. 

homotopies vi(s,f(x)) thus define a hcmotopy from 

This shows ~:~(X;rq) + IX, ~ rq] is onto. 

On the other hand, let v = {~, vi,vij} be a cocycle representative 
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~(X;C) or C(X) signifies unless only invertible morphisms in C 

are used. However our universal structure involved Yij only for 

i > j, so our proof does go through in this generality. 

Theorem E. Let C be a topological category and X a paraccmpaet 

space. There is a I-I correspondence between u(X) and [X,~C]. 

Indeed, Milnor has pointed out that ~ C can be described as 

"the space of cocycles with values in C." That is, let ~ C as a set 

consist of pairs (t, {fij}) where t = (t0,... ,ti,...) is a sequence of 

numbers t i > 0, almost all 0 such that Zt i = i while fij e Mor C 

(0bC if i = j) runs over all pai?s i _> j such that ti~0 , tj~0 satisfying 

the relations fij c Mor(%j,fii) and fij °%k = fik for i > j > k. 

To topologize ~ C so as to be hcmeomorphic to ~q C as previously 

defined, use the direct limit of the quotient topologies of the maps 

A ° x %C ÷ ~ C by (tio ,. .. ,fl,. .. ,fn ) ÷ (~' {fij } ) where ~ is 

except for t i and % : % o  fk÷i 
] J 

Notice the proof is functorial in C, i.e. if ~: C ÷ D is a 

continuous functor between topological categories, it induces 

C ÷ ~ D and we have a ccn~nutative diagram C(X) ~-~ IX, ~ C] 

D(X) *-+ [X, ~ D] 

In particular this holds for the differential d: F + GL which q q 

is a hcmomorphism (= functor). 

If we specialize to a group, we can say more. 

Theorem Fo Let g be a topological group. For paracompact X, 

there are natural i-i correspondences between the set of equivalence 

classes of G-bundles over X and HI(x;G) and [X, ~3~]. 

The first colTespondence is well-known: a bundle can be defined 

over X from the disjoint union I I U x G by identification over 
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is given as follows: X. (x) appeams as some barycenlmic coolxtinate of 
1 

voX(x) and vij(x) fox some j appears as the eormesponding Fq- 

coordinate so we have 

7 i 
x~ > ( .... ~i(x), .... vij(x),...)~ ~tamget vij = vi(x) 

and similarly the pull back of the universal Yij agrees with vii 

where li(x) ~ 0 ~ l j(x). Thus if h: X x I + ~ Fq is a 

hcmotopy from f0 to fl' then h~(y) restricts as desired to 

fl~(y), showinE ~ : Fq(X) [X, ~ r q] is one-to-one. f0 (Y) and ÷ 

0u~ proofs works in much greater generality. The discussion of 

Fq-s~uctumes on a footnote in Segal [4] indicates how to define 
l 

~(X;C) for any topological category C. In texmzs of an open covering 

U : {Us},ovem an ordemed index set, a cocycle consists of 

continuous maps 

7a : U ÷ ObC 

~=B : USf~UB ÷ HorC for ~ > 

such that a) Y~8 (x) ~ Hom(ysCx) , ya (x)) and b) yaSyS~ = 7a ~ 

on U s /~ U 8 /~ U 6 for ~ > S > 6. Two such cocycles 

{ U, Ya , YaS} and { V, re, ~aS} are cohomologous if they are 

restmictions of a cocycle on U~V with either the indices of U 

precedin E those of V or vice versa. The equivalence classes form 

~(X;C). The set C(X) of C-s~euctumes on X is the quotient of 

~(X;C) by the ~,Dtopy relation as above. Since our definition depends 

on the gederin E of the covering, it is far from clear what 



92 

U /% U B via ysB The second correspondence implies one between 

HI(x;G) and G(X). That is ~(X;G) already satisfies the hcmotopy 

axicm in this case. This in turn follows ~ the basic fact of 

bundle theory: A bundle p: E ÷ X x I is equivalent to 

Pt x i: E t x I + X x i where Pt : PlP-i(x x t). The example of §7 

shows this breaks down for F -structures even if X is an interval. 
q 

It is the comparison of the y -par~ of the cocycle that fails here but 

not for groups where there is only one object and the ye are unique. 

The strong result in terms of bundles suggests one further 

extension of this type of classification, namely to fibrations in the 

sense of the covering honmtopy proper~cy rather than local triviality. 

Here the hcgnotopy is built in, but we lack strict inverses since the 

appropriate notion of equivalence is fibre homotopy equivalence. Indeed~ 

Dold shows local triviality is often present up to homotopy. 

Theorem [2]. Let X be paracc~pact, weakly locally con%-~actible. 

Then p:E ÷ X has the WCHP if and only if the map p is locally fibre 

hcmotopy triyial, i.e. for some covering {U~} , there exist mutually 

inverse fibre hcmotopy equivalences 

h 

U 

xF 

If we a%-tempt to define a eoc~cle as before with H(F) = 

{hcmotopy equivalence F --+F} taking the role of G, we would obtain 

(x, yeS(x)y) = h kB(x,y) for x ¢ U e%UB~ but the cocycle condition 

breaks down for we have h k~hBk ~ =hk 6 . It turns out that a specific 
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homotopy ¥~86:I x U/% UB/] U~ ÷ H(F) is relevant to classifying 

the fibration. Wirth [7] has carried out a full program along these 

lines and finds higher homotopies I n-I x U ° + H(F) are also important. 

One way of summarizing his result is the following: We have seen that 

the eocylce condition corresponds to an associated map being a functor 

or, in pseudogroup terminology , a homomorphism. With topological 
% 

categories or topological pseudogroups, it makes sense to talk of 

functors "up to strong homotopy" or s (trongly) h(omotopy) m(ultiplicative) 

maps [6]. Associated to these conditions, we can define a "cocycle up 

to strong homotopy." Similarly the equivalence or eobounding relation 

can Kith effort be generalized up to homotopy so as to define 

(X,C) as a limit oven all covers of X. 

Theorem G. [Wirt~7~ There is a i-i correspondence be%ween fibre 

hommtopy equivalence classes of fibratio~s (with the WCHP) over 

pa~aeompact, weakly locally contractible X with fibres of the 

homotopy type of F and The set HI (X; H(F) ). 

Since shm maps induce maps of classifying spaces, so do functors 

up to strong hcmotopy. Thus either of the above sets is in i-i 

correspondence with IX, ~ H(F)], as was kn~. for the first 

mentioned set [i, S]. 
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OPERACIONES COHOMOLOGICAS DE ORDEN SUPERIOR 

por Samuel Gitler 

con la colaboraci6n de Carlos Ruiz 

O. Introducci6n 

Sea ~ un grupo abeliano, denotamos por 

espacio del tipo de homotop~a de un CW tal que 

K(~,n) a cualquier 

~, q = n 
(K(~,n)) = 

n 
O, q~n. 

Entonces por el teorema de Hurewicz, 

y tenemos 

Hi(K(~,n) rZ) = O, i < n; 

Hn(K(~,n) ;Z) = ~n(K(~,n)) = ~, 

Hn(K(~,n) ;~) ~ Hom(Hn(K(~,n) ;Z) ,~) = Hom(~,W) ; 

el primer isomorfismo por la f6rmula de coeficientes universales. 

Luego al isomorfismo identidad de ~ corresponde una clase 

Yn 6 Hn(K(~,n) ;~) llamada la clase fundamental de K(~,n). 

Dada f:X--~ K(~,n), le corresponde una clase f*Yn 6 Hn(x,~), que 

depende s61o de la clase de homotopla de f. 

Designemos por If] a la clase de homotop~a de aplicaciones X--->~ 

se tiene el siguiente teorema: 

Teorema O.I. Sea X 

asocia a Cf] 6 ~X,K(~,n) ] 

biyectiva. 

u__nn complejo CW, l a correspondencia que 

la clase f*Yn' es una correspondencia 
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Si x = f*~n decimos que f "clasifica" a x. 

E1 teorema O.I es consecuencia de la teorla de obstrucciones, una 

demostraci6n puede verse en [iO, pp. 6-10] o bien en [14, th. 8.18]. 

Si X es un espacio con un punto base, que indicamos con *, 

dentamos con ~X al espacio de caminos, es decir, el conjunto de todas 

las aplicaciones ~:[O,I] --> X tales que a(O) = *, con la topologla 

compacto-abierta. 

-i 
Sea p:~X-->X la aplicaci6n p(~) = ~(i), entonces p (*) =QX 

es el espacio de lazos de X. 

es un espacio contr~ctil y 

nx--~ @x P~x 

es una fibraci6n ~14, 2.8.8], llamada la fibracidn de caminos de X. 

En particular, si X = K(~,n), de la sucesi6n exacta de homotop~a 

se deduce que QK(~,n) = K(~,n-l). 

Una fibraci6n principal es una fibraci6n 

i p~ 
F > E B 

con una acci6n ~:F X E >E, fibra a fibra, que convierte a F en un 

H espacio y con una aplicaci6n 

v:E ~ F, 

donde 

= {(x,y) ~ ~ x ~/p(x) = p(y)), 

~2 > E 

E P ...... > B, 
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tal que 

~o(~ X~I ) ~2 [12], 

ver [12]. 
La fibraci6n de caminos es una fibraci6n principal y toda fibraci6n 

inducida de una fibraci6n principal es tambi~n una fibraci6n principal. 

Proposici6n 0.2. 

~:X--->B. 

tal que 

Sea F--> E P>B una fibraci6n principal 

Z ~ son dos levantamientos d__ee ~ a E, existe g:X--> F 

X A > X xX g ~ >F ×E ~ >E 

e__ss homot6pica ~ ~ ~12],[13]. 

Dada una fibraci6n 

i p 
f >E >B 

tenemos el siguiente diagrama 

i* >Hn(E) >Hn(F) 6 >Hn+I<EtF) J* >Hn+I(E) ____> 

lp _ I p* 
, ~ Hn+ i Hn+l<~ *) ~ (B) 

donde la fila superior es la sucesi6n exacta del par 

Sea T = 6-1(Im p~) y sea 

T:T >Hn+l(B)/k*(ker P[) , 

~= k*p[-16. 

(E ,F) . 

se llama la. trasqresi6n de la fibraci6n y T el subgrupo de 
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los elementos trasgresivos. 

Es f~cil verificar Io siguiente: 

ker T = Im i* = ker 6 

Im T = ker p*/k*(ker p[). 

La relaci6n inversa 

se llama la suspensi6n. 

Entonces T y ~* 

~* = 6-1p[k-l:ker p*--->Hn(F)/Im i* 

inducen isomorfismos inversos 

T/ Im i*< taker p*/k*(ker p[). 

La trasgresi6n tiene una definici6n en t~rminos de la sucesi6n 

espectral de la fibraci6n, para esta nocidn referimos a E7~I~14] Pc~ 

este camino se demuestra el siguiente teorema debido a Serre ~ii]. 

Teorema 0.3. S__ii B e sp-conexo Z F e__ssq-conexo, entonces 

para n<p+q+l, T = Hn(F); ker p~ = 0 y l a siguiente sucesi6n es 

exacta 

i* n-i T i --->Hn-I(E) .... ~H (F) " Hn(B) P*>Hn(E) i*~Hn(F). 

Si X, Y son espacios con un punto base (que denotamos siempre 

*), definimos 

i) la suma reducida 

X~Y = {(x,*)) V {(*,Y)} c X xY, 

2) el producto reducido 

X ~ Y  = X X Y / X v Y ,  
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X es 

EX = X~S I = X ~ I/~ 

donde ~ es la relaci6n que identifica entre sf a todos los puntos de 

la forma 

Notar que sm~ S n = S m+n 

3) La junta (join) 

(*,t), (x,O) , (x,l). 

X.Y = X+X X I XY+Y/~ 

donde ~ es la relaci6n que identifica x = (x,O,y) para todo Y 6X. 

Prop Qsici6n 0.4. Z(X~X) ~X*X. 

Si G es un H-espacio asociativo, existe un espacio 

clasificante BG con la propiedad de que ~X,BG] est~ en correspon- 

dencia biunlvoca con las clases de isomorfismo de fibraciones 

principales sobre X, EJ]. 

Sea ~ la multiplicaci6n de G. Entonces pot la proposicidn 

(0.3) la restricci6n de Z~ es equivalente, salvo homotop~as con la 

aplicaci6n ~:G*G--~ZG, que se obtiene de la construcci6n de Hopf. 

Se ve que ~ es una G-fibraci6n principal, sea q:EG-->BG su 

aplicaci6n clasificante. Entonces tenemos una fibraci6n 

G*G ~ >ZG q >BG, 

se ve en [2] que q es adjunta de id G en la correspondencia 
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[G,G] = ~G,QBG] < > [EG,BGI 

Bn p a r t i c u l a r  para G = K(Z2,n) ,  tenemos 

(0.5) K(Z__2 , n) ,K(Z2, n ) ~ ~K(Z_2, n ) 
g 

(ver [14]) 

> K(Z_2, n+l) 

i. 0pergciones cohompl6gicas prim arias y el ~igebra de Steenrodd 

m6dulo 2 

Una operaci6n cohomol6gica de tipo (~,n,G,q) es una transforma- 

ci6n natural de functores 

8:Hn( ;~) ---> Hq( ;G) ; 

es decir que consiste de un homomorfismo 

eX:Hn(X;~) ---> Hq(X;G) 

para cada espacio X, de manera que para cada f:Y-->X continua el 

siguiente diagrama sea conmutativo: 

6 X 
H n ( x , ~ r )  ~ > Hq(X,G) 

I~ 8y 
H IY,vl > Hq(Y,G) 

A1 conjunto de todas las operaciones cohomol6gicas de tipo 

(~,n,G,q) io designamos O(~,n,G,q). 

Teorema i.i. L__aa aplicaci6n que le asocia a cada operaci6n 

cohomol6gica 8 60(~,n,G,q), l a clase d__ee cohomolog~a 

@Tn 6Hq(K(~,n) ;G), e_ss biyectiva. 

Demostraci6n. Construiremos la aplicaci6n inversa: 
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dado u EHq(K(~,n);G) le asociamos una operaci6n cohomol6gica 8 u 

como sigue. Si x6 Hn(X,~) , segdn (Teorema O.i) x y u est~n 

representadas por aplicaciones ~x Y ~u respectivamente. 

<°x ~u 
X ~ K(~,n) >K(G,q) 

entonces definimos 8u(X) como la clase de cohomologla (perteneciente 

a Hq(X,G)) clasificada por ~u ° ~x " [] 

Definimos: S q = lim prOYnHq+n(K(~,n) ;G), el l[mite inverso, 

tomado segdn las suspensiones en las fibraciones de lazos de K(~,n) : 

G*:Hq+n+l(K(~,n+l) ;G) --> Hq+n(K(~,n) ;G) , 

que seg~n (0.3) son isomorfismos para q<2n, S* = [sq; . t • 

Entonces, sq(~,G) es un grupo y sus elementos son las o~eracio- 

nes estables de tipo (~,G,q) ; es decir que para 8 6sq(~,G) Y 

x 6 Hn(X;~) tenemos 8x 6 Hn+q(X;G) - 

En particular, si ~ = G = 4' S*(Z--2'4) es un ~igebra bajo la 

composici6n, llamada el ~lqebra de Steenrod m6dulo 2 y denotada ~(2) 

o simplemente G- 

Ahora describiremos un sistema de generadores de ~. 

Pongamos Kn= K(Z2,n); 7 n E H*(Kn;~ 2) genera un ~igebra de 

polinomios ya que si x 6 Hl(Rpc° ; 4) es el generador de H*(RP~,Z2 ) = 

clasifica a x n es decir, f*Yn = xn ~2 Ix] Y f:RP OO >K n , , 

nt 
entonces f*(yn) = x ~ O. 

Consideremos la fibraci6n (0.5) 

*K ~ >~K n g Kn n >Kn+l' 

2 - 2 
como 7n es primitivo ~*E*yn = O; luego, en la sucesi6n exacta de 
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2 
Serre, T*yn proviene de Kn+ I, digamos 

2 
Y*7n = g*~n+l' 

con ~n+l en ~n+l (Kn+l) ~nico. 

Ahora bien, que g sea adjunta de la identidad significa que el 

siguiente diagrama, donde ~* es la suspensi6n de la fibraci6n de 

lazos de Kn+ 1 y Z* corresponde a la suspensi6n geom4trica, es 

conmutativo 

Q* 

H*(ZKn )< ~ H*{Kn+I) 

H* ( K n) 

entonces 
2 

~*~n+l = Yn" 

Supongamos tener elementos 

~i" 6 H i+n('Ki --'Z2) ' n+l_< i< j 

tales que 

~*~i+l = ~i 

en la fibraci6n de lazos de Ki+l; como Kj+ 1 es j-conexo, usando la 

sucesi6n exacta de Serre se deduce que existe un ~nico elemento 

elemento ~j+l 6 HJ+n+I(Kj+I,~) tal que ~*~j+l = =j" 

n 
Entonces es un elemento de G que denotamos Sq y 

(~i) i ~ n n 

llamamos el n-simo cuadrado de Steenrod. 

TeOrema 1.2. Los cuadrados de Steenrod verifica n las siquientes 

propiedades: 

Hi+ n i. sqn:Hi(X) --~ (X) 
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2. _!i x 6 Hn(X) , sqnx = x 2 

3. S_~i x 6 Hi( x ) , i<n, sqnx = 0 

= H i 4. Sq ° l:Hi(X) --> (X) 

1 Hi Hi+l 5. Sq = (X) --> (X) coincide con el homomorfismo d__ee 

Bockstein asociado a la sucesi6n 

0-->z_2 -->Z 4 -->z 2 -->0 

6. F6rmula d__ee Caftan: 

n n _ i n-i 
Sq (xy) = Zi=oSq xSq y 

7. Relaciones de Adem: Si a <2b 

a b ~Ca/2] b-i-i 
Sq Sq = ~i=o ( a-2i )sqa+b-xsql 

donde (~) representa al n6mero combinatorio, tomando m6dulo 2 

~n] indica parte entera. 

Para esto y Io que sigue ver referencias CIO] y [15]. 

Z 

Teorema 1.3. 

p0 r los cuadrados 

El ~igebra de Steenrod A es el ~igebra Kenerada 

i 
Sq sujetos alas relaciones de Adem. 

Digamos que una sucesi6n de n6meros enteros 

admisible si ij~2ij+ I. 

Pongamos Sq I = sqll...Sq Ir. 

I = (i I ..... i 2) es 

Teorema 1.4. Los Sq ", I admisible son una Z2-base de ~. 

2. Operaciones secundarias 

Z TM Sea k=l ~k~k = O una relaci6n homog~nea de grado n+l 

Para simplificar la notaci6n escribiremos ~ = (~i ..... ~m ) " 

en ~. 
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= (~i ..... ~m ) ; entonces la relaci6n se escribe ~ = O. 

Ponemos dim ~k = tk" 

De finimos : 

~q(~,x) ={x ~ Hq(x) ~k(x) -- o. k -- i ..... m} 

iq+n(~,X) = E=k(Hq+n-dim~k (X)) - 

Una operaci6n secundaria ~ asociada con la relaci6n =-~ = 0 

es una transformaci6n (para cada q) 

(2.1) ~:Nq(B, ) ---> Hq+n( )/Iq+n(~, ) 

que verifica los siguientes axiomas: 

Axioma 1 (Naturalidad). Si f:Y-->X es una funcJ6n continua y 

x ENq(@,X), entonces f*X 6 Nq(~,Y) y f* ~ (x) = ~(f*x), m6dulo 

Iq+n(~,y). 

Para el axioma 2 hace falta alguna notaci6n: 

Si (X,Y) es un par, Y i j > X ~ (X,Y), las inclusiones v6Hq(X,~, 

j*v = x y j*v 6 Nq(~,X) , para cada k tenemos un diagrama: 

i* Hq-i > (X) 

>Hq-l+ tk( ) 

j, 
6 >Hq(X,y) ....... >Hq(X) 

l~k [~k 
q+t k 

..... > H (x,y) ...... i~ q+ k(x) 

q+tk-i 
Se deduce que existen elementos w k 6 H (Y) tales que 

6w k = ~k v. 

Axioma 2 (F6rmula de Peterson-Stein). 

i* 0 (x) = ~kwk. 
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Una operaci6n secundaria se llama estable si verifica adem~s: 

Axioma 3 (Estabilidad). Si x E Nq(~,X) entonces 

.q+l 
Z*xE s (~,ZX) y ~(Z*x) = Z*~(x). 

Vamos a construir operaciones secundarias estables por el m~todo 

del ejemplo universal. 

Sea q > n y sea fk:Kq >Kq+tk la aplicaci6n que clasifica a 

la clase @k7 q es decir f~Yq+tk = ~kYq; las fk' k = 1 ..... m 

m 
definen f:Kq--->Hk=iKq+tk. 

~=iKq+ , f induce usa De la fibraci6n de caminos de tk 

f ibrac i6n 

~ > K (2.2) ~Kq+ tk_l > Eq q 

En la fibraci6n de curvas debe ocurrir: 

naturalidad, en la fibraci6n (2.1): 

= , luego, por 
TVq+tk-i Yq+t k 

TYq+tk_l = ~ky q. 

De ~.~ = O deducimos que Z~kYq+tk_l 

io tanto existe v E Hq+n(Eq) tal que 
q 

est~ en el ndcleo de T, por 

i*Vq = Z~kTq+tk_l. 

-->K al Se ve que existe una fibracidn Eq+l~Kq+ 1 que da Eq q 

tomar lazos entonces usando (0.3) pard la fibraci6n de caminos de 

Eq+ 1 resulta que existe un 6nico elemento Vq+l tal que 

~*Vq+ I = Vq. Sea v = ~!~vi%" Veamos que v define una operaci6n 

secundaria asociada con ~ = O. 

Sea x E Hq(X) tal que _ BkX = 0 k = 1 ..... m ~ quiere decir que 
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la composici6n X "°x> K f~ ~Kq+ es homot6pica a la constante. 
q t k 

Entonces ~x se levanta a ~x:X-->Eq. Definimos ~v(X) = {~(Vq)l,O x 

es un levantamiento de ~x } ° Luego ~v est~ definido en Nq(~,X), 

veamos que toma valores en Hq+n(x)/Iq+n(~,X). Por ser la fibraci6n 

principal, si ~x Y ~'x son dos levantamientos de ~x 

g:X--->~Kq+tk_l tal que la composici6n: 

gX'~x ~ > E 
X ~ >X x X >~q+tk_l X Eq q 

existe 

es homot6pica a ~x" 

Ahora: 

~* (Vq) = 10 Vq+ Z~kYq+tk_l ~ i, 

entonces 

4" (g X ~x ) *~* (Vq) = ~Vq+ Z~kg*yq+ tk_l 

pero el segundo numerando de la derecha es un elemento arbitrario de 

Iq+n(~,X) , o sea los valores de ~v(X) est~n determinados a menos de 

Iq+n(~,X). 

Probaremos ahora que ~v satisface los axiomas: 

Axioma i. Sea f:Y-->X. Si ~k x = O, f*~k x = 8kf ~ = O, luego 

x 6 Nq(~,X) implica f*(x) 6 Nq(8,Y). 

~x of es un Si es un levantamiento de ~x entonces ~x 

levantamiento de 99f,:Y -->Kq, luego (~xOf)*Vq = f*~xVq representa a 
X 

~v(fx), O sea f*~v(X) = ~v(fx). 

Axioma 2. En Eq tenemos i*Vq = Z~kYq+tk_l. Consideremos 
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~ K q +  tk_l 

>X ......... >K 
i ~x q 

existe puesto que i*~yq i*x = 0. 

Tenemos i*~(Vq) = ~*[*Vq = ~k~*~q+tk_ I. Por otra parte 

c o n s i d e r e m o s  e l  d i a g r a m a  c o n m u t a t i v o ,  donde  hemos p u e s t o  

= ~K 
Fq q+ t k- 1 

t-i j* H t i* > H (Y) 6-!-->Ht (X, Y) > (X) >Ht (Y) > 

>H (Fq) >Ht (Kq) >Ht (Eq) >Ht (Fq) ----> 

Px:X/Y >K est~ inducido por ~x" q 

Sea w = p~(yq), z k = ~*Tq+tk_ I, entonces j*w = x, 6z k = @k w, 

luego i*~(x) = Z~kZk con Io que verificamos el axioma 2. 

Hemos visto que la operaci6n ~v queda determinada por la 

elecci6n de v , si elegimos otro elemento v', de la sucesi6n exacta 
q q 

se deduce que Vq-V'q proviene de Hq+n(Kq) digamos Vq-V'q = 9*8, 

por io tanto para un mismo levantamiento ~x de ~x' los valores de 

~v Y ~v' difieren en 8, es decir, en una operacidn primaria 

estable. 

Veamos ahora una familia interesante de operaciones secundarias. 
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Para q~2 consideremos las relaciones 

P2q:Sqlsq2q+ sqOisq2q-2+ sq2qsq I = 0 

(donde hemos puesto Sq Ol = Sq3+Sq2Sq I) y sean ~2q operaciones 

secundarias asociadas con ellas. 

Teorema 2.3. a) Para cualquier clase entera x E Ht(x), ~2q(x) 

est~ definida para t~2q-3. b) Existe una operaci6n ~2q tal que s_~i 

t = 2q-3, ~2q(X) = O. 

Demostraci6n. Consideremos el diagrama: 

r I 

Et ~Et 

K(Z,t) r > ~<t ~ Kt+l X Kt+2q_2 X Kt+2q 

La parte de la derecha corresponde, con la misma notaci6n queen 

los parrafos anteriores al ejemplo universal para una operaci6n ~2q 

asociada a la relaci6n P2q" La aplicaci6n r clasifica a la 

reducci6n m6dulo 2 de la clase fundamental u de K(Z,t). 

Si t~2q-3 entonces fr es homot6pica a la constante y pot io 

tanto r admite un levantamiento a ~. Es decir la reducci6n m6dulo 

2 de u pertenece a Nt(B,K(Z,t)). Esto prueba a). 

Veamos b), tenemos Et = K(Z,t) X K t X Kt+2q_3 M Kt+2q_l como 

= Sq 01 con b 6 Ht+2q(Kt ). Pongamos i*Vq sqlyt+2q-i + Yt+2q-3 + ~ ' *bt+2q' 

t = 2q-3 y consideremos la fibraci6n (ver 0.5), 

E2q_3*E2q_ 3 >ZE2q_ 3 >E2q_2; 
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es f~cil ver que ~*(~*~49_6) = U2q_3,U2q_3° Ahora 

r'* (V2q_3) = Sq!Y4q_4+sqO174q_6+~'*b4q_3 es primitivo en E2q-3 por 

estar en la imagen de la suspensi6n. 

.E.sqO1 4q_ 6 3 3 Pero ~ = Sq u,u+u, Sq u por io que 

r'* (V2q_3) = sql~49_4+sqOly4q_6+~*(Sq3u ~u)+~'*b~q_3, 

con b' primitivo. 
4q-3 

Ahora bien si b~q_3 es primitivo entonces es suspensi6n de un 

elemento b~q_2 E H4q-2(K2q_2) pero en los complejos de Eilenberg 

MacLane ~* s61o manda operaciones estables en estables luego 

b'4q_2 es estable y b~q_3 tambi~n. 

Entonces cambiando V2q_3 pot V2q_3-b~q_3 obtenemos 

~2q(U) Sq 3 = u~ u m6dulo 

Sq!H2q-4(K(Z,2q-3))+sqOiH2q-6(K(Z,2q-3)) 

pero sql(sq2u ~ u) Sq 3 = u~ u luego ~(u) = O para u, la clase 

fundamental de K(Z,2q-3).~ 

Veamos una manera de calcular estas operaciones. Para las 

nociones relativas a los haces lineales (fibrados vectoriales) 

remitimos a [4]. X ~ es el espacio de Thom y c las clases de q 

Chern. 

Entre todos los ~4q elegimos la que toma el valor O en 

dimensiones bajas, a la que llamaremos la ~4q normalizada. 

Teorema 2.4. Sea ~ un fibrado vectorial complejo de dimensi6n 

compleja n, sobre un espacio X. Sea v 6 H2n(x~;~) su clase de 

Thom. Supongamos que C2q(~ ) = 2x Z C2q_l(~) = 2y. Entonces 
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~4q(V) est~ definida ~4q(V) = VX2q+Sq2(VX2q_2 ) . 

La demostraci6n de (2.4) se encuentra en [4]. 

Como consecuencia tenemos: 

2 r 2r+2 r-I 

~2r(® ) = ® 

Sq j ( 2r 
Observese queen este caso como w ) = 0 para j <__2 r, cualquier 

2 r 
operaci6n secundaria asociada con P2r tiene el mismo valor en w 

Como aplicaci~n veamos que no existe S 31 f >S 16 con invariante 

de Hopf i. Si io hubiere, obtendrlamos Sq 16:HI6(s 16 ~ e32) --> 

H32 (S16 32) ~ es no trivial. Pero ahora si consideramos el ejemplo: 
f 

Eq 

q+l 

i 
g(~q+2i ) = Sq 2 yq y i = 0,1,2,3, entonces en Eq existen con 

clases v I asociada con sqlsq I = O, v 3 asociada con Sq2Sq2+ 

1 4 _ 2_ 1 2 _ 4_ 1 
Sq3Sq I = O, v 4 asociada con Sq Sq +~q ~q Sq +sq sq = O, v 7 

4 4 _ 7_ 1 _ 6_ 2 _ 1 8 8 1 
asociada con Sq Sq +~q ~q +~q ~q = O, v 8 con sq Sq +Sq Sq + 

Sq2sqlsq6 _ 2 8 _ 8_ 2 4_ 6 _ 9 1 
= 0, v 9 con ~q Sq +~q sq +Sq ~q +sq Sq = O, y v15 

8 8 15_ 1 _ 13 2 _ ii_ 4 
as0ciada con Sq Sq +Sq ~q +~q Sq +~q sq = 0 y estas clases 

satisfacen una relaci6n del tipo: 

(2.5) 
16 1 v 

Sq v15+@7v9+@8v8+@9v7+@12v4+813v3+@15 1 = lSq 

8 12 
con @ 8 = Sq8+ .... Si nos fijamos en w 6 HI6(cp°°), ~8 (w8) = 

Sq8~ 8 , SI6 32 sql6 y (w 8) = w 16 luego ~ ~ O. Ahora en ~ e si ~ O, 

por la relaci6n (2.5) alguna de las operaciones ~k asociadas con 

v k es no nula en i16, pero eso es una contradicci6n. 
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3. Espectros y torres 

Un espectro es una colecci6n de espacios y funciones 

X = {~'fk~k Z' fk:~k"-->Xk+l" 

Definimos Hq(X;G) = lim proy Hq+k(~;G) y 

~q(X) = lim dir Hq+k(Xk). ~ es estable si existe una funci6n ~ tal 

que X k es ~ (k)-conexo, fk es una 2~(k) equivalencia y 

k 
~(k)-~ -->oo si k-->o0. Una aplicaci6n g:X-->Y de grado j es 

una familia de aplicaciones gk:Xk-->Yk+j tal que gkfk_l = f 

fk+j_iZgk_l . Si no se hallara nada todas las aplicaciones son de 

grado O. 

F mE > B 

es una fibraci6n de espectros si para cada k 

F k > E k > B k 

es una fibraci6n y los diagramas 

F k > E k > B k 

T T T 
~Fk_ 1 > ~Ek_ 1 > T.Bk_ 1 

son homot6picamente conmutativos. 

Para una fibraci6n de espectros obtenemos una sucesi6n exacta de 

cohomolog ~a 

--> Hq(~;G) > Hq(~;G) > Hq(f;G) > Hq-I(£;G). 

Ejemplos de espectros 

i) ~ = {S k} espectro esf~rico. 
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2) K(~,n)...,._. = {K(~,n+q)}q>O. 

3) S i  E e s  un  e s p e c t r o  y X 

E ~ X mediante : 

un espacio definamos un espectro 

(E^X)k = Ek^X, 

en particular : 

3 a) SX =.S ^ X, la suspensi6n de X. 

5) Q~X --> ~SX ---> SX es una fibraci6n de espectros. 

6) Si F--->E -->B es una fibraci6n de espectros, y g:X-->B se 

define la fibraci6n de espectros inducida por g: 

6 a) Si ~ = O es una relaci6n de grado m+l entre operaciones 

primarias, ~ EA n • ~ est~ representada por 

~:K(Z2,O ) ---> K(Z.,n) y tenemos una fibraci6n inducida de la 

fibraci6n de caminos 

fiKIZ 2 , n )  f~K(Z 2 , n) -,--*Le--- 

E ~K(Z 2 ,n) 

K(Z 2 ,0) ~--K(Z 2 ,n) 

y podemos construir u 6Hm(E) (coeficientes ~2 sobreenten- 

didos donde 7n es el generador de H*~K(Z2,n)) y est~ u 

determina en forma ~nica una operaci6n secundaria estable 

asociada con ~ = O. 

Una fibraci6n de espectros es principal si para cada k, la 

correspondiente fibraci6n de espacios es principal, y los diagramas 
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que resultan son homot6picamente conmutativos. 

Sea ~ un espectro, sean n O <n I < ... enteros tales que 

~n.(X) son los grupos de homotop~a no nulos de mX y pongamos 

3 

~j = K(~n. (~X) ,nj+l) . 
3 

Una torre de Postnikov para un espectro X es una torre de 

fibraciones principales 

P P 
X o o X I ' ] " i ( < ............. < X 3 < X 3+ 

K K 
o 

con fk Y gk de grado 0 y Pk de grado I, y tal que si 

< ... son las dimensiones donde X tiene n o<n I < n 2 < ... < n t 

homotop~a no trivial, entonces 

_~ = K(~nk(X ) ,~+i) 

Y oo ~ lim proy ~J = ~. 

Mas generalmente, si F---> E--->B es una fibraci6n de espectros, 

una torre de Postnikov para la fibraci6n, es una torre de fibraciones 

principales. 

o E 1 k B< E < _ < < E 

\F 
F 
o 

oo 
con E = lim proy E j = E, y tal que si se construye la torre 

inducida por la inclusi6n de un punto en B, resulta una torre de 

Postnikov para F. 

Sea X un espectro. Una resoluci6n qeom6trica de X es una 
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torre de fibraciones principales 

(3.1) 

P 
o 

X <------- X 

A 

Pk+l 
X 1 ~ ... ~ ~ Xk+l< "'" 

tal que : 

i) A k es un espectro abeliano, es decir, Ak(n) es un grupo 

topol6gico abeliano para n grande, 

2) ik" Jk' tienen grado O y Pk' grado I, 

3) P~:H*(_~_I) > H*(_~) es trivial. Una resoluci6n geom~triQa 

se llama de Adams si adem~s: 

4) A k es un producto de espectros K(~,n). 

Tomando grupos de homotopla en (3.1), obtenemos una cupla exacta [7] 

P, 

D 1 > D l 

N 1 

donde 

sTt 
D I -- ~t (Xs) 

S,t 
E I = ~t(~s ) 

Si la resoluci6n geom~trica es de Adams 

s 
El,t = Homt(H .(As) ,Z_2 ) 

y la sucesi6n espectral deducida de esta cupla se llama la sucesi6n 

espectral de Adams. Es f~cil ver que ES 't = F x ts't(H*(X)~). Esta 
A L 
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sucesi6n espectral da informaci6n sobre la 2-componente de la homotop~a 

del espectro ~ a partir de la estructura de A-m6dulo de H*(X). Para 

sus propiedades remitimos a [I]. 

Una torre de Postnikov modificada es un diagrama de fibraciones 

principales 

X o qo 1 

~ 0  

tal que: 

1) ~F k es abeliano, 

2) fk' ik' Jk' tienen grado O, qk' grado 1, y 

3) f*-H*(~ °) > H°(X) es epimorfismo, 
o ° 

4) Ker f~ = Ker q~+l" 

5) si adem~s: ~k es un producto de K(Z2,n) 

modificada d eMahowald, 

6) si adem~s fk induce isomorfismo en homotop~a para 

se llama convergente. 

Si X es un espectro y 

fk = qk+ifk+l" 

se llama una torre 

k grande 

x <  
x< _ ~ ---< xk< --- 

\/ 
% A-I A-k÷l 

es una resoluci6n geom4trica, al tomar la inclusi6n de un punto x O 

inducir la torre sobre ~i, obtenemos una torte modificada para ~X, 
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por Io que tenemos asi: 

x~-- x~--Xl< ........ %< ...... < ~-- ~÷i < ..... 

\ Ix./X I k I 
A A-1 .A-2 ~--k÷l 

\ x ÷l ..... X ........ __ < ,'" < < _ < 

la relaci6n entre torres modificadas y resoluciones geom4tricas. 

Sea X un espectro estable y sea 

~i 52 
~o < Cl < ...... o < H* (X) < C o 

una resoluci6n ~-libre de H*(~), es decir, una sucesi6n exacta tal 

que cada C. es un G-m6dulo libre; a partir de ella construiremos una 
1 

resoluci6n geom~trica de Adams para ~. 

Sea V i = C i O Z2 y definamos ~i = K(Vi) que es un espectro 
G 

abeliano. 

Ahora bien, Hq(~) est~ represen~do por las clases de homotop~a 

de aplicaciones de ~X en el K(Z2,q), luego existe una aplicaci6n 

f :X > A tal que f* = 5 . Llamemos X a la fibra, que tambi~n 
o 44, ~o o o ~-,o 

es un espectro estable. 

Pasando a cohomolog~a tenemos la siguiente situaci6n: 

0 

] 
o > II*(~o} ~ H*(~o) -~ H*(X).. > 0 

C 1 - ~ C o 

donde d I est~ determinado por la exactitud de las sucesiones, enton- 
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ces aplicamos a dl:Cl--~H*(~o) el procedimiento anterior, existe fl 

tal que f[ = 51' llamemos ~I a la fibra, etc. 

Teorema 3.2. Sea F 
i p, 
> E i B una fibraci6n estable, entonces 

admite tortes modificadas. 

Demostraci6n. Tenemos la sucesi6n exacta de Serre, 

..q+ 1 >Hq(F) > Hq+I(B) > Hq+I(E) > ~ (F) > --- 

Sea O = Im(H*(E) ~> H*(F__)) y S = Im(T:H*(F) ~ H*(B)) y sea Q 
o 

un espacio vectorial graduado generado por un sistema de generadores 

de Q sobre A, y Q+ isomorfo a Qo pero con un isomorfismo de 
o' 

grado -i. Sea S o , definido analogamente a Qo" Definimos 

f 

o Q+o K(So) B_ ~K( )~ =A_ ° 

tal que f* es trivial en Q+ yes monomorfismo en S . Sea 
o o o 

o > B el espacio fibrado inducido por f. Entonces fo p es 

E°° Sea F la fibra de _ qo" > trivial y p se levanta a qo: ~ 

Tenemos el diagrama: 
o 

E 

/Ip° 
F ~ E-~> B >_A ° 

T/ 
F 
- - o  

* es epimorfismo. Entonces la Podemos escoger qo tal que qo 

o 
transgresi6n en F ---> E---> E es inyectiva. Construimos una 

" - O  -- -- 

aplicaci6n de --oF en un producto de K(Z2,n) que sea epimorfismo en 

cohomolog~a, y sea A 1 el espacio clasificante de este producto de 

K(Z 2 n) Construimos E ° fl. , • _ i ~i queen cohomologfa cubre a la 
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transgresi6n. Entonces flp ° es nulhomot6pico y Po levanta a 

E--->E 1 d o n d e  F 1 e s  e l  f i b r a d o  i n d u c i d o  p o r  f l "  P r o c e d e m o s  as~. 

sucesivamente : 

Si consideramos una fibraci6n: 

F---> E P > B 

tal que p* es epimorfismo, entonces podemos construir una torre 

modificada a partir de una resoluci6n algebraica de H*(F), 

O< H* (F) < C O < C 1 < C 2 

poniendo ~k = K(Ck ~ Z2) y construyendo transformaciones 

Ek-i 
fk:-- > A k como arriba. 

4. Operaciones de orden superior 

51 52 5N 
Sea C:C o< C 1 < ....... < .... C N un complejo libre sobre G, 

con las 5i de grado O. 

Una pir~mide de operaciones cohomol6gicas ~r,s, n~r > s_> 0 

asociada con C es una familia de operaciones que satisface los 

siguientes axiomas. 

Axioma 1 (Inducci6n). Las operaciones ~r,s para u>r > s >v 

est~n asociadas con 

C < --- < C 
v u 

Axioma 2 (Dominio). Si ¢:C O ~ H*(~) es un G-morfismo y 

N,O 
~i,O est~ definida y contiene al cero para i<N entonces (c} (¢) 

est~ definida. 
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Axioma 3 (Valores). Si ¢:C O ~ H*(~) es un G-morfismo de grado 

q Y ~N,O(¢) est~ definida, entonces ~N,O(¢) es una clase de equiva- 

lencia de ~-morfismos ~:C N > H*(X) de grado q-N+l, para la 

relaci6n de equivalencia ~' si ~ 6~N'l(p) tal que I=~+~ 

para algdn p:C 1 > H*(X) tal que ~N,l(p) est~ definido. 

Axioma 4 (Naturalidad). Si f:~ ~ X es una aplicaci6n y 

N'O(¢) est~ definida para un ¢:C 
o 

> H*(X) , entonces ~N,O(f,¢) 

est~ definida y 

f. ~N,O(¢) : ~N,O(f.(¢)). 

Axioma 5 (Peterson-Stein). Si (X,~) es un par, ¢:Co-->H*(X) 

es tal que ~N-I,O(¢) est~ definida y ~ ~:Cn_ 1 ~ H*(~,~) tal que 

j*~ 6 ~N-I'O(¢) entonces ~N'O(i*¢) est~ definido; y para toda tal 

existe ~ 6~N'O(i*¢) tal que 6~ = ~N,N-I(~). 

Una realizaci6n del complejo C es una torre de fibraciones 

principales: 

A 1 A 2 A-- N 

~ . E _ I < - - - -  £ 2 <  . . . .  < ,, ~ _ i <  . . . .  

donde ik' Jk tienen grado 0 y Pk tiene grado +i, con 

isomorfismos: 

:C O > H* (Eo) y si k>O, 

~k :Ok > H* (A_k) 

tales que 

j* i*~ = 
k-i k k ~k-15k 
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i*k~kSk+ 1 = O. 

Dado un complejo C, puede no tener una piramide asociada, pero si C 

tiene una realizaci6n, entonces un ejemplo universal para ~N,O es 

• ~N:CN > H*(EN_I). En general, dadas dos realizaciones geom~tricas, 

las opera~iones asociadas ~N,O no est~n relacionadas entre s~. 

Definimos a continuaci6n un complejo que veremos admite realiza- 

ciones geom~tricas. Las operaciones que se obtienen, generalizan a 

las operaciones secundarias ~2r" 

Sea C(N,r) el complejo: 

~i ~N 
C o < C 1 < ---<----- C N 

donde 

C tiene A-base c 
o o 

C N t i e n e  A - b a s e  CN, ° 

C k t i e n e  A - b a s e  C k , C k , o , . . . , C k , N _ k  

para i<k<N-i 

con fronteras: 

= sqlc 
~n n n-i 

_ 1 Ol 2r-2k c 
5nCn,k = ~q Cn-l,k+Sq Cn-l,k+l +sq n-i 

donde Co, k = O si k_> O. Si designamos por ~ N2r la operaci6n 

N+I 
asociada con C(N,2r) , entonces la relaci6n que produce a ~2r es: 

N sqOl N sq2r N 
sql ~2r + ~2r-2 + ~i = 0 

N 
donde ~I es la operaci6n de orden n determinada por el Bockstein; 
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N N-I inductivamente 41 est~ asociada con la relaci6n sql~l = O. 

Para construir una realizaci6n geome6rica de C(N,r) consideremcs 

el espectro bu, donde 

bU2q = BU[2q] 

bU2q+l = U[2q+l] 

donde X[q] es el espacio que se obtiene de X al matar los primeros 

q-i grupos de homotop~a. 

co 
Sea X2n+l = bu ~ EP2n+I y E el algebra exterior generada por 

sql sqOl oo tiene la y = [sql,sq2]. Entonces Ex fE (Z2'H*(~P2n-I) 

siguiente forma: 

n 2 , q + 2  2n+4 - - -  2 (n+k) 

k+l 

De aquf, utilizando el teorema sobre cambios de anillos, resulta que 

una resoluci6n algebraica para H*(X2n+I) , 

O< ...... H*(X2n_I) <¢ Co<---C1 < .... <--Ck<--- --- 

es tal que C k tiene generadores Ck, i, i~O en dimensiones 

2(n+k)+k+2i y 5:C k > Ck_ 1 est~ dado por: 

~Ck, i = sqlCk_l,i+sqOlck_l,i_l . 

Por (3.2), existe una torre de Mahowald para ~2n+l' 
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o k k+ 1 X~n+ 
A = X2n+I .. --- < ~ . . . . . . .  .- X2n+l --O X2n+l ~n+l ~ 1 = 

k-i 
Los k-invariantes en X2n+l son clases Vk, i, i>O de dimensi6n 

2 (n+k+i)+l tales que 

(4.1) sqlvk,i+sqOlvk,i_l = 0 

o 
En el caso de X2n+l, que es un producto de K(Z2,2n+2i), 

Vo, i = sql~2(n+i)+sqOl~2(n+i_l), donde ~2(n+i) es el generador de 

H* (K(Z 2 ,2n+2i) ) . Consideremos la transformaci6n : 

f 
K(Z,O) o A 

--o 

2 (n+i) levanta a donde fo~2(n+i) = Sq ~o" Queremos ver que fo 

f :K(Z,O) m ~2n+l" Supongamos que tenemos co 

q 
X--2 n+ 1 

K { z o) q-1 q-i 
• ~ X2n+l > A --q 

--2 n+ 1 ~q-i 

entonces 

f~-iVq,i = ~q,i' ~q,i 6A/ASq I 

y de (4.1), obtenemos sql~ .+Sq0'l~ = 0, un sistema de 
q,l q,i-I 

ecuaciones. En [5], hemos visto queen este caso: 

_ 1 1 _012 } 

~q,i - ~q ~q,i +~q ~q,i mod A Sq 1 
1 

~2,i = ~q,i-i 
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Luego los valores de f~_iVq,i_ pueden alterarse, variando fq-2' tal 

q 
que simultaneamente f*q-i vq,i = O, y podemos extender a X~n+l. E1 

ejemplo mas universal de orden q se construye tomando el espacio 

fibrado inducido por fq del espacio de curvas de X q 
2n+l" 

En ~5], estudiamos los valores en dimensiones bajas de cualquier 

N 
operaci6n ~2r asociada con el complejo C(N,2r) yen particular 

obtenemos: Si x 6 Hq(x) proviene de una clase entera y 

q<__2r-4N+4, entonces ~2r(X) est~ definida yes una operaci6n primaria 

estable en x. 

D. Hurley, en su tesis ha generalizado el teorema (2.4) correspon- 

diente a evaluaci6n en t~rminos de clases de Chern. 

5. Dualidad 

Sean X, Y CW-complejos, una N-dualidad entre ellos es una 

transformaci6n: 

(5.1) ~:X^Y > S N 

tal que ~*iN/ :Hq(X) > ~-q(Y) es isomorfismo para toda q. Deci- 

mosque ~ es N S-dualidad si se tiene el isomorfismo al suspender 

a X y Y convenientemente. Si X es subcomplejo de S N+I y X* 

es S-retracto por deformaci6n de sN+I-x, entonces X y X* son N 

S-duales. Luego todo complejo finito tiene S-duales que tienen el 

mismo S-tipo. Si X es complejo, designemos pot X* un S-dual de X, 

entonces si X y X* son S-duales, X^X* es auto-dual. Tenemos 

{X,Y}~ ~Y*,X*} Si X y Y son N S-duales, podemos obtener una 

S-aplicaci6n 

sN ~ > XAY 
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tal que para cada primo p, 

H r (X) O ~-r (y) ~* > ~(s ~) 

es un apareamiento no singular. 

Consideremos p = 2 y designemos el apareamiento por 

@ 6Aq, definimos x(@) 6Aq por 

<x(@)x,y> = <x,@(y)> 

para toda x C Hr(x), Y 6HN-r-q(x*). 

( , >- Si 

Lema 5.1. La transformaci6n x:A 

que cumple con X(Sq)Sq -- i, donde 

~oo i 
Sq = h=oSq 

~o0 X 
X(Sq) = >i=o (SqZ) 

Demostraci6n. 

i) 

2) 

> A es un antiautomorfismo 

<X(@l@2)x,y > = <X,@l@2Y > = <X(@l)X,@2y > 

= <x(82) X(@l) x,y> 

Sean x®y 6 ~-I(x ~X*) , entonces 

~*(Sql(x®y)) = 0 = ii <SqJx,sql-jy> j ~ O  ~ 

= Z i <X (Sqi-j) SqJx,y> 
j=o 

y el resultado se sigue.~ 

Queremos proceder ahora con operaciones de orden superior. Sea 

~ = O una relaci6n y ~ una operaci6n secundaria asociada con esta 

relaci6n. 
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Queremos definir x(~) por: 

<x(~)x,y> = <x,1(y)> 

Luego Y 6 N(8), adam, s ~(y)~ O si ~z 6 ~(Y), luego x(~)x = O. 

Adam, s los valores x(~) (x) varian por Im(X(~)), luego X(~) est~ 

asociada con (~) (~) = O. 

Queremos generalizar esta dualidad a operaciones de orden N. 

Primero veamos el complejo dual: Si 

C:C < 
o C 1 < .... < C k < --- < .... C N 

es un complejo, construiremos su complejo dual como sigue: 

Si ponemos un functor de A-m6dulos en A-modulos qua a todo A- 

m6dulo M asocia el A-m6dulo M = HomA(M,A) con estructura de A- 

m6dulo 

(a- f) (m) = f(m)~(a) 

y a todo f:M .... > N asocia f*:N > M dado por f*(f) (m) = f(~(m)). 

Si S es A-m6dulo libra con base (mi} , decimos qua mj es base 

dual de M si mj(mi) = 6ji. Es f~cil ver 

Lama 5.2. S!i M es libra con base {mi}, M es libra con base 

{~i}" S_~i M1, M 2 son libres con bases {mi}, {nj} [ f:M 1 > M 2 

est~ dado por 

entonces 

Definimos 

f(m i) = zaijn j 

f(nj) = Z (aij)m i 

C:Co ~ > C1 > --- > CN como el complejo dual a C. 
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Si ~r,s es una piramide de operaciones cohomol6gicas asociada 

con C, (~r,s) da una piramide de operaciones cohomol6gicas asocia- 

da con C. 

Ejercicio H,3. Describir expl~citamente el compl~ o C(N,2r), 

dual de C(2r,N). 

Sea ~ = la categorla de espectros estables Y tal que ~i(Y) 

es finito para toda i y clases de homotopla. Si X es un CW-complejo 

{X } denota la familia de subcomplejos finitos de X, i :X X las 

inducciones. Recordemos que para ~6 ~ , definimos grupos de 

homologla y cohomologla de X, como 

Teorema 5.4. 

h (X) = lim ~ hn) -q ~ q+n (x 
n 

hq(X) = lim q+n _ ~__ EZ X,hn7 
n 

Si h 6 ~, tenemos 

lim hq(i ) : lim hq(X ) ~ hq(X) 

lim hq(i ) :hq(X) ~ lim hq(X ). 

Tenemos que hq(X ) es finito, luego compacto y damos a hq(X) la 

topologla compacta inducida por limhq(X ). Sea G un grupo abelia- 

no, designamos por G t Hom(G,S I) = su grupo de caracteres. 

Si h 64, sea (ht) q el functor de CW-complejos en grupos 

compactos dado por: 

(ht)q(x) = hq(X) t = •lim hq(X~)t 

entonces h t define una teor~a de cohomologfa aditiva, luego por el 
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teorema de Brown Ill] existe X(h) 64 tal que 

Th: (h)q(x) ~ (ht)q(x) ~ (hq(X)) t 

Si h,k 6~ Y u 6 [h,k]q, existe un ~nico X(~) 6 Ix(k),x(h)]q tal qua: 

X (k) q(x) 

(~). 

X (h)q(x) 

Tk t 
k Ix) q 

I (~.) T u t 
h (X) 
q 

conmuta. 

Teorema 5.5. X tiene las siquientes propiedades: 

i) yes functor contravariante ~ ~ . 

ii) Para cada h 6~, existe una equivalencia natural 

t h q que es natural respecto a h. Sh:X(h) q ~ Z 

iii) XX e__ss naturalmente equivalente con i:~ >~. 

iv) x:Ch,h]q ~ ~x(k),x(h)]q- 

v) X:~K(Z2,0),K(Z2,0) ] ~CK(Z2,0),K(Z2,0) ] es el 

antiautomorfismo can6nico de A 

Demostraci6n. Para definir 

t > h q 
Sh: X (h) q 

basta suponer X CW-complejo finito y sea X* 

Tenemos 

un m S-dual de X. 

×(h) (X) q 
~(h)m-q(x,) t ~ hm_q(X*) = hq(X) 

y el resultado se sigue por el trabajo de G.W. Whitehead en dualidad 

de Alexander. iii) es consecuencia de que tenemos ShTx(h) da una 
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equivalencia entre Mx(h) q y h q. 

a 6A = [K(Z 2,O) ,K(Z 2,O)]i. Si X* 

Veamos v). Supongamos 

es un m S-dual de X, 

Hm-q(x .)t ~ H [X)t Z H q X) 
q 

a a ~ 

y es bien sabido que u = ~(a), (ver el Lema (5.1)). 

Sea 

. . . .  > E k Fk,k_l ~--> Fk,k_ 2 >" > Fk, 1 > Fk, o 

Fk_l,k_2-'~"''-~Fk_l,l--mFk_l,o-->Ek_l-->BFk,k_l 

~-2,k-3 ~ "" ---~ Fk-2 • 1 -->Fk-2, o -->E -2 

FI, o ~ E 1 

L 
E 

o 

un ejemplo universal para una operaci6n de orden k. Tomando X 

obtenemos: 
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(5.7) 

X(Eo)-->x(EI)--> ... --> M(Ek_ 2) > X(Ek_I ) > X(Ek ) 

I I I 
x(FI,o )---> ... ---> X(Ek_2,o ) --->X(Fk_I,o ) -->X(Fk,o )->BX(E o) 

I I 
~F2, I) ")" "~'~ (Fk_2,1) -->X (Fk_2,1) -->X (Fk, 1 ) 

X (Fk- 1 ,k-2 ) -->X (Fk,k_ 2) 

t 
X (Fk,k_t) 

que resulta tambi~n un ejemplo universal para una operaci6n de orden 

k. 

Observese que si Ek_ 1 

asociada con (5.6), ~(Fk. O) 

asociada con (5.7). Es f~cil ver que si (5.6) tiene por complejo 

asociado 

~i ~2 ~k 
C o ~ C 1 < -.- < C k 

es el ejemplo universal para la operaci6n 

es el ejemplo universal para la operaci6n 

entonces (5.7) tiene por complejo asociado: 

X(Sk ) X(~ I) 
X(Ck ) ~ X(Ck_l ) <--- ...<-- X(Cl ) < X(Co ) 

Se puede entonces verificar que si N,O est~ asociada con (5.6) y 

N,O con (5.7), entonces para CW-complejos duales X, Y y clases 

x, y en H*(X), H*(Y) respectivamente, que 

(~N'O(x),Y> = <x,@N'O(y)>. 

En particular podemos construir operaciones duales alas operaciones 
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N N) 
~2r' X( ~2r y el complejo: C(N,2r) 

Co< * Cl < 
~N - 

•.. < C N 

donde 

: C tiene A-base 
o 

tiene A-base 
N 

Ck tiene A-base 

1 <__k <N-I 

6 o 

~N 

{~[ '~k,o . . . . .  ~k,~ } '  

y los operadores ~i est~n dados por: 

-- - r) 

"~1Cl = ~(Sq2 ~o 

°ICI ,o = Sq C o 

~ICl,l = sqOico 

y para 2 <k<N, 

- - "S 2r-2t, 
BkCk = s q l C k - l + Z ~ ; ~ (  q ) k - l , t  

_ _ sql 
~kCk,o = Ck-l,o 

~k6ki = sq1~k_1.i+ sq°1~k_1.i_ I 

- sq°1~k I 5kCk,k = - ,k-I 

es admisible. 

Maunder en [ 8 ], demuestra que el complejo C*(N,2r) es 

admisible al construir operaciones cohomol6gicas que se relacionan con 

el caracter de Chern. 
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Problemas. i.- Decidir si las operaciones ~r y las operacio~s 

de Maunder son duales. 

N 
2.- Calcular las operaciones ~2r en los espacios CP n y Qpn 

3.- Calcular f6rmulas de producto para estas operaciones. 
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~O PROBLEMS STUDIEDBY HEINZ HOPF 

Ioan M. James 

It is hardly possible to study algebraic topology for long 

without coming to appreciate how many good ideas are derived from the 

work of Heinz Hopf. Since this Summer School is dedicated to his 

memory, I devote these lectures to a report of recent progress in 

connection with two out of the many interesting problems which were 

at one time or another studied by Hopf. 

Possibly the problem of finding Euclidean models of projective 

spaces is more facinating than important. But like any good problem 

it has, over the years, acted as a great stimulus for the development 

and testing of new methods and techniques. There are some striking 

achievements to report, as well as much useful work, even though the 

basic questions remain to a large extent unanswered. For reasons of 

space I have not attempted to give a step-by-step review of the 

progress of the subject but rather to give a sketch of the present 

position including (I hope) the best specific results which have so 

far been obtained. As an introduction the reader would do well to 

consult the two most relevant papers of Hopf [341 , E35] (these 

numbers refer to the bibliography for the first part of these 

lectures). A stimulating account of recent work on embeddings and 

immersions has been given by Gitler [22~. These notes are based on 

my survey article [39] on the same subject, but the material has been 

rearranged and by reducing the length of the introduction it has been 

possible to deal with other matters more thoroughly, and to repair 
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some omissions. Many improvements are due to the helpful comments of 

Professors Adem, Feder, Gitler, Lam and Mahowald, in Mexico, and to 

Drs. Rees and Steer, in Oxford. As well as these I would also like 

to thank those who provided preprints of work in process of 

publication. 

The second part of these lectures is concerned with certain 

problems discussed by Hopf in the Courant Festschrift. The basic 

questions are as follows. Consider a sphere-bundle, for example the 

bundle of unit tangent vectors to a Riemannian manifold. When does 

there exist a fibre-preserving map of this sphere-bundle into itself 

which transforms each vector into an orthogonal vector? When does 

there exist a fibre-preserving homotopy which deforms each vector into 

its own opposite? In these lectures I give an introduction to 

research on these questions, including a few results directly inspired 

by the original article of Heinz Hopf. 

PART I: EUCLIDEAN MODELS OF PROJECTIVE SPACES 

i. Introductio~ 

Due to limitations of space I will, in these lectures, restrict 

my attention to manifolds etc. which are smooth, in the C ~ sense. 

Let X be a compact connected manifold. Let Rq(q= 1,2, .... ) denote 

euclidean q-space. We write XCR q (resp. XcR q) if X can be 

embedded (resp. immersed) in R q. The fundamental papers of Whitney 

C81], C82] show that XcR 2m and XcR 2m-l, where m = dim X . It is 

interesting, in particular cases, to try and determine the least 

integer q such that X c R q, or such that X ~R q. 

We describe a vector bundle E over X as a normal bundle of 
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X if the direct sum E ~T(X) is trivial, where T(X) denotes the 

tangent bundle of X. The (mod 2) Stiefel-Whitney classes of a 

normal bundle E are determined by those of T(X) and are denoted 

by Wi(X) (i= 1,2,...,) where w.(x)l 6 Hi(x). Of course w.(x)l = O 

for i>dimE . An immersion of X in R m+k, where m = dimX , 

determines a normal k-plane bundle E. If the immersion is an 

embedding then E has various special properties, for example 

Wk(X) = O. By the fundamental theorem of Hirsch [33], if there 

exists a normal k-plane bundle of X, with k~l, then there exists 

an immersion of X in R m+k. In particular if X is parallelizable 

(i.e. if T(X) is trivial) then there exists an immersion of X in 

R m+l. The corresponding theorem for embeddings, due (amongst others) 

to Browder El3], is considerably more complicated. Some indication 

of the extensive literature on these and related matters can be found 

in the articles of Gitler E22] and James C39]. 

The purpose of these lectures, however, is not to discuss the 

general theory but to report progress in the special case where X 

is one of the projective spaces. There are various special features 

in this case and it has attracted great attention from the outset. 

Two papers of Hopf [34], [35~ are particularly concerned with this 

problem and contain a number of ideas which have proved particularly 

fruitful, especially in relation to the results described in 2 

below. 

Consider the algebra K, over the reals, where K = R, the real 

numbers, K = C, the complex numbers, or K = H, the quaternions. We 

regard the n-dimensional projective space Kpn(n=O,1,2 .... ) as a 

dn-manifold, in the standard way, where d = dimRK. Also we regard 
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KP n-I as a submanifold of KP n, where n > i, so that Kpn-Kp n-1 is 

n 
a dn-cell. Note that an embedding or immersion of KP determines, 

by restriction, an embedding or immersion of KP n-l. For the sake of 

simplicity, inferences of this type will generally be omitted when 

specific results are being discussed. 

The mod 2 cohomology ring of KP n is a truncated polynomial ring 

of height n+l, generated by an element u 6Hd(Kpn). Except in case 

K = R, the corresponding statement is also true for integral 

cohomology. 

by 

(i.i) 

The normal St~ fel-Whitney classes are given (see [12]) 

- n n+i u i 
Wdi(KP ) = ( i ) " 

If n is a power of two then the binomial coefficient in this formula 

is non-zero, mod 2, for all i~n, and so we obtain 

Theorem 1.2. Let n be a power of two. 

2dn-d 2dn-d-i 
embedded in R or immersed in R 

Then KP n cannot be 

Embeddings of projective spaces can be constructed by direct 

methods. For example suppose that we represent points of KP n in 

the usual way hy vectors 

z = (z O ..... z n) (z O ..... z n 6 K) 

of unit modulus, with scalar action on the left, 

and, for i = 1 ..... 2n-l, write 

Write w = z z 
o o o 

w. = Zz z (s+t = i,O<s<t<n). 
1 s t 

The vector (w O ..... Wn) defines a point of euclidean (2dn-d+l)-space, 
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since the first component is real, and is independent of the choice of 

representative z for a given point of KP n. The mapping thus defined 

is an embedding and so we obtain 

Theorem I. 3. 

n 2dn-d+l 
KP i__nn R 

For all values of n there exists an embeddinq of 

A modification of the same construction shows that the cayley 

projective plane, which is a~ 16-manifold, can be embedded in R 25. 

This type of construction was first used by Hopf [34], in the real 

case, and extended by James [37] to the other cases. However the 

rational formulae we have given are due to Vranceanu [79]. By 

similar methods Hopf E34] and James [37] have proved 

Theorem 1.4. Let n be odd and let n> i. Then RP nor 2n-I 

and CP n c R 4n-3 . 

Given a sphere-bundle over a manifold it is to be expected that 

there is some relation between the immersion problem for the base and 

that for the total space. Sanderson C68] has studied this 

relationship in the case of a principal bundle and has obtained the 

following application. Recall that if m ~ 1 then RP 2m+l fibres 

m 4m+3 m 
over CP and RP fibres over HP . In both cases the 

fibration is that of a principal differentiable sphere-bundle and we 

obtain 

Theorem 1.5. If cpm~R q t hen  RP 2m+l ~R q+ l .  I f  I--Ipm~R q 

the n Rp4m+ 3 ~ Rq+ 3. 

With the help of these and other considerations we arrive at 
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_ _ R 4 . Theorem 1.6. If n> 1 then RP noR 2n-I Also RP 3c 

n>3. If nm 1 mod 2 then RP n~R 2n-3. __If nE 3 mod 4 then 

RP n c R 2n-6 . 

Let 

Whitney's theorem gives the first result. The second follows 

3 
from Hirsch's theorem since RP is parallelizable. The other 

results are obtained by applying (1.5) to the embeddings of (1.4). 

2. Special features of the real case 

The real case presents a number of special features which 

require separate discussion. First of all RP n has 2-torsion, for 

n > 2; moreover RP n is non-orientable when n is even. The Hopf 

line bundle H over RP n satisfies the relation H Q H ~ I. The 

tangent bundle T(RP n) satisfies the relation 

(2 .i) T(RP n) ~i~ (n+l)H. 

Hence if E is a normal k-plane bundle of RP n then 

(2.2) EOH~ (n+l) ~ (n+k+l)H. 

Following Sanderson E67] we refer to E IH as a twisted normal 

bundle of RP n. Sanderson [67~ (see also James [38]) notes that 

(n+k+ i) H ~ 1 ~ T IRP n , 

where T = T(RP n+k) , and so we obtain 

Theorem 2.3. There exists an immersion of RP n i__n_n R n+k if 

and only if there exists over RP n a field of orthonormal n-frames 

o_~f tanqents to RP n+k. 
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In [35] Hopf considers a number of problems which are related to 

those we have been discussing, including the following. Let t ~m 

and t ~n. By an axial map 

g :RP m X RP n -->Rpt 

we mean a map such that 

pm 
g(x,e) = x, g(e,y) = y(x 6R ,Y 6 Rpn), 

where e denotes the basepoint in all cases. For example, suppose 

that we have a bilinear map 

h :Rm+l n+l __>Rt+ 1 XR 

We describe h as non-singular if h(x,y) is non-zero whenever 

x 6 R m+l and Y 6 R n+l are non-zero. When this condition is 

satisfied we obtain from h a map 

t 
g :RP m x RP n -->RP , 

which is homotopic to an axial map. For example, take t =m+n. Then 

a non-singular bilinear map h is given by 

h(x,y) = z = (z ° ..... Zm+ n), 

where 

~i+j=kxiYj 
z k = (O~k~m+ n) 

For suitable values of m and n it is possible to find non- 

singular bilinear maps with lower values of t than m+n. This is 
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shown by Adem [2], [3], Behrend Ill], Hopf [34], Lam [42], [43], [44], 

[45] and Milgram [617, amongst others. 

One of the earliest applications of cohomology theory is the 

proof by Hopf E35~ that axial maps do not exist, for certain values of 

m, n and t. In modern terminology we take cohomology with mod 2 

coefficients and identify 

H*(RP m X RP n) = H*(RP m) ~H*(RP n) , 

in the usual way, so that a map 

m n t 
g:RP X RP -->RP 

induces a (ring) homomorphism 

g*:H*(Rp t) -->H*(Rp m) ~H*(Rpn). 

If g is axial then g*u = u®l+l®u, where u means the same as in 

§ i, and hence 

g*(u t+l) = (g.u) t+l = (u~l+l~u) t+l 

Z s = (r+s) ur~ u 

r+ s= t+ 1 r 

t+l 
Since u = O this establishes 

Theorem 2.4. If there exists an axial map of RP m X RP n into 

t .t+l. 
RP then the binomial coefficient { r J i_ss even, for t+l-n<r<m. 

For example, when t+2 is a power of two it follows that no 

axial map exists unless t~m+n~ Further necessary conditions for 
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the existence of axial maps have been found by James [38], using the 

Adams ~-operations of K-theory, and recently by Davis [15] using 

powerful techniques of the Postnikov type. 

It was pointed out by James ~38] that a general solution of the 

axial map problem would enable us to determine the geometric dimension 

(see ~8]) of all vector bundles over real projective space, and there 

are strong implications from the latter problem back to the former. 

In particular Sanderson [67] has noted 

Theorem 2.5. If there exists an immersion of RP n i__%n R n+K 

then there exists an axial map o_~f RP n __ RP n+k X RP n in . More____over the 

converse is true when 2k > n. 

In fact the converse of (2.5) is true without exception. The 

proof is somewhat indirect and will be given in a forthcoming 

publication. Although the result is less strong, a more direct proof 

can be given of 

Theorem 2.6. If there exists a non-singular bilinear map 

R n + l  R n + I - - > R  n + k + l  t h e n  t h e r e  e x i s t s  a n  i m m e r s i o n  o f  RP n i n  R n+k 
X - 

This result of Ginsburg ~20] is proved as follows. A bilinear 

map h, as above, determines a map 

h' :S n M R n+l --~S n X R n+k+l • 

where the first component is the natural projection and the second is 

h. Clearly h induces a homomorphism 

h": (n+l)H -->n+k+ 1 

of bundles over RP n. If h is non-singular then h" is injective 
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and the cokernel of h" is a k-plane bundle E such that E ~ (n+l)H 

is trivial. Hence E is a normal bundle to RP n, by (2.1), and so 

(2.6) follows from Hirsch's theorem. 

Whether the converse of (2.6) is true or not appears to be an 

open question. With the possible exception of n = 19 the converse 

has been shown to be true for n < 23 through work of Adem [2], [3] 

and Lam [42], [43], E44], [45]. However Gitler [22] has conjectured 

that the converse is false for n = 19, 24, 29, 30. Some other 

questions of this type are discussed by Gitler and Lam C24]. 

I do not know whether, in general, it is possible to give a 

direct construction for the irmmersion in (2.6) and avoid the use of 

Hirsch's theorem. However if 

h R n+l R n+l R n+k+l 
: X "-'> 

satisfies a further condition then we can construct an embedding of 

RP n as follows. We describe h as synametric if h(x,y) = h(y,x) 

for all pairs x,y 6 R n+l. The example given above has this 

additional property, when m = n and t = 2n. A non-singular 

bilinear map h determines a map I:S n S n+k, --> where 

l(x) = h(x,x) IIh(x,x)II-l(x 6 S n) - 

Note that if l(x) = l(y) (x,y 6 S n) then h(x,x) = ~2h(y,y) for 

some real number ~. When h is symmetric this implies that 

h(x-~y,x+~y) = O, and hence x = +_~y. The map of RP n determined by 

1 therefore constitutes an embedding and we obtain 

Theorem 2.7. If there exists a non-singular symmetric bilinear 

__ R n+l Rn+k+l map of R n+l X into then there exists an embedding of 
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npn in R n+k . 

The construction on which (2.7) depends is due to Hopf [34], who 

uses it to illustrate the way topological methods can help to solve 

problems in algebra. It seems unlikely that the converse of (2.7) is 

true but I do not know of an example to the contrary. 

3. Further results in the real case 

At this stage we begin to find it convenient to state conditions 

in terms of the function ~(n) which is defined as the number of 

non-zero digits in the binary expansion of n. If n is a power of 

two, for example, then ~(n) = i, and conversely. 

In this section we describe some special methods for showing 

that RP n cannot be immersed when the dimension of the euclidean 

space is too small. When n+l is a power of two the normal Stiefel- 

Whitney are all zero, but in this case an entirely different method 

due to James E38] can be used. This method has been simplified by 

Adem and Gitler [5] on the following lines. 

The Thom spaces of vector bundles over RP n have been studied by 

Atiyah [7] who has shown, in particular, that the Thom space of 

rH(r = 1,2 .... ) is homeomorphic to Rpn+r/Rpr-I, the space obtained 

from RP n+r by collapsing RP r-I to a point. Suppose that we have 

n 
a normal k-plane bundle to RP , for some k. Consider the Thom 

space T of the corresponding twisted normal bundle. Since T is 

n 
(k-l)-connected the embedding RP --->T, given by the zero-section, 

k~l 
can be deformed into a map which is constant on RP , and hence 

determines a map f:Rpn/Rpk-I--->T. From Atiyah's results, using 

(2.2), it follows that the (n+l)-fold suspension sn+IT is 

homeomorphic to Rp2n+k+I/Rp n+k. Hence the (n+l)-fold suspension of 
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f can be regarded as a map 

sn+if :S n+l (Rpn/Rp k-l) -_> Rp2n+k+i/Rp n+k. 

Note that sn+if is homotopic, for dimensional reasons, to the 

inclusion of a map 

g :S n+l (Rpn/Rp k-l) --> Rp2n+I/Rp n+k. 

Suppose that n+l is a power of two. Then a simple calculation 

(see C5]) shows that g induces an isomorphism of mod 2 cohomology, 

and hence that Rpn/Rp k-I is S-reducible if Rp2n+I/Rp n+k is S- 

reducible. The S-reducibility problem for these spaces has been 

settled by Adams CI] using the ~-operations of K-theory, and we at 

once deduce 

Theorem 3.1. Let n = 2r-l, where r~4. Then RP n~R 2n-q, 

where 

q = 2r(r- 1,2 mod 4), 

q = 2r+l(r-O mod 4) , 

q = 2r+2(r-3 mod 4). 

Efforts have been made to apply a similar method to other cases 

but this appears to be an isolated result. The conjecture that (3.1) 

is a best possible result has been established by Gitler and Mahowald 

E27] who used Postnikov methods to prove 

Theorem 3.2. I_~f n and q are as in (3.1) then RP n~R 2n-q+l. 

Of course the cases n = 3, 7 are already dealt with in i. 

various other immersion results have been obtained by Postnikov 
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methods including 

Theorem 3.3. 

n R 2 n - 5  
RP c 

RP n c R 2 n -  7 

n 2n-9 
RP c R 

If n ~O mod 4 and n is not a power of two then 

I_~f n m 4 mod 8 and n-4 is not a power of two then 

I_~f n mO mod 8 and n is not a power of two then 

Theorem 3.4. I__ff n is od__ddand ~(n) > 3 then RP n ~R 2n-8 If 

n-3 mod 4 and ~(n) > 5 then Rpnc__R 2n-9. 

The first part of (3.3) is due to Gitler and Mahowald [25]. The 

remainder of (3.3) and (3.4) in case n m 1 mod 4 is due to Randall 

E65~, while (3.47 in case n- 3 mod 4 is due to Johnson E40]. Since 

all these results turn on somewhat complicated calculations it is 

unfortunately impossible to say much about them here. However the 

general approach is dealt with in Prof. Gitler's lectures in this same 

volume. 

Returning to negative results, much useful information is 

contained in 

Theorem 3.5. I_~f n is o_~f the form 2r+2s+l(r > s >2) o__[r 

2r+2(r>2) then Rpn~__R 2n-5. I_~f n is of the form 2r+4(r>2) 

Rpn ~ R 2 n-7. 

then 

The first part of (3.5) was established by Adem and Gitler in 

E5] by means of secondary operations. The case n = 2r+2 was 

established by Baum and Browder EIO] as an application of their 

analysis of the cohomology structure of the projective orthogonal 

group. Subsequently Gitler and Handel E23~ extended this analysis 

to the projective Stiefel manifold. This enters into the immersion 
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problem as follows. Consider the Stiefel manifold Vn+k+l,n+ 1 of 

orthonormal n-frames of tangents to S n+k, with the involution given 

by transfering the n-frame to the antipodal point on S n+k and 

simultaneously changing the sign of each of the n vectors. By 

factoring out this action we obtain the projective Stiefel manifold 

Un+k+l,n+ I, with RP n+k embedded in the obvious way. It follows 

from (2.3) that p~n can be immersed in R n+k if and only 

admits a cross-section over RP n. This implies conditions 
Un+k+l,n+l 

on the cohomology from which Gitler C21] obtains (3.5). 

4. Further neqative results 

The main purpose of this section is to give some account of the 

information to be obtained from the integrality theorems of Atiyah, 

Hirzebruch, Mayer, Sanderson and Schwarzenberger. These are 

primarily designed for manifolds without 2-torsion; nothing useful 

is obtained in the real case. 

Consider the integral cohomology of a manifold X, as before. 

The (tangential) Pontrjagin classes of X are denoted by 

Pi(X) 6 H4i(x) (i= 1,2 .... ) in the usual way, and the normal 

Pontrjagin classes by Pi(X) 6 H4i(x) • Recall that the square of the 

Euler class of a 2t-plane bundle, where t ~I, is equal to the 

Pontrjagin class in dimension 4t. Hence Pt(X) is a perfect square 

if XCR m+2t, where m = dim X. In this way it can be shown (private 

communication from Prof. Mahowald) that the cayley projective plane 

cannot be immersed in R24; we recall that this 16-manifold can be 

25 2 
embedded in R The same argument shows that PIP cannot be 

12 
immersed in R More generally we have 
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Theorem 4.1. I_~f n is a power of two then HP n_~R 8n-4 

In case n>2 this result is proved by Mahowald and Peterson 

C553 using secondary cohomology operations. 

The integrality theorem of Atiyah and Hirzebruch E93 applies in 

case X is an orientable 2m-manifold. Certain polynomials in the 

Pontrjagin classes Pl(X) ..... Pm(X) are defined, with rational 

coefficients. The theorem asserts that if XCR 2m+21 then each of 

the rational numbers obtained by evaluating these classes on X is 

the quotient of an integer by 2 m+l-l. In case X satisfies 

certain further conditions we can replace the divisor by 2 m+l-2. The 

polynomials arise from consideration of spin representations; we omit 

the details. A useful lemma of Sanderson and Schwarzenberger C69] 

shows that exactly the same condition holds on the alternative 

hypothesis that X~R 2m+21-I. A number of variants of the basic 

integrality theorem have been established by Mayer and Schwarzenberger 

[60] and by Mayer [58], ~59]. If X is a complex or quaternionic 

projective space the conclusions reached are 

n 
Theorem 4.2. If n> 2 then CP cannot be immersed in 

R4n-2~(n)-i 4n-2~(n)-2 
• or embedded in R . Also HP n cannot be 

immersed in R 8n-2~(n)-3 or embedded in R 8n-2~(n)-2 

Theorem 4.3. Let n be even. I_ff ~(n) -1 mod 4 then 

n ~ R4n-2~(n) CP I__ff ~(n) -2 o__rr 3 mod 4 then cpn~__R 4n-2~(n)+l 

If ~(n) -3 mod 4 then cpn~R 4n-2~(n)+2. 

Theorem 4.4. Let n>l. I_~f (~(n) ~2 rood 4 then 

Hpn~ R 8n-2~(n)-2 If ~(n) -0 o/_r 3 mod 4 then Hpn~_R 8n-2~(n)-I 
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If ~(n) m O mod 4 then HP n~ R 8n-2~(n) . 

Some of these results have been obtained by Steer [701 using a 

rather different method, and others by Feder and Segal [19] 

(correcting an error in Feder C17]) using yet another method. 

cases, however, the fundamental process is K-theoretic. 

In the real case there are a few additional non-embedding 

results which we collect together as 

Theorem 4.5. I_~f n-i is a power of two the:n RP n~R 2n-2 If 

n-5 is a power of two and n~21 then RP n~R 2n-4 I~f n-3 is of 

the form 2r+2S(r > s~2) then RP n~ R 2n-8. 

In all 

The first of these three results has been established 

independently by Levine ~46~ and Mahowald E49]. The remaining results 

are proved by Adem, Gitler and Mahowald [6], using secondary 

cohomology operations. 

5. Further positive results 

We can regard the sphere S m+n+l as the join sm, s n 

with S n. Points of the join are represented by triples 

m 
of S 

(x,y,t) (xES m, y6sn,t E i) 

subject to the usual identifications. To obtain RP m+n+l we 

identify (x,y,t) with (-x,-y,t). In RP m+n+l the triples where 

t = O form a subspace RP m, while those where t = 1 form a 

(disjoint) subspace RP n. We denote the Hopf line bundle over RP q 

by Hq(q = m,n). The subspace of RP m+n+l where t <½ can be 

identified with the disc-bundle of (n+l)Hm; the subspace where 
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t ~½ with the disc-bundle of (m+l) H n. Thus we can construct 

RP m+n+l from these two disc-bundles by identifying the total spaces 

of their associated sphere-bundles in an appropriate fashion. In the 

literature (see Atiyah [7~, Epstein and Schwarzenberger [16], Milgram 

[61J and Steer [71J) the properties of this construction are exploited 

in various ways. Following Milgram [61] we refer to it as the 

projective join. 

The projective join can be used to construct immersions of 

RP m+n+l as follows. First choose immersions of the disc-bundles of 

(n+l)H m and (m+l)Hn. Next consider the restrictions of these 

immersions to the total spaces of the associated sphere-bundles. 

Transfer one of these to the other space, using the homeomorphism 

determined by the intrinsic join construction. Then we have two 

immersions of (say) the sphere-bundle associated with (n+l)Hm, and if 

these can be deformed into each other by a regular homotopy then an 

immersion of RP m+n+l can be obtained. A similar method can be used 

to construct embeddings. Complex and quaternionic projective spaces 

can be treated similarly. 

There are two basic ways of obtaining normal bundles, and hence 

immersions. One is to construct a monomorphism of the tangent bundle 

of appropriate dimension and take the cokernel. The other is to 

construct an epimorphism of the trivial bundle onto the cotangent 

bundle and take the kernel. Milgram C61] adopts the second approach 

and constructs "spanning sets" by methods of linear algebra. These 

originate in low dimensions, where they can be written down 

explicitly, and are combined by a process based on the projective 

join. Using this method we obtain 
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Theorem 5.1. Let n> 7. If n m O or 1 mod 8 then 

RP nor 2n-~(n) I_~f n m 3 o__rr 5 mod 8 then RP n~R 2n-~(n)-I 

R2n-~(n)-4 nm 7 mod 8 then RP nc 

• l! 

This result is due to Milgram [61] except for the case n m 7 mod 

8 which is obtained by Lam [44]. Further information is obtained 

by Nussbaum C64] (the general case), by Lam [42] (the case n = 12) 

and Adem [2] (the case n = 20) who prove 

Theorem 5.2. If n is of the form 2r+4, where r~3, then 

n 2n-6 
RP c R 

Steer [71] has shown that Milgram's procedure can also be used 

for the construction of embeddings. Recently Rees ~66] has shown that 

15 . This result can be used RP can be embedded topologically in R 23 

to start one of Steer's inductive processes and then the result stated 

in [71] can be improved to 

Theorem 5.3. If n> 7 an d n~l mod 8 then RP noR 2n-~(n) If 

n> 1 5  a n d  n ~ 7 m o d  8 t h e n  RP n c R  2 n - ~ ( n ) - 3  

Milgram and Rees [62] have developed the theory in another 

direction and this has enabled Rees [66], with the help of the Browder 

embedding theorem, to prove 

Theorem 5.4. If n---1 mod 8 and ~(n) <8 then 

n 2n-~(n)+l 
RP cR I_~f n--- 3 o__r_r 5 mod 8 and ~(n) <6 then 

n 2n-~(n) -i 
RP c RP 

Theorem 5.5 If n = 7 mod 8 and n> 23 then RP n R 2n-7 . c . If 

n 2 n-8 
n- 7 mod 32 and n > 39 then RP cR . 
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In the complex case Steer [717 proves 

Theorem ~.6. If n~2 then CP noR 4n-~(n) If n is odd and 

n 4n-~ (n) -i 
n-i is not a power of two then CP c R 

The existence of immersions under precisely the same conditions 

was established by Milgram [617 . Finally Milgram [61~ (the immersion 

case) and Steer [71~ (the embedding case) have proved 

n 
Theorem 5.7. I__~f n ~ 2 then HP 

R 8n-~(n)+3 and embedded in R 8n-~(n)+4 

can be immersed in 

For low values of ~(n) these general results can be improved 

as follows 

R4n-2 Theorem 5.8. I_[f n > 3 and ~(n) > 1 then CP n c 

is odd and ~(n) > 2 then CP nor 4n-5. If__ n m 3 mod 4 then 

n 4n-6 
CP c R 

If n 

n 8n-4 
Theorem 5.9. If n> 1 and ~(n) > 1 then HP cR and 

n 8n-5 n 8n-5 c R 8n-6 
HP c R I_~f ~(n) >2 then HP cR and HP n 

In both theorems the first assertions are due to Sanderson [68]. 

The second assertion in (5.8) is proved by Randall [653, using 

Postnikov methods. An independent, but similar, proof has been given 

by Johnson [40], who also established the second assertions in (5.9). 

The third assertion in (5.8) is due to Steer [73]. By applying (1.5) 

to these results we obtain information concerning the real case, 

including some of the results mentioned previously. 

For low'values of ~(n) the general results on embeddings can 

also be improved by a theorem of Mahowald ~51~ as follows 
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Theorem 5.10. I_~f n > 3 and n m 3 mod 4 then RP n c R 2n-2 I_~f 

n is even and neither n nor n-2 

n 2n-3 
RP cR I_~f n- 1 mod 4 an d n-i 

n 2n-3 
RP c R 

i__ss a powe r of two then 

is not a power o_~f two then 

14 c R 23 Finally we remark that Rees [66~ has shown that RP 

has also shown that there exist piecewise-linear embeddings of 

in R IO and of RP 15 in R 23. 

and 

6. A few "best possible" immersions 

The various results we have mentioned determine, in a range of 

cases, the least value of k such that Rp n C R k. This "best 

possible" dimension is given by (3.1) and (3.2) in case n is of the 

, 2 r ..,2r+7 form 2r-l(r~4) and by the following table when n = ,. 

(r>3) 

n k reference 

2 r 2n-i (1.6), (1.2) 

2r+l 2n-3 (1.6) , (1.2) 

2r+2 2n-4 (1.6) , (3.5) 

2r+3 2n-6 (1.6) , (3.5) 

2r+4 2n-6 (5.2) , (3.5) 

2r+5 2n-4 (5.I) , (3.5) 

2r+6 2n-6 (5.1) , (3.5) 

2r+7 2n-8 (5.1) , (3.5) 
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PART II: BUNDLES WITH SPECIAL STRUCTURE 

i. Introduction 

Let E be an orthogonal sphere-bundle over a base space B. We 

describe a fibre-preserving map f:E-->E as an A-structure if fx is 

orthogonal to x for all x E E. We describe a fibre-preserving 

homotopy gt:E-->E(t E I) as a homotopy-symmetry if go x = x and 

gl x = -x for all x 6 E. We observe that an A-structure f 

determines a homotopy-symmetry gt' where 

(i.i) gt x = x cos ~t+ f(x) sin ~t. 

Among the fibre-preserving maps of E into itself are those which 

are orthogonal, in the sense that each fibre is transformed into 

itself by an orthogonal transformation. Hence the notion of 

orthogonal A-structure is defined. Also, by extending the term to a 

family of maps, so is the notion of orthogonal homotopy-symmetry. 

Note that gt' in (i.i), is orthogonal if f is orthogonal. 

One condition needs to be satisfied before E can have any of 

these four properties. Suppose that E is an (n-l)-sphere bundle. 

n 
The antipodal map on the (n-l)-sphere has degree (-i) Hence n is 

even if E admits a homotopy-symmetry, and afortiori if E admits 

an A-structure. Consequently we assume, henceforth, that the fibres 

of E are spheres of odd dimension. 

Let ~ be the n-plane bundle associated with E, so that 

E = S(~). Let l denote the Hopf line bundle over S I, regarded as 

the real projective line. Consider the n-plane bundles ~ ®l and 
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~O1, over B xS I. We identify ~OllBvS 1 with ~OIIB ~SI, in the 

obvious way, and prove 

Theorem 1.2. The sphere-bundle S(~) admits a homotopy- 

symmetry if and only if there exists a fibre-homotopy equivalence 

• __ S 1 between S (~ l) and S (~ ® I) extending the identity on B v . 

Hence and from the formula (see C20]) for the (mod 2) Stiefel- 

Whitney classes of the tensor product we obtain 

Corollary 1.3. In the case of a homotopy-symmetric sphere- 

bundle all the odd-dimensional Stiefel-Whitney classes are zero; in 

particular th e bundle is orientable. 

The conclusion of (1.3) is true, afortiori, if the bundle admits 

an A-structure. In this form the corollary has been proved in ~14] 

by a different method involving the relative Stiefel-Whitney classes 

of Kervaire ~17]. Of course (1.3) is well-known in case the sphere- 

bundle admits an orthogonal A-structure since then the existence of 

Chern classes shows that the even-dimensional Stiefel-Whitney classes 

are the reductions of integral classes, and hence the conclusion 

follows from consideration of the appropriate coefficient exact 

sequence. By the reverse of this argument we deduce from (1.3), as 

it stands, that the even-dimensional Stiefel-Whitney classes of a 

homotopy-symmetric sphere-bundle are the reductions of mod 4 classes, 

and examples can be given (see ~15]) to show that they are not 

necessarily the reductions of integral classes. 

To prove (1.2) we represent points of S 1 by complex numbers z 

of unit modulus, in the usual way. Let p:E--->B denote the 
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projection, where E = S(~). Consider the space ~ formed from 

E X S 1 by identifying (x,z) with (-x,-z) for all x 6 E, z 6 S I. We 

fibre E over B xS 1 with projection ~ given by p(x,z) = (x,z2) , 

and observe that E = S(~Ol). Suppose that we have a homotopy- 

symmetry gt:E--->E. Then a map h:E X S--~E is defined by h(x,exp~t)= 

gt x = h(-x,-exp ~t) , for o < t < i. Furthermore h determines a map 

S 1 k:~-->E such that pk = ip, where I:B X -->B denotes the left 

projection. Let k':E--->E XS 1 = i* E be given by k'(x,z) = 

(k(x,z) ,z2). Then a standard argument (see [6]) shows that k' is a 

fibre-homotopy equivalence, rel. B v S I. This establishes (1.2) in 

one direction and a straightforward reversal of the reasoning 

completes the proof. Notice, moreover, that k' is orthogonal if 

and only if gt is orthogonal, so that we also obtain 

Theorem 1.4. The sphere-bundle S(~) admits an orthogonal 

homotopy-symmetry if and only if there exists an isomorphism between 

~O I and ~ ® i, extendinq the identity o__nn B ~ S I. 

Of course these results give useful necessary (but in general not 

sufficient) conditions for the existence of ordinary or orthogonal 

A-structure. Moreover, the existence of a homotopy-symmetry (resp. 

orthogonal homotopy-symmetry) implies the existence of an 

A-structure (resp. orthogonal A-structure) when the sphere-bundle 

concerned is stable, in an appropriate sense. This will be shown in 

the next section. Of course (1.2) and (1.4) can, with some loss of 

strength, be reformulated in terms of K-theory. For this purpose, 

however, it is possible to use other methods as indicated by James 

[107, extended by Becker [4] and further extended by Woodward (in 
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preparation). 

2. In the stable range 

As before let E be an orthogonal (n-l)-sphere bundle over E, 

with n even. Consider the group 0 of orthogonal transformations 
n 

and the subspace O' of orthogonal skew-symmetric transformations. 
n 

Make 0 act on O' by conjugation. Recall (see [19]) the well- 
n n 

known 

Theorem 2.1. The sphere-bundle E admits orthogonal A- 

structure i_~f, and onll i i_~f, th___~e associated bundle with fibre O' 
n 

admits a cross-section. 

Consider also the space 0" of paths in 0 from e to -e, 
n n 

where e denotes the identity transformation. We make O act on 
n 

itself by conjugation (the adjoint action) and transmit this to O" 
n 

in the obvious way. By modification of an appropriate proof of (2.1) 

we obtain 

Theorem 2.2. The sphere-bundle E admits a__nn o rthogonal 

homotopy-symmetry i__[f, an__~d only i_~f, the associated bundle with fibre 

0" admits a cross-section. 
n 

An 0 -equivariant map h:0' --> O" is given by 
n n n 

h(a) = e cos ~t+ a sin ~t (a 60n,t 6 I) . 

Consider the corresponding map of the associated bundle with fibre 

O' into the associated bundle with fibre 0". It follows from the 
n n 

main theorem of Bott [5] that 
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h*:~r(O')n --> ~r (O'')n ~r+l(On) 

is bijective for r~n-3. Suppose that B is a locally-finite CW- 

complex of finite (cohomological) dimension. If dim B < n-2 then, 

using classical obstruction theory, it follows that the associated 

bundle with fibre O' admits a cross-section if the associated bundle 
n 

with fibre O" admits a cross-section. Thus we obtain 
n 

Theorem 2.3. Suppose that dim B < n-2. Then E admits an 

orthogonal A-structure if (and only if) E admits a__nn orthogonal 

homotopy-symmetry. 

In the ordinary case, the corresponding result is 

Theorem 2.4. Suppose that dim R~n-4. Then E admits an A- 

structure if (and on!y if ) E admits a homotopy-symmetry. 

Perhaps the easiest way to prove (2.4) is as follows. Let 

p:E---> B denote the given fibration. Let E' now denote the space 

of pairs (x,y), where x, y 6 E, such that px = py and such that x 

is orthogonal to y. We fibre E' over E with projection p' 

given by p'(x,y) = x. An A-structure f on E determines a cross- 

section f':E---> E', where f'x = (x,fx), and conversely a cross- 

section determines an A-structure. 

Let E" denote the space of paths l in E such that PX is 

stationary in E and such that k(O) = -~(i). We fibre E" over 

E with projection p" given by p"X = X(O). Then p"h = p', where 

h:E' ---> E" is the map defined by 

h(x,y) (t) = x cos ~t+ y sin ~t (t E I). 
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A homotopy-symmetry gt:E--->E determines a cross-section 

f":E--->E", where f"(x) (t) = gt(x), and conversely. 

Consider the fibre S n-I of the original fibration p:E--->B 

which contains the basepoint e E E. The fibre of p':E' --mE over e 

can be identified with S n-2, the equator in the hyperplane orthogon~ 

to E. Also the corresponding fibre of p":E" -->E can be identified 

with ~S n-l, the space of paths in S n-I from e to -e, so that h 

n-2 
maps x 6 S into the great semicircle through x. Hence it 

follows from the Freudenthal suspension theorem that 

n-2 n-i l(Sn-l) 
h*:~r(S ) --> ~r (~s ) = ~r+ 

is bijective for r ~ 2n-6. By hypothesis we have dim E = 

dim B + n-i ~2n-5, so it follows from classical obstruction theory 

that p':E-->E admits a cross-section if p":E" -->E admits a cross- 

section. This proves (2.4). Notice that the "stable range" for (2.3) 

includes two dimensions which the "stable range" for (2.4) does not. 

In view of (1.3) let us now assume that E is oriented, i.e. 

that the structural group is reduced to the special orthogonal group 

R c O . Since the space O' has (exactly) two components it follows 
n n n 

that the associated bundle with fibre 0' has (exactly) two 
n 

components. The image of a cross-section of this bundle may lie in 

either component; thus we can distinguish two types of orthogonal 

A-structure. Consider the adjoint action of an element of O -R n n' 

i.e. an improper orthogonal transformation. This action transforms 

E into an oriented bundle E, and at the same time transforms an 

orthogonal A-structure f on E into an orthogonal A-structure 

on E. However, f and f are of different types (in the above 
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sense). The situation is precisely similar for ordinary A-structure 

when n ~ 6, and for both ordinary and orthogonal homotopy-symmetry 

when n>4. When n = 4 however, it is necessary (as observed by 

Hopf) to distinguish not just two but an infinity of types of 

A-structure. 

To clarify the situation we return to the proof of (2.4), with 

B a point-space, so that E = S n-l. Write E' = V' (instead of the 
n 

usual notation for the Stiefel manifold) and write E" = V". Recall 
n 

s n - 1  that S n-2 is the fibre of p':V' --> and ~(S n-l) is the fibre 
n 

S n - 1  " of p " : V "  ---> I f  Y i s  a n y  e l e m e n t  ( s u c h  a s  a g e n e r a t o r )  o f  
n 

n-i n-2 
~ n _ l ( S  ) t h e n  t h e  s e t  ~ n _ l ( S  ) i s  e q u i v a l e n t  t o  t h e  s u b s e t  

p~-l~C~n_l(V~), also the set ~n_l(~S n-l) is equivalent to the 

subset p.-ly, c~ .(V[). It follows that p' admits two classes of 
n-i L~ 

cross-section when n > 6, and an infinite number when n = 4. Also 

p" admits two classes of cross-section when n~4. 

NOW let E, as before, be an oriented (n-l)-sphere bundle over 

B. An A-structure f:E---> E determines an A-structure on S n-l, by 

! 

restriction to one of the fibres, and hence an element of ~n_l(Vn). 

T h i s  e l e m e n t  d o e s  n o t  d e p e n d  on  t h e  c h o i c e  o f  f i b r e  a n d  w i l l  b e  

denoted by ~(f). Similarly a homotopy-symmetry gt:E---> E 

determines an element 8(g t) 6~n_l,(V"~n, " We refer to ~(f) as the 

type of f, and to 8(g t) as the type of gt" There is an obvious 

relationship between these two elements in case gt is determined by 

f as in (i.i). 

Note that if f:E--->E is an A-structure then so is -f, where 

(-f)x = f(-x) (x6E). If n-2 rood 4 then ~(f) ~ ~(-f), as shown 

in ~6 of [111 . Hence and from the corresponding result for homotopy- 



symmetry we obtain 

168 

Theorem 2.6. Let n m 2 mod 4. If 

(homotopy-symmetry) of one type then E 

(homotopy-symmetry) of the other type. 

E admits an A-structure 

admits an A-structure 

3. Manifolds 

Let M be a compact Riemannian manifold. Let X be a field of 

unit tangent vectors on M with finite singularities (i.e. X is 

undefined on a finite set). Homotopies between two such fields are 

defined in the obvious way. We describe a homotopy X t as a 

homotopy-symmetry of X if X ° = X and X 1 = -X. Note that a field 

(X,Y) of orthonormal pairs, with finite singularities, determines a 

homotopy-symmetry X t where (3.1) X t = X cos ~t+ Y sin ~t (t E I). 

We refer to the survey article of Thomas [22] for general 

information about index theory. In particular we recall the 

celebrated result of Hopf which establishes that 

(3.2) Index(X) = x(M), 

where x(M) denotes the Euler-Poincar~ characteristic. Various 

further results are known concerning the index of a field of 

orthonormal pairs, and more generally. 

The index of a homotopy-symmetry X t can be defined as follows. 

Around each of the singularities X t defines, in an obvious way, a 

homotopy-symmetry of a (non-singular) field of unit tangent vectors 

to S n-l, where n = dim M. Each of these determines a map of sn-i 

into V"n and hence an element of ~n_l(V~). We define Index(Xt) 

to be the sum of these elements, with orientations taken into accoun~ 
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Note that if X t is a homotopy-symmetry of X then 

(3.3) Index(X) = p, Index(X t) . 

Also note that if X t is given by a field (X,Y) of 

orthonormal pairs, as in (3.1), then 

(3.4) Index(Xt) = h, Index(X,Y). 

When n is odd and n> 5 we have that ~ ~ (Vn) ~Z 2. When n 
- n-I 

is even and n>_4 we have that 'V") ~n-i ~ n ~Z~z 2, and write 

Index(Xt) = (Z-Index(Xt), Z2-Index(Xt)), 

where Z-Index(X t) = Index(X), by (3.3). 

Each of the standard theorems on the index of a field of 

orthonormal pairs has an analogue in the homotopy-symmetry case. Let 

k(M) 6 Z 2 denote the real Kervaire characteristic of M, which is 

defined when n is odd. Let ~(M) 6 Z denote the signature of M, 

which is defined when n = 0 rood 4 and which has the same parity as 

x(M). The four cases are as follows. 

Theorem 3.5. Let n-3 mod 4 and n>7. Then Index(X t) = O. 

Theorem 3.6. Let n-= 1 rood 4 and n>__5. Then Index(x t) = 

k(S) . 

Theorem 3.7. Let n=2 mod 4 and n>6. Then Z2-Index(X t) = 

O. 

Theorem 3.8. Let n = 4k, where k>l. Then Z2-Index(X t) = 

k 
(½(s(M)-(-l) x(M)) mod 2. 
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Perhaps the best method of proving these results is to adapt the 

Postnikov-theoretical versions of the corresponding results for the 

index of a field of orthonormal pairs. The modifications necessary 

are purely nominal except there is no necessity to treat the case 

n = 4 separately. An alternative method is to show that every 

homotopy-symmetry can be deformed into one which is obtainable, as in 

(3.1), from a field of orthonormal pairs, and then apply (3.4). How- 

ever, this is open to aesthetic objections in case n = 4. It may 

well be that the analytical techniques of Atiyah C2~ can be developed 

so as to give an independent proof but I have not looked into this 

poss ibil ity. 

Now let E be the (n-l)-sphere bundle of unit tangent vectors 

to M. If E admits an A-structure (homotopy-symmetry) we simply 

say that M admits an A-structure (homotopy-symmetry). Suppose that 

we have a homotopy-symmetry gt:E-->E, of type 8(g t) 6~n_l(V")n " If 

X is a field of unit tangent vectors• with finite singularities, then 

gt x is a homotopy-symmetry of X, such that 

(3.9) Index(gtX ) = 8(gt)Index(X) . 

Hence and from (3.8) we obtain 

Corollary 3.10. Let n m 0 mod 4. I_ff M admits ~ homotopy- 

symmetry and x(M) is even then ~(M) mx(M) mod 4. 

This shows, for example, that the sphere S n is not homotopy- 

symmetric when n m O mod 4. In fact one of the main purposes of [9~ 

• S 8 was to prove along these lines, that neither S 4 nor admits an 

A-structure. However, it can be shown by direct construction, as in 
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~4, that the only homotopy-symmetric spheres are S 2 and S 6. Another 

application of (3.10) is to show that a quaternionic projective 

k-space is not homotopy-symmetric for odd values of k. In fact by 

combining the main theorem of [iO] with the argument given by Massey 

[18] we can extend this result to include even values of k as well. 

4~ H omotopy-s~etric spheres 

Theorem 4.1. The sphere 

only if n = 2 o_~r 6. 

S ~ admits a homotopy-symmetry if and 

If n = 2 or 6 then S n admits orthogonal A-structure, and 

so the first part of (4.1) follows at once. To prove the second part 

we show by a direct construction, that a homotopy-symmetry on S n 

S n+l are represented determines an H-structure on . Points of S n+l 

in the form 

(e cos 8+ u sin 8) (u 6 S n,t 6 I) 

in the usual way, where e is the "north pole". Points of the 

tangent sphere-bundle of S n are represented by orthonormal pairs 

(u,v), where u,v E S n, so that the fibration is given by the first 

component. From the second component of a homotopy-symmetry we 

obtain a deformation ht:E-->S n, where -i <i < i, such that ht(u,v) = 

tv(t=+_l). This deformation determines an H-structure 

S n+l sn+ 1 S n+l 
m: X --> 

as follows. If x,y E S n and 8,~ E [O,~] we define 

m(e cos @+ x sin @, e cos ~+ x sin ~) = 
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(e cos 8+x sin 8)cos 6+ (-e sin 8+ x cos 8)sin ~ cos 

+ sin @ sin ~ hco s 9 
y-x cos ~), 

(x, sin @ 

where ~ 6 [0,~] denotes the angle between x and y. It is easy to 

check that m is a well-defined continuous function which constitutes 

S n+l sn+l( an H-structure on . Since n > O) is not an H-space unless 

n = 2 or 6 this compleles the proof of (4.1). This proof is taken 

from C16]; an alternative proof is given in [15]. 
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